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ON HOMOMORPHISMS, OPEN OPERATORS AND THEIR
ADJOINTS

D. ZARNADZE

Abstract. The well-known A. Grothendieck’s theorem on a homomorphism
between locally convex spaces is generalized to the case of topologies which
are incompatible with dualities. On the basis of this theorem, necessary and
sufficient conditions are obtained for a weak homomorphism (resp. its adjoint
operator, resp. its double adjoint operator) to be again a homomorphism in
various topologies of the initial (resp. dual, resp. bidual) spaces. Some
new classes of pairs of locally convex spaces satisfying these conditions are
established. The results obtained have enabled us to reveal new properties of
frequently encountered homomorphisms and weakly open operators, as well
as to strengthen and generalize some well-known results.
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Introduction

In this paper we investigate homomorphisms, i.e., linear, continuous and
open operators A : E → F which map arbitrary Hausdorff, locally convex
spaces (briefly, LCS) E into the same spaces F and their adjoint mappings.
We study the question whether a change of the topologies of E and F affects
the stability of homomorphisms. Such problems frequently arise in applications
and have been intensively studied since the days of S. Banach for various spaces
and topologies. The most important results were obtained in J. Dieudonné
[1], J. Dieudonné and L. Schwartz [2], A. Grothendieck [3], G. Köthe [4], [5],
F. Browder [6], V. S. Retakh [7], V. P. Palamodov [8], K. Floret and V. B.
Moscatelli [9]. The most complete account of the results known so far in this
area is given in the monographs [10]–[12] though, it seems to us, in a somewhat
incoherent manner.

We attach special importance to studying strong homomorphisms and their
strong adjoints, i.e., cases in which the initial and dual spaces are equipped
with strong topologies. The need to investigate them was raised in [2], §12.
In this connection, two examples of homomorphisms of Fréchet spaces whose
adjoints are not strong homomorphisms were constructed in [3], where the dual
spaces are equipped with strong topologies. In particular, these examples are
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meticulously studied in §4 (see Examples 1 and 2), where the initial and dual
spaces are equipped with various topologies. We are also well familiar with
the following A. Grothendieck’s theorem on a homomorphism [10, p. 8], which
gives a necessary and sufficient condition for a weak homomorphism to be also
a homomorphism.

Let (E, T1) and (F, T2) be LCS, M1 and M2 the classes of equicontinuous
subsets in E ′ and F ′, respectively. A weak homomorphism A of the space
(E, σ(E, E ′)) in the space (F, σ(F, F ′)) is a homomorphism of the space (E, T1)
in the space (F, T2) if and only if A′(M2) = M1∩A′(F ′), where A′ is the adjoint
operator and M1 ∩ A′(F ′) = {M ∈ M1; M ⊂ A′(F ′)}.

This theorem however does not hold for topologies which are incompatible
with the dualities 〈E, E ′〉 and 〈F, F ′〉. In particular, the theorem fails to be valid
for the uniform convergence topologies T1 = TM1 and T2 = TM2 , where M1 and
M2 are the classes of weakly bounded subsets E ′ and F ′, respectively. Namely,
it does not hold for strong topologies when M1 are M2 are the families of all
weakly bounded sets in E ′ and F ′, respectively. The counterexample given in
[10, p. 10], for the latter case shows that there exists a weak homomorphism
K of the LCS E on the same space F , for which K ′(M2) = K ′(F ′) ∩ M1,
but K is not a strong homomorphism. Difficulties which one encounters in the
investigation of strong homomorphisms are also mentioned in [10, p. 10]. This
explains why no necessary and sufficient condition has actually been so far found
for a weak homomorphism to be also a strong homomorphism and, generally, a
homomorphism in topologies which are incompatible with the dualities 〈E, E ′〉
and 〈F, F ′〉.

In [13–14], while investigating the dual characterization of quojections (strictly
regular Fréchet spaces), it was proved that the adjoint operator to the homomor-
phism of a quojection on the Banach space is a strong homomorphism (contrary
to Example 1 in §4). Analysis of these results and the above-mentioned exam-
ples has enabled us to prove a generalization of A. Grothendieck’s theorem.
Our approach is the unified one and based on the statement that in different
situations the homomorphy of A (resp. A′, resp. A′′) is characterized by the co-
incidence of two naturally generated topologies on the quotient space E/ Ker A
(resp. F ′/ Ker A′, resp. E ′′/ Ker A′′) and on the range A(E) (resp. A′(F ′), resp.
A′′(F ′′)).

In §1 of this paper, a generalization of A. Grothendieck’s theorem is proved
for topologies which in particular are incompatible with dualities. Hence we
obtain necessary and sufficient conditions for the weak homomorphism A to
be again a homomorphism when spaces are equipped with strong topologies,
Mackey topologies and topologies of strong precompact convergence. Using a
similar reasoning, a necessary and sufficient condition is obtained for a weak
homomorphism to be also a homomorphism when spaces are equipped with
associated bornological topologies. Classes of pairs of the LCS E and F are
found, for which an arbitrary weak homomorphism is again a homomorphism
in the above-mentioned topologies of the initial spaces. In particular, strong
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homomorphisms are investigated with sufficient completeness, and some well-
known results are strengthened and generalized. Applying the results from [6],
we also obtain conditions for weakly open operators with closed graphs to be
open and strongly open.

In §2, a necessary and sufficient condition is proved for the adjoint operator
to a weak homomorphism to be again a homomorphism when the dual spaces
are equipped with uniform convergence topologies on the subsets of classes of
bounded sets of the initial spaces. An analogous result is also proved when
the dual spaces are equipped with the so-called inductive topologies. Such a
topology in the dual space was introduced in [5] as the strongest locally convex
topology which preserves the boundedness of equicontinuous sets. The adjoint
operators to homomorphisms were considered in [7], [8] and [16] when the dual
spaces are equipped with inductive topologies.

In §3, double adjoints to homomorphisms are studied when bidual spaces are
equipped with weak, strong and natural topologies. Necessary and sufficient
conditions are given for the double adjoint operator A′′ to the weak homomor-
phism A to be a homomorphism in the above-mentioned topologies depending
on whether A′ is a strong homomorphism.

In §4, applications of the results obtained in the preceding sections to the
known homomorphisms are given. Also, their new properties are established,
which show that our proven theorems can successfully be used to investigate
homomorphisms and their adjoint mappings.

We should make some necessary clarification of the terms and notation which
are borrowed mainly from [11], [17].

A linear operator A : E → F, mapping the LCS E into the LCS F is called
open if for any open set U whose image A(U) is an open subset in A(E) (in
the topology induced by F ). A linear continuous and open operator A is called
a topological homomorphism (or simply a homomorphism when this does not
cause confusion). If a homomorphism is one-to-one (injective), then it is called
a monomorphism.

Let E be a LCS and M be some class of weakly bounded subsets of the dual
space containing the class of all finite sets F. By TM(E ′) we denote the topology
on E which is of uniform convergence on the sets from M. In particular, by
β(E, E ′) (resp. σ(E, E ′), resp. τ(E, E ′), resp. Tc(E

′)) we denote the topology
on E which is of uniform convergence on all weakly bounded (resp. finite,
resp. absolutely convex and σ(E ′, E)-compact, resp. strongly precompact) sets
from E ′. The topology τ(E, E ′) is called the Mackey topology of the dual pair
〈E, E ′〉. The space E equipped with the Mackey topology is called the Mackey
space. The topologies of uniform convergence β(E ′, E), σ(E ′, E), τ(E ′, E) and
Tc(E) on E ′ are defined symmetrically. The strong bidual space, i.e., the strong
dual space to the strong dual space (E ′, β(E ′, E)) is denoted by (E ′′, β(E ′′, E ′)).
A LCS (E, T) is called reflexive if E = E ′′ and T = β(E ′′, E ′). For the subspace
G of the LCS (E, TM(E ′)) we denote by TM(E ′) ∩ G the topology induced
on G, while by T

M̂
(E ′/G⊥) the uniform convergence topology on the class
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M̂ = K(M) = {K(M); M ∈ M}, where K is the canonical mapping of E ′ on
E ′/G⊥. Further, for the closed subspace G of the space (E, TM(E ′)) we denote
by TM(E ′)/G the quotient topology on E/G, while by TM̄(G⊥) the topology
on E/G of uniform convergence on the class M = {M ∈ M; M ⊂ G⊥} ⊂ M.

