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On a subclass of analytic functions with negative

coefficient associated with convolution structure !

V.B.L. Chaurasia, Anil Sharma

Abstract

The main object of this paper is to study the subclass SC(v, A, 3)
of analytic univalent functions with negative coefficients in unit disc U
= {z:|z| < 1}. Further coefficient estimates, distortion theorem and
integral operators for this class are also obtained. We also discuss radii

of convexity and closure properties for functions belonging to the class

SC(v, A, B).
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1 Introduction

Let A denote the class of the functions

(1) f(z)= z—i—Zakzk
k=2
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which are analytic in the unit disk U = {z : |z] < 1}.
A function f € A is said to belong to the class A of Starlike functions of

order a (0 < v < 1), if it is satisfies, for z € U, the conditions

(2) Re {Z;Eij)} > a.

We denote this class by S*(«). Further, f € A is said to be convex function

of order « in U, if it satisfies

(3) Re {1 + ZJJ:,I;(S) } > a, zeU,

for some a (0 < a < 1). We denote this class K ().

Let T denote subclass of A, consisting functions of the form

(4) f(z):z—Zakzk,akZO.
k=2
The function
(5) Sa(z) =2(1—2)72179  q(0<a<1)

is the familiar extremal function for the class S*(«), setting

11 (i — 20)
(6) C(%k)zw,kZQ,
using (5) and (6) we can write
(7) Sa(z) =2z + Z Cla, k)2F.
k=2

Clearly, C(a, k) is a decreasing function in «, and that

00, < 1f

(8) lim C (e, k) =14 1,0 =1/

k—oo

0, > 1.
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If we now define g(z) as
o0

(9) g(z) =2+ b
k=2

then the Hadamard product (or convolution) of two analytic functions f(z)
and g(z), where f(z) , g(z) is given by equations (1) and (9) respectively, is
defined as

(10) (fxg)(z) =2+ Z arbz®
k=2

For a function f(z) in A, we can define the differential operator D™, intro-

duced by Salagean [9] as

Df(z) = f(2)

D'f(2) = Df(2) = z2f'(z) = z + ikakzk
k=2

D*f(z) = D(Df(2)) =2+ Y _Kapz"
k=2

o0

(11) D"f(z) =D(D)" ' f(z) =2+ Y_K'a2*
k=2

We also define a subclass of A consisting of functions f(z), denoted by SC(~, A, )

which satisfy the following condition

| < A2(D"f # 5a)' () + (1= (D" f 5 Sa)'(2)] 1)] > B,

12 R[4 (S e D e85

0<A<1,0<pB<;veCze ).

Special case of class.

(a) When A = 0, and a@ = 1/2 then our class reduces in class of starlike
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functions of order (3.

(b) When A = 0, then our class reduces in class of starlike functions of complex
order 7.

(¢) When a = 1/2 then this class reduces in class defined and studied by

Altintas, Irmak, Owa and Srivastava [5].

2 Coefficient estimates.

Theorem 1 Let the function f(z)eA is in the class SC(v, A, ), if and only
if
(13) D KM= N[k —1—9(8 - 1)) Cla,k)ay < vy (1-0)

k=2

Proof. Assume that the inequality (13) holds true, then

’1 < D2(D"f #5a)'(2) + (1= A)/(D"f * Sa)'(2)] 1) ’
Y\ Az(D"f*8a)(2) + (1= A)(D"f * Sa)(2)

S KM [Nk 1 — A] (1= k)Cla, ka2

k=2

T 1= Sk M+ 1= A Cay, k)ay 2k
k=2

< (1-5).
Hence, by using the maximum modulus principle, f(z) € SC(~, A, 3). Con-

versely, assume that the function f(z) defined by (1) is in the class SC(v, A, 5).

Then we will have

e {1 L (DY e Soye) 0= NDY 25 )

7 \ X (D7F % 82) () + (1= W) (D"f * 5)(2)
1 S KM Ak 41— A] (L — k)Cla, k)ag 25
Re |14+ = { #=2 > 3,

Tl 2= S KAk +1— A O, k)ay 25
k=2
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. STk Ak+1— A (1—k)C(a, k)az8?
Re |1+ ={ =2

T 1— Sk [Ak+1— A C(a, k)ag 25!
k=2

> B,

and now when z — 17, we obtain
Yok"AE+1-A(1—-Fk)C(e, k)ay
k=2

1— > k* M+ 1— A C(o, k)ay,
k=2

>v(8-1)

and finally,

D KAk +1— A [k—1—5(8—1)]Cla, k)ay, < v(1—B).
k=2

125

Corollary 1 Let the function f(z) defined by (1) be in the class SC(+y, \, ).

Then
(1 -5)

14 < k>2
(14) ak_kn[)\k—l—l—)\] k—1—~(8—-1)]C(a, k)’ (k=2)
and the equality is attained for the function f(z) given by

(1= 5) k

(15) flz) =

TR DE+L-N[k-1-~B-1)]Cla k)"

3 Distortion Theorem.

Theorem 2 Let the function f(z) be in class SC (v, A, B) then for 0 <| z |=r

(1-5)
(16) TR+ N [k—1—~4(8—1)]C(a, k)rk = 1)l
(1 - B)
(17) S NSV iy i iy w7 B o P S L
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Proof. From equation (15), easy to find that

V(1= B)
- T T k-1 Djc@n 1 < 1)
(1 -5) k

< |z + 2]

knMe+1—-A [k—1—~(8—-1)]C(a, k)
Now using the fact that |z| = r < 1, we obtain the desired result.

