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Certain Aspects of Some Arithmetic Functions in
Number Theory !

Nicusor Minculete, Petrica Dicu

Abstract

The purpose of this paper is to present several inequalities about
the arithmetic functions o(®), 7(¢)  g()* 7(©)* and other well-known
arithmetic functions. Among these, we have the following;:
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for any n, k,l € N*,
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cr](:)*(n) — 7@ (n)
n, k € N*, where 7(n) is the number of the natural divisors of n and o(n)
is the sum of the divisors of n.

> 7(n), for any

U,(jgl(n), for any n,k,l € N* and
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1 Introduction

Let n be a positive integer, n > 1. We note with o (n) the sum of the kth
powers of divisors of n, so, ox(n) = de, whence we obtain the following
dln
equalities: o1(n) = o(n) and og(n) = 7(n)- the number of divisors of n (see
[6]). If d is a unitary divisor of n, then we have (d, E) = 1. Let 0}(n) denote

the sum of the kth powers of the unitary divisors of n. We note d||n.

Next we have to mention that the notion of ”exponential divisor” was intro-
duced M. V. Subbarao in [9].

Let n > 1 be an integer of canonical from n = p{*p3*...p%".

T
The integer d = pri is called an exponential divisor (or e-divisor) of n =
i=1

Hp;“ > 1, if bi|a; for every i = I,7. We note d|(yn. Let o(°)(n) denote the
i=1

sum of the exponential divisors of n and 7(¢)(n) denote the number of the
exponential divisors of n. In [11] L. Téth and N. Minculete introduced the
notion of ” exponential unitary divisors” or ”e-unitary divisors”. The integer

T T
d= H p?i is called a e-unitary divisor of n = Hp;“ > 1 if b; is a unitary
i=1 i=1

divisor of a;, so <bi, %) = 1, for every i = I,7. Let 0(®*(n) denote the
7

sum of e-unitary divisor of n, and 7(9*(n) denote the number of the e-unitary

divisors of n. We note d|(),. By convention, 1 is an e-unitary divisor of

n > 1, the smallest e-unitary divisor of n = p{*p52...p¢" > 1is p1ps...p,, where

p1p2...pr = y(n) is called the ”core” of n.

Other aspects of these arithmetic function can be found in the papers [7] and

[10].

In [6], J. Sdndor shows that

Vor(n) - o(n) S N | .

(1) VIR O = 2 T2 forall m,k, 1 € N*.
k=1
T

or-1(n) -

[\

In [8], J. Sdndor and L. Té6th proved the inequalities

*

*
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and

@ Then > Vi,

for all n > 1 and k, m > 0, real numbers.
In [3, 4], we found the inequalities

l ﬂ kbl
(4) or(n) - oi(n )S or(n) +n'1 oy(n) _ Tl +1’
O k— z(n) 20 kT( n) 92
k—1
for every n, k,l € N with n > 1 and TEN
) VR - own) _ Trok+2(n) + Vnoy(n) 1 Ml
o(n) - 20(n) ~/n 2
for every n,k € Nand n > 1,
(6) o\ ()7 (n) - n'a ol (n) +n'T 7O (n) o =y n's 41
< <n _
751 (n) 2017, (n) 2

for every n, k,l € N with n > 1 and ? eN,

Voo - 7Om) _ Jroilalm) + i m) 1 gkt
o(©)(n) - 20()(n) n 2 7

IN
|
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for every n,k € Nn > 1,

Vol 70w _ o m) +r9m) _ k41

®) O S 2@ S 2

) 8 < <nkz+1)2,

for every n,k € N and n > 1.
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2 Main results

An inequality which is due to J.B. Diaz and F.T. Matcalf is proved in [2],
namely:

Lemma 1 Let n be a positive integer, n > 2. For every ai,aq,...,a, € R and
for every by, ba,....,b, € R* with m < % < M and m,M € R, we have the
following inequality: '

(10) Za —l—mMZb2 (m+ M) Zall

k—1
Theorem 1 For every n,k,l € N withn > 1 and — € N, the following

relation

(11) Yad () ()S %'UZ()-FH%-UT(TL) ﬂ.n%—i—l

of
i (n) 205 (n) 2

IN
S
IS

18 true.

Proof. For n = 1, we have equality in relation (11). For n > 2, in the Lemma

1
above, making the substitutions a; = \/difC and b; = ——, where d; is the
d;
: . LT o a; et kel
unitary divisors of n, for all i = 1,7%(n). Since 1 < 7 = d;™ <mn2 and
i
K+l

k=l
aby =d;* , wetakem =1and M =n 2 . Therefore, inequality (10) becomes

7 (n) ot 7*(n) 1 - LR
de—i—nT- — < (1+n2) d;,? ,
i=1 d; i=1
which is equivalent to
et o) (n) ktl N
op(n)+n2 o S(l—{—n 2 ) o=t (n),
2
so that
* bl * k4l *
(12) oi(m)+n'T - ai(n) < (140F ) - ois (),
2

for every n,k,l € N with n > 2.
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The arithmetical mean is greater than the geometrical mean or they are
equal, so for every n, k,l € N with n > 2, we have

(13) \/n% ot(n) - of(n) < oi(n) + n22 : Ul*(n).