It is well-known that the Fréchet space with a generating increasing sequence
of semi-norms {pn} is isomorphic to the projective limit of a sequence of Banach

spaces En = ( ˜E/ Ker pn, p̂n) with respect to the mappings π̄nm : Em → En (n ≤
m), where En is a completion of the normed space (E/ Ker pn, p̂n) and π̄nm is the
continuation, on Em, of the canonical mapping πnm : E/ Ker pm → E/ Ker pn.
The Fréchet space is called the quojection if it is isomorphic to the projective
limit of a sequence of Banach spaces with respect to surjective mappings. This
means that the mappings πnm(n ≤ m) are homomorphisms.

The strong adjoint of the quojection E is a strong (LB)-space which is rep-
resented as (E ′, β(E ′, E)) = s · lim→ E ′

n, i.e., the class of quojections coincides

with the class of strictly regular Fréchet spaces [18]. A Fréchet space is called
a prequojection [19] if its strongly bidual space is a quojection. As is known
[20], the class of prequojections coincides with the class of Fréchet spaces whose
strong dual space is any strict (LB)-space.

1. On Homomorphisms between Locally Convext Spaces

In this section, conditions are given for a homomorphism between the LCS E
and F to be again a homomorphism in various known topologies of the spaces
E and F . Let A = JǍK be the natural decomposition of the weak homo-
morphism A, where K is a canonical homomorphism of spaces (E, σ(E, E ′)) on
(E/ Ker A, σ(E, E ′)/ Ker A), Ǎ is the weak isomorphism (E/ Ker A, σ(E, E ′)/
Ker A) on (A(E), σ(F, F ′)∩A(E)) and J is the monomorphism (A(E), σ(F, F ′)∩
A(E)) in (F, σ(F, F ′)). By virtue of the known properties of a weak topol-
ogy ([21, p. 276]) we have that the equalities σ(E,E ′)/ Ker A = σ(E/ Ker A,
Ker A⊥) on E/ Ker A and σ(F, F ′) ∩ A(E) = σ(A(E), F ′/A(E)⊥), are valid on
A(E) because (E/ Ker A)′ = Ker A⊥ and A(E)′ = F ′/A(E)⊥. Therefore the
spaces (E/ Ker A, σ(E/ Ker A, Ker A⊥)) and A(E), σ(A(E), F ′/A(E)⊥)) are
isomorphic. Hence it follows that the spaces ((E/ Ker A)′, σ((E/ Ker A)′, E/
Ker A)) and (A(E)′, σ(A(E)′, A(E))) too are weakly isomorphic and this iso-
morphism is realized by the mapping Ǎ′ adjoint to the mapping Ǎ. Denote by
M̂2 the class K1(M2) = {K1(M); M ∈ M2}, where K1 : F ′ → F ′/A(E)⊥ is

a canonical mapping. Let M2 denote the family Ǎ′(M̂2). Since Ǎ′ is the weak

isomorphism, we have the equalities Ǎ′(
˜̂
M2) = ˇ̃A′(M̂2) = M̃2, where M̃ stands

for the saturated cover of the class M.

Theorem 1. Let E and F be the locally convex spaces with the saturated
classes of weakly bounded subsets M1 and M2 of the dual spaces E ′ and F ′,
respectively. The weak homomorphism A of the space E in the space F is the
homomorphism of the space (E, TM1(E

′)) in the space (F, TM2(F
′)) if and only

if the following conditions are satisfied:
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a) M1 = M̃2 and A′(M2) ⊂ M1, where M1 = {M ∈ M1; M ⊂ Ker A⊥};
b) TM1(E

′)/ Ker A = TM̄1
(Ker A⊥) on E/ Ker A, where TM̄1

(Ker A⊥) is a
topology of uniform convergence on the class M̄1;

c) TM2(F
′)∩A(E) = T

M̂2
(F ′/A(E)⊥) on A(E), where T

M̂2
(F ′/A(E)⊥) is the

uniform convergence topology on M̂2.

Proof. Sufficiency. The condition a) implies that the spaces (E/ Ker A,
TM̄1

(Ker A⊥)) and (A(E),T
M̂2

(F ′/A(E)⊥)) are isomorphic, where TM̄1
(Ker A⊥)

is the topology, on E/ Ker A, of uniform convergence on M1, while T
M̂2

(F ′/
A(E)⊥) is the topology, on A(E), of uniform convergence on the sets K1(M2) ⊂
F ′/A(E)⊥. By virtue of Theorem 1 ([10, p. 3]) the conditions A′(M2) ⊂ M1

imply the continuity of the operator A from the space (E, TM1(E
′)) into

(F, TM2(F
′)). Furthermore, the conditions b) and c) imply that Ǎ is also the

isomorphism of the spaces (E/ Ker A, TM1(E
′)/ Ker A) and (A(E), TM2(F

′) ∩
A(E)), i.e., A is the homomorphism of the space (E, TM1(E

′)) in (F, TM2(F
′)).

Necessity. Let the weak homomorphism A of the space E in F be also the
homomorphism of the space (E, TM1(E

′)) in (F, TM2(F
′)). As said above, Ǎ

is the weak isomorphism of the space (E/ Ker A, σ(E/ Ker A, Ker A⊥)) onto
(A(E), σ(A(E), F ′/A(E)⊥)). In these spaces the topologies TM1(E

′)/ Ker A
and TM2(F

′) ∩ A(E) also coincide since A is the homomorphism of the space
(E, TM1(E

′)) in (F, TM2(F
′)). Hence, again by virtue of Theorem 1 from [10,

p. 3], we obtain A′(M2) ⊂ M1. This is equivalent to that the mapping Ǎ
is continuous since it is the mapping of the space (E/ Ker A, TM̄1

(Ker A⊥))

onto (A(E), T
M̂2

(F ′/A(E)⊥)). Indeed, A′ = K ′Ǎ′J ′, where K ′, Ǎ′ and J ′ are

the adjoints to the mappings K, Ǎ and J , respectively. In that case we have
K ′Ǎ′J ′(M2) ⊂ M1, but, as is known, J ′(M2) = K1(M2) = M̂2 and therefore

K ′Ǎ′(M̂2) ⊂ M1, i.e., Ǎ′(M̂2) ⊂ K
′(−1)(M1) = M1∩Ker A⊥ = M1. Further, by

virtue of Theorem 1 from [21, p.276] we obtain the inequality TM2(F
′)∩A(E) ≤

TM̄2
(F ′/A(E)⊥) on A(E). Indeed, the equalities K1(M)0A(E) = J ′(M)0A(E) =

J−1(M0F ) = M0F ∩ A(E) are valid for M ∈ M2. The above inequality is true

since in the saturated cover of M̂2 there may occur sets not contained in the
K1-image of the sets from M2. The inequality TM̄1

(Ker A⊥) ≤ TM1(E
′)/ Ker A

can be proved in a similar manner using Theorem 3 from [21, p. 277]. On
account of the preceding arguments the following diagram is valid:

(E/ Ker A, TM1(E
′)/ Ker A)

Ǎ→← (A(E), TM2(F
′) ∩ A(E))

↓ ↑
(E/ Ker A, TM̄1

(Ker A⊥))
Ǎ→ (A(E), T

M̂2
(F ′/A(E)⊥)

where the vertical arrows denote the continuous identical algebraic isomor-
phisms. Therefore the above two topologies on E/ Ker A and A(E) coincide.
Furthermore, the topologies TM̄1

(Ker A⊥) and T
M̂2

(F ′/A(E)⊥) on the weakly

isomorphic spaces E/ Ker A and A(E) also coincide. By Theorem 4 ([21, p.
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256]), the saturated covers of the classes Ǎ′(M̂2) and M1 also coincide, i.e., the
condition a) too is fulfilled.