Corollary 2 If the function f(z) is in the class SC(v,\,3) then f(z) is in-

cluded in o disc with centre at the origin and radius r, where

v(1 - B)

(18) r:1+kn[/\k+1—)\] k—1-7(8-1)]C(a,k)

Theorem 3 Let the function f(z) be in the class SC(v, A, 3) , then

(1 -58) _
e NIV p R P e vy LU Ol
(1 - 03) _
S R T N FVANIS N\ N PR e N o ey S LA

Where equality holds for the function f(z) given by (15).

L ky(1—B)
K+ 1N [k—1—~(8— 1) Cla, k)

ky(1 =) -
S Y v vy p roT s A

2“7 < f(z)]

Again using the fact that |z| = r, we obtain the desired result.

4 Integral Operators

Theorem 4 Let the function f(z) defined by (1) be in the class SC(~, A, )
and let ¢ be a real number such that ¢ > —1. Then F(z), defined by

(19) F(z) = <1 /0 o1 f ()t

ZC

also belongs to the class SC(v, A, ).
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Proof. From the representation of F(z), it is obtained that
oo

(20) F(z) =2z— Y bpz",
k=2

where b, = (%) ak

Therefore

ikn M +1— A [k — 1 — (83— 1)] C(a, k)b,
k=2

s c+1
:E kKA +1—-A [k—1—7(8-1)]C(a, k) a
k=2 ! <k+c> )

<SR 1A [k - 1 (8 — 1] Clan
k=2

<7(B-1),

since f(z) belongs to SC(7, A, #) so by virtue of Theorem 1, F(z) is also element
of SC(v,A, ).

Theorem 5 Let the function
(e.)
F(z)=2z— Zakzk,ak >0
k=2

be in the class SC (v, \, 3) and is defined by equation (19). Now if ¢ > —1,

then F(z) is univalent in |z| < R*, where

K™ Me+1-2] [k=1—7(6-1)] C(a, k)(c+1) }kll k>2

@)  RB=mf { (7(1-)

The result is sharp.

Proof. From (19) we have

fo)— 217¢ (2°F(2)) . i <c+ k:> an
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In order to obtain the required result, it is sufficient to prove that
|f'(z) = 1| <1 for |z < R*.
Now since

(22) £'(z) — 1| = ‘_ik<6+k‘>akzkl

But from Theorem 1, we know that

KU AE+1 =M [k—1—7(8-1)]C(a, k)ay

(23) F1-7)

<1

k=2

From equation (22) and (23) we have

kY, gy K DEEL-N[k—1—~(8—1)]Cla,k)
k(0+1)|z| = (1 —B)

K Mo+ 1-A] [k—1—7(8—1)] Ca, k) (c+1)
(c+k)y(1-5)

CONNEEY }kll,<k22>,

we obtain the desired result. The result is sharp for the function

f(Z) — 5 (C+ k)ry(]- — ﬂ)
K+ 1N [k—1—-~0—1)](c+mC(a, k)

75, (k > 2).
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5 Radius of Convexity

Theorem 6 If f(z) given by (1) is in class SC (v, A, B) then f(z) is convex in

|z| < Rp, where

1

k' 2ANk+1- A [k—1—7(8—-1)]C(a, k)ax }<k1>
v(1—08)

(25) R, = inf {
The result is sharp.

Proof. In order to establish the required result it is sufficient to show that

2f'(2)
f'(2)

<1, |z| <R,

in view of (1), we have

o k—1
zf”(z) ~ k(k - 1)ak |Z’

f'(2)

k

o
1— > kay |z/"
k=2

Hence, we obtain
o0

(26) > Kaglz"t <1
k=2

but from Theorem 1, we know that

o)

KMk +1—A] [k—1—~(8—1)] Cla, k)ay,
(20 kZZQ (1 =5)

and thus from (26) and (27) we have

<1

KMk +1— A [k—1—~(8 —1)] Cla, k)
(1 - 8)

k2 |Z|k—1 <

or

K2 Mk -1 A [k—1—~(8—1)]Cla, k) T
| < { (1= p) }

Hence, f(z) is convex in |z| < R,. The result is sharp and is given by (25).



130 V.B.L. Chaurasia, Anil Sharma

6 Closure Theorem

Theorem 7 Let the function f;(z),(j =1,2,,m) be defined by
(28) fj(z) =2z — Z akak (akj > 0)
k=2
for z € U, be in the class SC(~, A\, 3) then the function h(z) defined by

z)=z— Z bycz®
k=2

also belongs to the class SC(v, A, 3), where

1 m
b = — ;
k m ZakJ
j=1
Proof. Since f;(z) SC(v, A, (), it follows from Theorem 1, that
DKM +1=A [k—1—7(8-1)]Cla,k)ag <v(1-8), (G=12,,m).

Therefore,

ik“ [Me+1— A [k—1—~(3—1)] Cla, k)b,

i e+ 1\ [k—1—~(3—1)]C (Tlni )

k=2
-y (an Ak +1 =] [k—1—75(3 - 1] C(a, k)akj>
j=1 \k=2
<v(1-p).

Hence by Theorem 1, h(z) € SC(v, A, ) also.

Theorem 8 The class SC (v, \, B) is closed under linear combination.
Proof. Employing same techniques used by Silverman [1}] with the aid of

Theorem 8, it can be easily proved.
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