Consequently, from the relations (12) and (13) and taking into account that
the relation ”<” is transitive, we deduce the inequality

Lk * bl * k+l
oi(n) -0 <)§ iop(n)+nT -al(n)g e n? 1

%
)

Remark 1 For k = [ in inequality (11), we obtain the relation of J. Sdndor
and L. Toth, namely

(14)

for every n, k € N with n > 1.

Theorem 2 For every n,k,l € N with n > 1 and ? € N, the following

relation

(15)

Vo ) rO ) o) 4O ) e
— e)* sn
%k() 2-0%@) 2

15 true.

Proof. For n = 1, we have equality in relation (15). For n > 2, in the Lemma

1
above, making the substitutions a; = \/df and b; = ——, where d; is the
dt

1

_ZEN,Wehavekzl,

e-unitary divisor of n, for all i = 1,7(€)*(n). Since
k=1

a; K+l k=l
so, we deduce 1 < — = df” <n 2 and a;b; =d;? . Hence, we take m = 1
i
k+1
and M =n 2.

Therefore, inequality (10) becomes

T<e)*(n) O, T(e)*(n)

Yo dbati Z y (1+nk2“) d?
=1

=1 Z =1
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which is equivalent to

@ (n T(g: )dl < (1+0') 0.

But
(e)*(n

T 1 (1 e*
;J Z; ()_

Therefore, we obtain the inequality

(e)x
0'1536) ( )+nk;'l . T (n)

which means that
(16) o\ (n) +n'T

for every n, k,l € N with n > 2.
The arithmetical mean is greater than the geometrical mean or they are equal,
so for every n, k,l € N with n > 2, we have

- % () 1 k5" . (O

Consequently, from the relations (16) and (17), we deduce the inequality

\/ *( ) - 7(O*(n) < n'T -al(f)*(n) +n'T - 7(€)*(n) -k n2 +1

i,<> 2-@‘@) 2

-)(-

Remark 2 For k =1, we obtain the relation
(e)* k 2
1
(18) k—(n) < n-+ 7
7(€)*(n) 2

for every n,k € N with n > 1.

Remark 3 For k =1=1, we obtain the relation

a(e)*(n) < 0(6)*(n) + T(e)*(n) n+1
T(e)*(n) - 2. T(e)*(n) - 2

(19)

for every n,k € N with n > 1.
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Remark 4 From inequality (19), we deduce another simple inequality, namely

(20)

<n

for everyn > 1.

Theorem 3 For everyn, k,l € N withn > 1, there are the following relations:

(21) ol (n) 017 (n) < 7 (n) - o), (),
(c) hel
g, (n) o(®)(n) _
22) o?e)(n) = (T(E)(n)) 2,
(e)
) Sz )
k
and

oih(m) _ o)

(24) Sz
o) = T (n)

> 7(n)

Proof. For n = 1, we obtain equality in the relation above.
Let n = pi*p52...p¢" > 1. We apply Chebyshev’s Inequality for oriented system
and, we deduce the inequality

o) -of?m) = 3" d" - N d < rOm) Y d*H =)oy,
dyn  deyn dl(eyn

SO
o\ (n) -0 (n) < 7O (n) - o\, (n).

From [1], we shall use the inequality

af +ak + ... +ak S a1+ ag+ ... +an\ "
al +ab+... +a, ~ n ’

for every ai,a9,...,a, > 0 and for all k,1 € N with £ > [, and by replacing
ai,as, ..., with the exponential divisors of n, we obtain the following inequality:

> (S

d|(eyn d|(eyn
(e) > (e)

Sod |90

d|(8)n
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which is equivalent to

> 7(n) and from the inequality

(e) (e) k=t
o (1) > (0 ( )En; ) , we deduce an interesting inequality, namely
T\¢)(n

(e)

O (n) > k=l
> 77 (n).

o (n)

We observe that making the substitution ¥ — k 4+ 1 and [ — k in inequality

we have

If we assign values of k from 1 to k — 1, we have the following relations:

o(n) = T(n)ol, (n),

ol (n) > 1(n)oly(n),

7(n)ol (n),

AV

o3 (n)
and taking the product of these relations, we deduce the inequality
0, (n) > ™ (n)o (n) 2 7 ()7 ().

Therefore, we obtain
a,(f) (n) > Tk(n)T(e)(n).

o) _ ()
o)~ \7(n)
I — k, we obtain the inequality

k—I1
In relation > , making the substitutions £ — k + 1 and

L) a9n)
J,ie)(n) — 7@(n)

> 7(n).
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Theorem 4 For everyn, k,l € N withn > 1, there are the following relations:

(25) o\ () - 017" () < 7O (n) - 015 (),

o\ (n ol (n !
(26) U?e)*in; =z (T(e)*gn;> 2 Tk_l(n)>

(e)x*
(27) "’(“*)71(”) > 7(n)
O (n)
and
g’(:)"{(n) O.(e)*(n)

(28) - > 7(n).

a,ie)*(n) — 7@ (n)

Proof. We make the same proof as in Theorem 3, by repacing the exponential
divisors with the e-unitary divisors.
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