Note that if the classes M1 and M2 consist only of equicontinuous sets, then
the class M̂2 is also saturated and, the conditions b) and c) are always fulfilled
by virtue of Theorems 1 and 2 ([21, pp. 275-276]) . As the above-mentioned
example from [21] shows, we do not have the same situation in the general case.
Below we will give examples of the topologies for which the conditions b) and
c) imply a).

Corollary. Let in the notation of Theorem 1 A be a weak monomorphism E

in F . A is a monomorphism of (E, TM1) in (F, TM2) if and only if Ã′(M2) =

M1, where Ã′(M2) consists of weak closures of sets of the form A′(M), M ∈
M2.

This results gives a characterization of a monomorphism in the general case
and differs from Theorem 4 in [10, p. 10] in that it requires that in the a priori
conditions A be a weak monomorphism.

Let us now give a concrete reformulation of Theorem 1 for the known topolo-
gies.

Theorem 2. Let A be a weak homomorphism of the LCS E in the LCS F . A
is a strong homomorphism, i.e., the homomorphism of the space (E, β(E, E ′))
in the space (F, β(F, F ′)) if and only if β(E, E ′)/ Ker A = β(E/ Ker A, Ker A⊥)
on E/ Ker A and β(F, F ′) ∩ A(E) = β(A(E), F ′/A(E)⊥) on A(E), where
β(F, F ′)/ Ker A is the quotient topology of the strong topology β(E, E ′), β(F, F ′)∩
A(E) is the induced topology on A(E), while β(E/ Ker A, Ker A⊥) and β((A(E),
F ′/A(E)⊥) − are the strong topologies of the dual pairs 〈E/ Ker A, Ker A⊥〉 and
〈A(E), F ′/A(E)⊥〉, respectively.

One can prove this theorem by repeating the arguments used in proving
Theorem 1, taking into account the fact that weakly continuous mappings are
strongly continuous.

Note that in proving the necessity part of Theorem 2, the a priori conditions
imposed on A can be made weaker. Namely, for the mentioned topologies
to coincide on E/ Ker A and A(E) it is sufficient to assume that A is weakly
continuous strong homomorphism. At that, one should not expect A to be a
weak homomorphism.

Corollary. If A is a homomorphism of the barrelled LCS (E, T1) in the LCS
(F, T2), then A is a strong homomorphism.

Denote by Tb∗(E
′) the topology, on E, of uniform convergence on strongly

bounded sets from E ′, i.e., the uniform convergence topology on the bounded
sets of the space (E ′, β(E,E ′)).

Theorem 3. Let A be a weak homomorphism of the LCS E in the LCS F .
A is a Tb∗-homomorphism, i.e., the homomorhism of the LCS (E, Tb∗(E

′)) in
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the LCS (F, Tb∗(F
′)) if and only if Tb∗(E

′)/ Ker A = Tb∗(Ker A⊥) on E/ Ker A
and Tb∗(F

′) ∩ A(E) = Tb∗(F
′/A(E)⊥) on A(E).

Corollary. If A is a homomorphism of the quasibarrelled LCS E in the LCS
F , then A is a Tb∗-homomorphism.

F. Browder studied in [6] open operators with a closed graph and called them
again homomorhisms. He we will apply our results to obtain conditions for a
weakly open operator to become strongly open, i.e., conditions under which the
implication e) ⇒ d) in Theorem 2.1 from [6] holds true.

Theorem 4. Let T : E → F be a weakly open operator of the LCS (E, T1)
in the LCS (F, T2) with a dense domain of definition D(T ) and closed kernel
Ker T . T is strongly open if the following conditions are satisfied:

a) the topologies (β(E, E ′) ∩ D(T ))/ Ker T and β(D(T )/ Ker T, Ker T⊥) co-
incide on the quotient space D(T )/ Ker T ;

b) the topologies β(F, F ′) ∩ R(T ) and β(R(T ), F ′/R(T )⊥) coincide on the
quotient space R(T ).

Proof. As is well known, T is weakly open if and only if in its natural de-
composition the linear bijection Ť : (D(T )/ Ker T, σ(E, E ′) ∩D(T )/ Ker T ) →
(R(T ), σ(F, F ′)∩R(T )) is weakly open. The topologies σ(F, F ′)∩D(T )/ Ker T
and σ(D(T )/ Ker T, Ker T⊥) coincide by virtue of the properties of a weak topol-
ogy on the quotient space D(T )/ Ker T just like the topologies σ(F, F ′)∩R(T )
and σ(R(T ), F ′/R(T )⊥) coincide on R(T ). Therefore Ť is weakly open as the
mapping

Ť : (D(T )/ Ker T, σ(D(T )/ Ker T, Ker T⊥)) → (R(T ), σ(F, F ′) ∩R(T )),

i.e., Ť−1 is weakly and therefore strongly continuous as the mapping

Ť−1 : (R(T ), β(F, F ′) ∩R(T )) → (D(T )/ Ker T, β(D(T )/ Ker T, Ker T⊥)).

Taking into account the conditions a) and b) we obtain the validity of the
following diagram:

(D(T )/ Ker T, β(E, E ′) ∩D(T )/ Ker T ) (R(T ), β(F, F ′) ∩R(T ))
↓ ↑ ↓ ↑

(D(T )/ Ker T, β(D(T )/ Ker T, Ker T⊥)) ← (R(T ), β(R(T ), F ′/R(T )⊥)),

where the arrows denote the continuous mappings. Hence we conclude that T
is strongly open.

Note that to prove the converse statement of Theorem 4, i.e., to prove that
the above topologies coincide on D(T )/ Ker T and R(T ), for the strongly and
weakly open operator T we should require, in addition to the a priori conditions
of Theorem 4, that T be a weak homomorphism. Indeed, in that case, by virtue
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of the well known inequalities between strong topologies on D(T )/ Ker T and
R(T ) we obtain the validity of the following diagram:

(D(T )/ Ker T, β(E, E ′) ∩D(T )/ Ker T )
Ť← (R(T ), β(F, F ′) ∩R(T ))

↓ ↑
(D(T )/ Ker T, β(D(T )/ Ker T, Ker T⊥))

Ť→← (R(T ), β(R(T ), F ′/R(T )⊥)),

where the operators denoted by the arrows are continuous. Hence it follows
that two identical operators in the diagram are isomorphisms, i.e., the above
strong topologies on D(T )/ Ker T and R(T ) coincide.

Let us now apply Theorem 2 to prove a sufficient condition for a weakly open
operator to be open and strongly open.

Theorem 5. Let T : E → F be the weakly open linear operator of the LCS
(E, T1) in the LCS (F, T2). If the space (R(T ), T2 ∩R(T )) is a Mackey space,
then T is open. Moreover, if the graph of the operator G(T ) is barrelled, then
the operator T is strongly open.

Proof. For the linear operator T , let us consider the continuous operator S :
G(T ) → F defined by the equality S(e, Te) = Te, e ∈ D(T ). According to
Theorem 2.2 from [6] T is weakly (resp. strongly) open if and only if S is
weakly (resp. strongly) open. Thus to prove our statement, it is sufficient to
show that S is a strong homomorphism. Indeed, we have the following natural
decomposition of the operator S = JŠK and

(G(T )/Ker S,(T1×T2)/Ker S)
Š→(R(T ),T2∩R(T ))

id1→←(R(T ),τ(R(T ),F ′/R(T )⊥))
↑ id2 ↑↓ Š1

(G(T )/Ker S, τ(G(T ), G(T )′)/Ker S)
id3→←(G(T )/Ker S, τ(G(T )/Ker S, Ker S⊥)),

where each operator denoted by the arrows is continuous. Indeed, id1 is an
isomorphism by virtue of the fact that T2∩R(T ) is the Mackey topology; id2 is
continuous because the initial topology is weaker than the Mackey topology; id3

is an isomorphism because the quotient topology τ(G(T ), G(T )′)/ Ker S of the
Mackey topology coincides with the Mackey topology τ(G(T )/ Ker S, Ker S⊥)
on G(T )/ Ker S; Š1 is an isomorphism because weak isomorphisms are also
isomorphisms in the Makey topologies. This already implies that S is a homo-
morphism of the space (G(T ), (T1 × T2) ∩G(T )) in (F, T2), i.e., T is open.

Further, the barrelledness of the space (G(T ), (T1 × T2) ∩G(T )) means that
the topologies (T1×T2)∩G(T ) and β(G(T ), G(T )′) coincide on G(T ). Since S
is a homomorphism it follows that the spaces (G(T )/ Ker S, (T1 × T2)/ Ker S)
and (R(T ), T2∩R(T )) are barrelled and therefore (T1×T2)/ Ker S) = β(G(T )/
Ker S, Ker S⊥) and T2 ∩ R(T ) = β(R(T ), F ′/R(T )⊥). This means that T is
strongly open.

This theorem shows that the conditions for the validity of the implication
e) =⇒ d) to be valid (Theorem 2.1 from [6]) can be weakened and made less
cumbersome.
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We will now give conditions for a weak homomorphism to be also a homo-
morphism in the Mackey topologies.

Theorem 6. Let A be a weak homomorphism of the LCS E in the LCS F. A
is a Tk-homomorphism, i.e., a homomorphism of the space (E, τ(E, E ′)) in the
space (F, τ(F, F ′)) if and only if τ(F, F ′)∩A(E) = τ(A(E), F ′/A(E)⊥) on A(E),
where τ(F, F ′)∩A(E) is the induced topology on A(E), and τ(A(E), F ′/A(E)⊥)
is the Mackey topology on A(E) with respect to the dual pair 〈A(E), F ′/A(E)⊥〉.

The validity of this theorem follows from Theorem 1 with regard for the
equality τ(E, E ′)/ Ker A = τ(E/ Ker A, Ker A⊥) on E/ Ker A, which is obtained
by Theorem 3 ([21, p. 277]).

Corollary 1. Let A be a continuous weak homomorphism of the LCS (E, T1)
in the LCS (F, T2) such that the space (A(E), T2 ∩A(E)) is the Mackey space.
Then A is a homomorphism of the space (E, T1) in the space (F, T2).

This result generalizes the first part of Proposition 5 from [10, p.8].

Corollary 2. Let A be a weak homomomorhism of the barrelled (resp. qua-
sibarrelled) LCS (E, T1) in the LCS (F, T2) such that the space (A(E), T2 ∩
A(E)) is the Mackey space. Then A is a strong homomorphism (resp. a Tb∗-
homomorphism).

This result generalizes Proposition 21 from [2] as well Theorem 4.7.6 from
[11, p. 202], where it is not required of (A(E),T2 ∩ A(E)) to be the Mackey
space.

Theorem 7. Let A be a weak homomorphism of the LCS (E, T1) in the
LCS (F, T2). A is a Tc-homomorphism, i.e., a homomorphism of the space
(E, Tc(E

′)) in the space (F, Tc(F
′)) if and only if Tc(E

′)/ Ker A = Tc(Ker A⊥)
on E/ Ker A and Tc(F

′) ∩ A(E) = Tc(F
′/A(E)⊥) on A(E).

We will now give examples of monomorphisms of the space of test functions
D and generalized functions D′ on whose range the two topologies indicated
in Theorem 7 are different. It is well known that the spaces D and D′ are
connected with “the Pontryagin duality”, i.e., the topology of each of these
spaces coincides with a uniform convergence topology on strongly compact sets
of the dual space. As shown in [22], this duality does not any longer extend
to the quotient spaces of the spaces D and D′. This means that there exists
a closed subspace G of the space D (resp. a closed subspace M of the space
D′) such that the spaces (G,Tc(D

′)∩G) and (G, Tc(D
′/G⊥)) (resp. the spaces

(M, Tc(D) ∩M) and (M, Tc(D/M⊥)) are not isomorphic. By Theorem 7 this
is equaivalent to that the monomorphism J : G → D (resp. the monomorphism
J1 : M → D′) is not a Tc-monomorphism.

Consider this problem assuming that the spaces E and F are equipped with
the so-called bornological topologies. Let (E, T) be a LCS. By [21, p. 380]
there exists, on E, the strongest locally convex topology T× which possesses
the same bounded sets as the topology T. For the topology T× the basis of
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neighborhoods of zero consists of all absolutely convex sets which absorb all
bounded sets. (E, T×) is a bornological space and we call it the associated
bornological space.

Theorem 8. Let A be a weak homomorphism of the LCS (E, T1) in the
LCS (F, T2). A is a T×-homomorphism, i.e., a homomorphism of the space
(E, T×1 ) in (F, T×2 ) if and only if T×1 / Ker A = (T1/ Ker A)× on E/ Ker A and
T×2 ∩A(E) = (T2 ∩A(E))× on A(E), where T×1 / Ker A is the quotient topology
of the topology T×1 , (T1/ Ker A)× is the associated bornological topology of the
quotient topology T1/ Ker A, T×2 ∩ A(E) is the induced topology on A(E) of
the topology T×2 and (T2 ∩A(E))× is the associated bornological topology of the
induced on A(E) topology T2 ∩ A(E).

Proof. First we are to prove that each weakly continuous mapping A is a con-
tinuous mapping of the space (E, T×1 ) into (F, T×2 ). This follows from the local
boundedness of the mapping A, i.e., A transfroms the bounded subsets from
(E, T1) into the same kind of subsets (F, T2). Therefore the following diagram
is valid:

(E/ Ker A, σ(E/ Ker A, Ker A⊥)×)
←→ (A(E), σ(A(E), F ′/A(E)⊥)×)

↗ ↘
(E, σ(E, E ′)×) (F, σ(F, F ′)×)

↘ ↗
(E/ Ker A, σ(E, E ′)×/ Ker A) → (A(E), σ(F, F ′)× ∩ A(E)),

where the arrows denote the continuous mappings. Since the associated bor-
nological topology depends only on the dual pair, the topologies σ(E, E ′),
σ(E/ Ker A, Ker A⊥), σ(A(E), F ′/A(E)⊥) and σ(F, F ′) in the above diagram
can be replaced by the topologies T1, T1/ Ker A, T2 ∩ A(E) and T2, respec-
tively.

Let us now prove the continuity of the identical mappings (E/ Ker A,
T×1 / Ker A) → (E/ Ker A, (T1/ Ker A)×) and (A(E), (T2 ∩A(E))×) → (A(E),
T×2 ∩ A(E)). Indeed, let W be a (T1/ Ker A)×-neighborhood. Then W absorbs
all T1/ Ker A-bounded sets of the quotient space E/ Ker A. Therefore the set
K−1(W ) absorbs all T1-bounded sets in E and is a T×1 -neighborhood, where
K : E → E/ Ker A is a canonical mapping. Hence W = K(K−1W ) is a
T×1 / Ker A-neighborhood. Let now U be a T×2 ∩ A(E)-neighborhood in A(E).
Then U = V ∩ A(E), where V is a T×2 -neighborhood and thus V absorbs all
bounded subsets in (F, T2). Hence it immediately follows that U = V ∩ A(E)
absorbs all bounded sets A(E), i.e., U is a (T2∩A(E))×-neighborhood in A(E).
By virtue of this reasoning the following diagram is valid:

(E/ Ker A, (T1/ Ker A)×)
→← (A(E), (T2 ∩ A(E))×)

↗ ↘
(E, T×1 )

x

y
(F, T×2 ),

↘ ↗
(E/ Ker A, T×1 / Ker A) → (A(E), T×2 ∩ A(E))
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where the arrows denote the continuous mappings. The diagram readily pro-
vides the proof of our statement.

2. On the Adjoint Operator to a Homomorhism between Locally
Convex Spaces

It is well known that A is a weak homomorphism of the LCS E in the LCS
F with the closed range if and only if the adjoint mapping A′ is a weak homo-
morphism with the weakly closed range A′(F ′) = Ker A⊥. Then if A = JǍK is
the decomposition of the weak homomorphism A and J ′, Ǎ′, and K ′ are the ad-
joints to the mappings J, Ǎ and K, respectively, then A′ = K ′Ǎ′J ′ is the natural
decomposition of the weak homomorphism A′. This means that J ′ is a canon-
ical homomorphism of the space (F ′, σ(F ′, F )) on (A(E)′, σ(A(E)′, A(E))) =
(F ′/ Ker A′, σ(F ′, F )/ Ker A′), K ′ is a weak monomorphism of the space
((E/ Ker A)′, σ((E/ Ker A)′, E/ Ker A))=(Ker A⊥, σ(E ′E)∩Ker A⊥)=(A′(F ′),
σ(E ′, E) ∩ A′(F ′)) in (E ′, σ(E ′, E)), a Ǎ′ is a weak isomorphism of the space
(F ′/ Ker A′, σ(F ′, F ) / Ker A′) on (A′(F ′), σ(E ′, E) ∩ A′(F ′)).

Let M1 and M2 be the saturated classes of bounded subsets in E and F ,
respectively. Denote by TM1(E) and TM2(F ) the topologies, on E ′ and F ′,
of uniform convergence on the subsets from M1 and M2, respectively. Let A
be a weakly continuous mapping of the space E into the space F ; then the
adjoint mapping A′ is a continuous mapping of the space (F ′, TM2(F )) in
(E ′, TM1(E)) if and only if A(M1) ⊂ M2. Hence it follows that the adjoint
to the weak isomorphism of the space E in the space F is strong and a Tk-
isomorphism. The example of the identical mapping I of the normed space
(E, ||.||) on (E, σ(E, E ′)) shows that its adjoint I ′ is a strong isomorphism, but
I is not an isomorphism.

Theorem 9. Let E be F locally convex spaces, M1 and M2 be the saturated
classes of bounded sets in E and F , respectively, and A : E → F be a weak
homomorphism with the closed range A(E). The adjoint mapping A′ is a ho-
momorphism of the space (F ′, TM2(F )) in the space (E ′, TM1(E)) if and only
if:

a) A(M1) ⊂ M2 and M2 = ˜̌A(M̂1), where M2 = {M ∈ M2; M ⊂ A(E)} =

M2 ∩ A(E), M̂1 = K(M1) = {K(M); M ∈ M1}, and ˜̌A(M̂1) is the saturated

cover of the class Ǎ(M̂1);
b) T

M̂1
(E/ Ker A) = TM1(E) ∩ A′(F ′) on (E/ Ker A)′ = Ker A⊥ = A′(F ′),

where T
M̂1

is the topology of uniform convergence on the sets from M̂1;

c) TM2(F )/ Ker A′ = TM2
(A(E)) on A(E)′ = F ′/A(E)⊥ = F ′/ Ker A′.

The validity of this theorem follows from Theorem 1 if the latter is ap-
plied to the weak homomorphism A′ of the space (F ′, σ(F ′, F )) in the space
(E ′, σ(E ′, E)). One can also prove it in a straightforward manner analogously
to the proof of Theorem 1.
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Now we will give a few concrete reformulations of Theorem 9 for the most
important topologies.

Theorem 10. Let A be a weak homomorphism of the LCS E in the LCS
F with a weakly closed range. A′ is a strong homomorphism, i.e., a homo-
morphism of the space (F ′, β(F ′, F )) in the space (E ′, β(E ′, E)) if and only if
β(F ′, F )/ Ker A′ = β(F ′/ Ker A′, A(E)) on F ′/ Ker A′ and β(Ker A⊥, E/ Ker A)
= β(E ′, E) ∩Ker A⊥ on A′(F ′) = Ker A⊥.

Corollary 1. Let A : E → F be a homomorphism of the (DF )-space (E, T)
in an arbitrary LCS (F, T). Then A′ is a strong homomorphism.

Note that Corollary 1 of Theorem 10 is valid for a space (E, T1) of type
(DFS), in particular, for the Vladimirov algebra [23, 24]. Moreover, if the
space (F, T2) is also a space of type (DFS), then the converse statement also
holds true ([2, p. 105]), i.e., A is a homomorphism if A is continuous and A′

is a strong homomorphism. In §4 Example 3 is given, showing that the latter
statement is not valid for arbitrary (DF )-spaces.

Corollary 2. Let A : E → F be a weak homomorphism of the Fréchet space
E in the Fréchet space F . The adjoint operator A′ is a strong homomorphism
if and only if β((E/ Ker A)′, E / Ker A)) = β(E ′, E)∩Ker A⊥ on (E/ Ker A)′ =
Ker A⊥ and β(A(E)′, A(E)) = β(F ′, F )/ Ker A′ on A(E)′ = F ′/ Ker A′.

From Theorem 12 [3] it follows that the Fréchet–Schwartz spaces E and F
satisfy the conditions of Corollary 2. Moreover, similarly to the proof of Corol-
lary 1, one can prove that if A is a homomorphism of the space (FS) in an
arbitrary LCS, then A′ is a strong homomorphism. We will also indicate here
yet another class of Fréchet spaces containing nonreflexive spaces satisfying the
conditions of Corollary 2.

Proposition 11. Let A be a homomorphism of the quojection B × ω in the
LCS (F, T2), where B is the Banach space and ω the space of all numerical
sequences. Then the adjoint mapping A′ is a strong homomorphism. Further-
more, if the space (F, T2) is a Fréchet space, the adjoint mapping of arbitrary
order is a strong homomorphism.

Proof. Let us show that the conditions of Corollary 2 of Theorem 10 are fulfilled.
Indeed, as is known, the quotient space of the space B × ω is isomorphic either
to the Banach space B1 or to the space B2×ω, where B2 is also a Banach space.
Therefore the space ((B × ω)/ Ker A)′, β((B × ω)/ Ker A)′, (B × ω)/ Ker A)) is
a strictly (LB)-space. Let us prove that the latter space is isomorphic to the
space (Ker A⊥, β(B′ × ϕ,B × ω) ∩ Ker A⊥), where ϕ = ω′ is the space of all
finite sequences. Indeed, since Ker A is the quojection, we have the equality
((Ker A)′, β((Ker A)′, Ker A)) = ((B′×ϕ)/ Ker A⊥, β(B′×ϕ,B×ω)/ Ker A⊥),
where the latter is a strict (LB)-space. Then by virtue of the first part of
Theorem 2 from [25] it turns out that the space (Ker A⊥, β(B′ × ϕ,B × ω) ∩
Ker A⊥) possesses the property (T), i.e., it is also a strict (LB)-space. By virtue
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of the well-known theorem on the openness of a continuous mapping of strict
(LF )-spaces from [2] we obtain the coincidence of the above-mentioned two
topologies on Ker A⊥.

By condition, the quotient space (B × ω)/ Ker A is isomorphic to the space
(A(B × ω),T2 ∩ A(B × ω)) and therefore the latter space is distinguished.
Further, applying Theorem 8 from [3] we obtain the equality

(
(A(B × ω))′, β((A(B × ω))′, A(B × ω))

)
= (F ′/ Ker A′, β(F ′, F )/ Ker A′).

Therefore A′ is a strong homomorphism. To prove that the second adjoint A′′

to the homomorphism A, i.e., the adjoint to the mapping A′ : (F ′, β(F ′, F )) →
(E ′, β(E ′, E)) is a strong homomorphism of the space (E ′′, β(E ′′, E ′)) in (F ′′,
β(F ′′, F ′)), we use Corollary 1 of Theorem 10 for the homomorphism A′. The
remaining part of our statement follows from the obvious fact that the strong
bidual to the space B × ω is identifiable with the space B′′ × ω.

It should be noted that, as follows from the proof of Proposition 11, each
weakly closed subspace of the strongly dual space to the space B×ω is a strict
(LB)-space. By a similar reasoning one can prove that each closed subspace of
the space B × ϕ is a strict (LB)-space.

It should also be noted that Proposition 11 does not hold for an arbitrary
quojection. Indeed, in [3] an example is constructed of a canonical homomor-
phism of the Fréchet–Montel space on the Banach space, whose adjoint is not a
strong homomorphism. It is indicated in [3] that, using this example, one can
construct a canonical homomorphism k of the quojection (lp)N(1 ≤ p < ∞) on
its quotient space, such that the adjoint mapping k

′
will not be again a strong

homomorphism. It is indicated furthermore that an analogous example of the
canonical homomorphism can be constructed for the quojection C] 0, 1[ of the
space of continuous functions on ] 0, 1[, which is equipped with a compact con-
vergence topology. In these both cases the weakly closed subspace Ker k⊥ in
the strong topologies β(Ker k⊥, (lp)N/ Ker k)) and β(Ker k⊥, C] 0, 1[/ Ker k) is
a strict (LB)-space, i.e., two of the three topologies given on Ker k⊥ in [3] co-
incide, while in the third induced topology from the strongly dual (LB)-space,
the subspace Ker k⊥ is not even a (DF )-space though it possesses a funda-
mental sequence of bounded sets. It should be specially noted that unlike the
above-mentioned canonical homomorphism, the quotient spaces (lp)N/ Ker k
and C] 0, 1[ / Ker k cannot be Banach ones by virtue of the following proposi-
tion.

Proposition 12. Let k : E → F be a canonical homomorphism of the pre-
quojection E on the Banach space (F, ||.||). Then the adjoint mapping k

′
is a

strong homomorphism.

Proof. Indeed, the adjoint mapping k
′
is a strongly continuous and one-to-one

mapping of the Banach space (F ′, ||.||′) in the strict (LB)-space (E ′, β(E ′, E)) =
s. lim→ Fn with a weak and hence strongly closed image k

′
(F ′) = Ker k⊥. By
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Theorem 4 from [21, p. 85] we have that k
′

is a continuous mapping of the
Banach space F ′ in some Banach space Fn◦ , where k

′
(F ′) is closed.

Hence it follows that the strong topology on Ker k⊥ coincides with the in-
duced topology from Fn0 and therefore from (E ′, β(E ′, E)), i.e., k

′
is a strong

monomorphism.
We do not know whether the quojection E is isomorphic to the space B × ω

if the adjoint for an arbitrary homomorphism of the space E in the LCS F is a
strong homomorphism.

We do not know either whether in Proposition 11 the space ω can be replaced
by an arbitrary Fréchet–Schwartz space.

In [8] (see also [24, p. 105]) necessary and sufficient conditions were found in
terms of the duality functor D for:

a) the strong dual to the subspace to be identifiable with the quotient space
of the strong dual and b) the strong dual to the quotient space to be identifiable
with the subspace of the strong dual. Using these results in combination with
Theorem 10 we obtain

Proposition 13. Let A be a homomorphism of the LCS E in the LCS F .
The adjoint mapping A′ is a strong homomorphism if and only if D 1

M(Ker A) =
0 and D +

M(A(E)) = 0, where M is an arbitrary set of a sufficiently large car-
dinality, D1

M is the first derivative of the duality functor D, and D+
M is an

additional derivative.

It would be interesting to find similar relations (connections) for second ad-
joint mappings and other topologies to be considered below.

Theorem 14. Let A be a weak homomorphism of the LCS E in the LCS F
with a closed range. The adjoint mapping A′ is a Tk-homomorphism, i.e., a
homomorphism of the space (F ′, τ(F ′, F )) in (E ′, τ(E ′, E)) if and only if

((E/ Ker A)′, τ((E/ Ker A)′, E/ Ker A)) = (Ker A⊥, τ(E ′, E) ∩Ker A⊥).

This theorem follows from Theorem 9 by virtue of the known equality
(
A(E)′,

τ(A(E)′, A(E))
)

= (F ′/ Ker A′, τ(F ′, F )/ Ker A′), which is obtained from The-

orem 4 ([21, p. 278]).

Theorem 15. Let A be a weak homomorphism of the LCS E in the LCS F
with a closed range. The conjugate mapping A′ is a Tc-homomorphism, i.e., a
homomorphism of the space (F ′, Tc(F )) in the space (E ′,Tc(E)) if and only if
((E/ Ker A)′,Tc(E/ Ker A)) = (Ker A⊥,Tc(E)∩Ker A⊥) and (A(E)′,Tc(A(E))
= (F ′/ Ker A′, Tc(F )/ Ker A′).

Corollary 1. Let A be a homomorphism of the Fréchet space E in the qua-
sicomplete LCS F . Then the adjoint mapping A′ is a Tc-homomorphism.

This corollary follows from Theorems 5 and 6 ([21, p. 278]) and Theorem 15.
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Corollary 2. Let A be a homomorphism of the Montel (DF )-space E in the
quasicomplete LCS F . Then the adjoint mapping A′ is a Tc-homomorphism.

Corollary 3. Let A be a monomorphism of the LCS E in the quasicomplete
LCS F . Then the adjoint mapping A′ is a Tc-homomorphism.

Let us consider now this problem assuming that the dual spaces are equipped
with inductive topologies. The inductive topology TI(E) was introduced in
[15] as the strongest locally convex topology on E ′ preserving the boundedness
of equicontinuous sets. This topology coincides with the strong topology, in
particular for quasinormed spaces and differs from the latter topology in the
case of nondistinguished Fréchet spaces.

Theorem 16. Let A be a homomorphism of the LCS (E, T1) in the LCS
(F, T2). The adjoint operator A′ is a TI-homomorphism, i.e., a homomorphism
of the space (F ′,TI(F )) in (E ′,TI(E)) if and only if ((E/Ker A)′,TI(E/Ker A))=
(Ker A⊥,TI(E) ∩Ker A⊥).

In [7] (see also [8]) sufficient conditions were obtained for the adjoint to the
homomorphism to be a TI-homomorphism. From these results and Theorem
16 it follows that if for the homomorphism A the kernel Ker A is a quasinormed
metrizable LCS, then ((E/ Ker A)′, TI(E/ Ker A)) = (Ker A⊥,TI(E)∩Ker A⊥)
and therefore A′ is a TI-homomorphism.

3. On the Second Adjoint Mapping to a Homomorphism between
Locally Convex Spaces

Let (E, T) be a LCS, E ′ its dual space and E ′′ its bidual space, i.e., E ′′ =
(E ′, β(E ′, E))′. For the weakly continuous linear mapping A of the LCS (E, T1)
in the LCS (F, T2) we define the second adjoint mapping A′′ on E ′′ by means
of the equality

〈A′′x′′, y′〉 = 〈x′, A′y′〉,
assuming that it is valid for all x′′ ∈ E ′′ and y′ ∈ F ′. It is obvious that the
restriction of A′′ on E coincides with A. Since A′′ is a continuous mapping of
the space (E ′′, σ(E ′′, E ′)) into the space (F ′′, σ(F ′′, F ′)) and E σ(E ′′, E ′)-dense
in E ′′, we see that A′′ is the continuation of A on E ′′. By σ(E ′′, E ′) (resp.
β(E ′′, E ′)) we denote a weak (resp. strong) topology of the dual pair 〈E ′, E ′′〉
on E ′′, while by Tn(E ′) we denote a natural topology on E ′′, i.e., a topology of
uniform convergence on equicontinuous sets of the dual space E ′.

In this section we will deal with the second adjoint mapping to the homomor-
phism in the above-mentioned topologies of the second dual spaces. Conditions
will be derived under which the second adjoint is again a homomorphism ir-
respective of whether the adjoint mapping is a strong homomorphism. First
we will give simple statements on the double adjoint to a weak homomorhism
which are formulated on the basis of the well known results and needed for our
further discussion.
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Proposition 17. Let A be a weakly continuous mapping of the LCS (E, T1)
in the LCS (F, T2). Then the following statements are valid:

a) The second adjoint mapping A′′ is a weak homomorphism, i.e., a homo-
morphism of the space (E ′′, σ(E ′′, E ′)) in the space (F ′′, σ(F ′′, F ′)) if and only
if the range A′(F ′) is σ(E ′, E ′′)-closed in (E ′, σ(E ′, E ′′)), where σ(E ′, E ′′) is a
weak topology of the dual pair 〈E ′, E ′′〉 on E ′;

b) If A is a weak homomorphism of the space E in the space F , then A′′ is a
weak homomorphism of the space (E ′′, σ(E ′′, E ′)) in the space (F ′′, σ(F ′′, F ′)).
Further, there is an example of a weakly continuous mapping which is not weakly
open, while the second adjoint mapping is a weak homomorphism.

c) The range A′′(E ′′) is σ(F ′′, F ′)-closed if and only if A′ is a weak homo-
morphism of the space (F ′, σ(F ′, F ′′)) in the space (E ′, σ(E ′, E ′′)).

d) If A is a weak homomorphism of the space E in the space F whose adjoint
mapping is a strong homomorphism, then A′′ is a weak homomorphism of the
space (E ′′, σ(E ′′, E ′)) in the space (F ′′, σ(F ′′, F ′)) with a closed range. Moreover,
the following equalities are valid: A(E)′′ = (Ker A′)⊥ = A(E)⊥⊥ = A′′(E ′′) and
(E/ Ker A)′′ = (Ker A⊥)′ = E ′′/ Ker A′′ = (A′(F ′))′.

Theorem 18. Let A be a weak homomorphism of the LCS E in the LCS F
with a closed range whose adjoint mapping A′ is a strong homomorhism. Then
the following statements are equivalent:

a) The second adjoint mapping A′′ is a strong homomorphism of the space
(E ′′, β(E ′′, E ′)) in the space (F ′′, β((F ′′, F ′)).

b) We have the equalities β((A′(F ′)′, A′(F ′)) = β(E ′′, E ′)/ Ker A′′ on (A′(F ′)′

= E ′′/ Ker A′′ and β((F ′/ Ker A′)′, F ′/ Ker A′) = β(F ′′, F ′) ∩ A′′(F ′′) on (E ′/
Ker A′)′ = A′′(F ′′), where A′(F ′) is considered in the induced topology β(E ′, E)∩
A′(F ′), and the quotient space F ′/ Ker A′ in the quotient topology.

c) We have the equalities β((E/ Ker A)′′, (E/ Ker A)′) = β(E ′′, E ′)/ Ker A′′

on (E/ Ker A)′′ = E ′′/ Ker A′′ and β(A(E)′′, A(E)′) = β(F ′′, F ′) ∩ A′′(F ′′) on
A(E)′′ = A′′(E ′′), where β((E/ Ker A)′′, (E/ Ker A)′) is a strong topology of the
space (E/ Ker A)′′, and β(A(E)′′, A(E)′) is a strong topology of the space A(E)′′.

The following diagram is helpful in investigating the second adjoint to the
homomorphism:

((E/ Ker A)′′, β((E/ Ker A)′′, (E/ Ker A)′)) A5−→ (A(E)′′, β(A(E)′′, A(E)′))

↗ A1 ↖ A2 ↓ A7
x

y(E ′′,β(E ′′,E ′))−→(E ′′/Ker A′′,β(E ′′,E ′)/Ker A′′) A4−→(A′′(E ′′),β(F ′′,F ′)∩A′′(E ′′))
↘ A3 ↙ A9 ↑ A8

(((A′(F ′),β(E ′,E)∩A′(F ′))′,β(A′(F ′)′,A′(F ′))) A6−→((F ′/Ker A′,β(F ′, F )/Ker A′)′,

β((F ′/ Ker A′)′, F ′/ Ker A′))

where A1, . . . , A9 denote the continuous identical mappings. In particular, in
the a priori conditions of Theorem 18 one can say that all mappings A1 − A9

are continuous algebraic isomorphisms, and the mappings A1, A5, A6 and A9

are topological isomorphisms, while Theorem 18 states that A4 is a topological
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isomorphism if and only if the operators A3 and A8 and, accordingly, A2 and
A7 are topological isomorphisms. Hence in particular it follows that A4 cannot
be a topological isomorphism when A5 and A6 are topological isomorphisms.

Corollary 1. Let k be a homomorphism of the (DF )-space E on the (DF )-
space F such that (k

′
(F ′), β(E ′, E) ∩ k

′
(F ′)) is a distinguished Fréchet space.

Then k
′′

is a strong homomorphism (E ′′, β(E ′′, E ′)) on (F ′′, β(F ′′, F ′)).

Corollary 2. Let A be a homomorphism of the Fréchet space E in the Fréchet
space F such that A′ is a strong homomorphism. Then A′′ is a strong homo-
morphism.

The validity of this statement follows from the fact that all spaces in the
above diagram are Fréchet spaces. We do not know whether Corollary 2 holds
without the requirement that A′ be strongly homomorphic.

A linear operator A : (E, T1) → (F, T2) is called a nearly open mapping of
the LCS (E, T1) into the LCS (F, T2) if the T2-closure of the image A(U) of
each T1-neighborhood U is a T2-neighborhood in A(E).

Theorem 19. Let A be a continuous and nearly open operator of the LCS
(E, T1) in the LCS (F, T2). Then the second adjoint mapping A′′ is nearly
weakly open in natural topologies, i.e., the σ(F ′′, F ′)-closure of the A′′-image of
each Tn(E ′)-neighborhood of the space E ′′ is a Tn(F ′)-neighborhood in F ′′.

It should be noted that if in the conditions of Theorem 19 A was even a
homomorphism (A is such when E is a Pták space, i.e., B-complete), then, one
cannot claim more than in Theorem 19. We will however give cases in which
this is possible.

Corollary 1. Let A be a continuous and nearly open mapping of the LCS
(E, T1) into the LCS (F, T2). Assume, further, that for any T1-neighborhood

U we have the inclusion A′′(U00 + Ker A′′)
σ (E′′,E′) ⊂ nUA′′(U00), where U00 is

the bipolar of the set U in E ′′ and nU ∈ N . Then A′′ is a homomorphism in
natural topologies, i.e., A′′ is a homomorphism of the space (E ′′, Tn(E ′)) in the
space (F ′′, Tn(F ′)).

Corollary 2. Let A be a continuous and nearly open mapping of the LCS
(E, T1) into the LCS (F, T2) and the natural topology Tn(E ′) of the space E ′′ be
compatible with the duality 〈E ′′, E ′〉. Then A′′ is a homomorphism in natural
topologies.

This result generalizes Theorem 4 from [10], p. 11]. Note that if the spaces
(E, T1) and (F, T2) are quasibarrelled, then natural topologies coincide with
strong topologies on E ′′ and F ′′. Therefore in that case we can speak of strong
homomorphisms in Corollaries 1 and 2.
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Proposition 20. Let A be a homomorphism of the LCS (E, T1) in the LCS
(F, T2) such that (E/ Ker A)′′ = E ′′/ Ker A′′. The second adjoint mapping A′′ is
a homomorphism in natural topologies if and only if ((E/ Ker A)′′,Tn(Ker A⊥))
= (E ′′/ Ker A′′,Tn(E ′)/ Ker A′′).

There is an example of the Fréchet space E and the canonical homomorphism
k: E →E/ Ker k for which (E/ Ker k)′′ ⊃ E ′′/ Ker k′′ and this inclusion is the
proper one. Indeed, let E = (l1)N and F be a closed subspace of the space E
such that on F⊥ two strong topologies give different dual spaces [3]. In that
case if k: E → E/F , then

(k(E))′′=(E/F )′′=((E/F )′,β((E/F )′,E/F ))′ 6⊇(F⊥,β(E ′,E)∩F⊥)′=E ′′/Ker k′′.

We do not know whether the second adjoint mapping k
′′

in this example is
a strong homomorphism.

4. Remarks on Some Homomorphisms of Fréchet Spaces,
(DF )-Spaces, Strict (LF )-Spaces and Their Adjoint Mappings

Example 1. We know of the well known rather difficult example of the
Fréchet–Montel space (E, T) from [3] (see also [10, p. 22]) whose quotient
topology is isomorphic to the Banach space l1. Let k: E →l1 be this canonical
homomorphism, i.e., the quotient space T/ Ker k coincides with the topology
of the norm of the space l1. We know that k is a strong homomorphism, i.e.,
β(E, E ′)/ Ker k = β(l1, l∞) on l1. By virtue of the results from §1 k is also a Tb∗-
homomorphism (the Corollary of Theorem 3), a Tk-homomorphism (Corollary 1
of Theorem 6) and a T×-homomorphism. However k is not a Tc-homomorphism
since Tc(E

′)/ Ker k = β(E, E ′)/ Ker k = β(l1, l∞) 6= Tc(l
∞). As is known [3],

the adjoint mapping k
′
is not a strong monomorphism and therefore

((E/Ker k)′,β((E/Ker k)′,E/Ker k))=(l∞,β(l∞,l1)) 6=(k′(l∞),β(E ′, E)∩k′(l∞)).

Further, as is known, the topology β(E ′, E) = Tc(E
′) induces, on k

′
(l∞) =

Ker k⊥, a uniform convergence topology on all relatively compact subsets E/
Ker k = l1. Hence we also find that (l∞,Tc(l

1)) = (k
′
(l∞),Tc(E) ∩ k

′
(l∞)),

i.e., k
′
is a Tc-monomorphism by virtue of Corollary 1 of Theorem 15. From

Theorem 16 it follows that k
′

is not a TI-monomorphism since in the topo-
logy TI(E) ∩ k

′
(l∞) = Tc(E) ∩ k

′
(l∞) the space k

′
(l∞) is not a bornological

space, while ((E/ Ker k)′,TI(E/ Ker k)) = l∞. k
′

is a monomorphism of the
space (l∞, σ(l∞, l1)) in the space (E ′, σ(E ′, E)) with the σ(E ′, E)-closed image
Ker k⊥, but k

′
is not any longer a monomorphism of the space (l∞, σ(l∞, (l∞)′))

in the space (E ′, σ(E ′, E)) since σ(l∞, l1) < σ(l∞, (l∞)′). Therefore, though
k
′′

is a weak homomorphism of the space (E ′′, σ(E ′′, E ′)) = (E, σ(E,E ′)) in
((l∞)′, σ((l∞)′, l∞))) on account of the statement b) of Proposition 17, but it
does not any longer have the σ((l∞)′, l∞)-closed image in (l∞)′. From Corollary
2 of Theorem 19 we also conclude that k

′′
is a strong homomorphism of the

Fréchet space E ′′ = E in ((l∞)′, β((l∞)′, l∞)) = (l∞)′ with a strongly closed and
weakly dense image.
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Example 2. Let us consider a bornological (DF )-space (F, T). By virtue
of Theorem 5 ([21, p. 403]) it can be represented in the form of an inductive
limit of an increasing sequence of normed spaces {(Fn, ‖ · ‖n)} with respect to
the mapping Inm : (Fn, ‖ · ‖n) → (Fm, ‖ · ‖m) (n ≤ m). Then the space (F, T) is
isomorphic to the quotient space

⊕
n∈N

Fn/H of the sum
⊕

n∈N
Fn with respect to the

subspace H spanned on elements of the form x−Inm(x), where x ∈ En (n ∈ N).
Let k : E =

⊕
n∈N

Fn → E/H = F is a canonical homomorphism. Then k is a Tb∗-

homomorphism (the Corollary of Theorem 3). Further, if the space (F, T) is
barrelled, then k is a strong homomorphism (the Corollary of Theorem 2 ). k
is also a Tk-homomorphism (Corollary 1 of Theorem 6) since the bornological
space is a Mackey space by virtue of Theorem 1 ([21, p. 379]). The operator k
is also a T×-homomorphism.

The adjoint mapping k
′

is a strong monomorphism by virtue of Corollary
1 of Theorem 10. Using the results of §2 one can prove that k

′
is also a

monomorphism in some other topologies of dual spaces. In particular, k
′

is
a Tk-monomorphism and a TI-monomorphism. The second adjoint mapping
k
′′

is a strong homomorphism if and only if the space (H⊥, β(E ′, E) ∩H⊥) =(
(E/H)′, β((E/H)′, (E/H))

)
is a distinguished Fréchet space. The example

given in [26] shows that the space (H⊥, β((E/H)′, E/H)) is not always dis-
tinguished. Hence there exists an example of a canonical homomorphism of
the bornological (DF )-space whose double adjoint is not any longer a strong
homomorphism though its first adjoint is a strong homomorphism. By virtue
of Proposition 14 from [3] we also see that if (F, T) is the bornological (DF )-
space satisfying the strict Mackey condition, then the mapping k

′′
is a strong

homomorphism and its arbitrary adjoint mapping is also such. The same result
takes place if (F, T) is a strict (LB)-space.

Example 3. Let (F, T) be a nonbornological (DF )-space and F1 = (F, T×),
where T× is the associative bornological topology ((F, T) can be quasibarrelled
[27]). By virtue of Example 2 we have F1 = (F, T×) = (E/ Ker k1,T1/ Ker k1),
where (E, T1) is the sum of normed spaces and k1 : E → (E/ Ker k1,T1/ Ker k1)
= F1 is a canonical mapping. It is obvious that k

′
1 is a strong monomorphism

with a weakly closed image k
′
1(F

′
1) = Ker k⊥1 . Let also define the mapping

k2 : E → F by the equality k2x = k1x for all x ∈ E. The mapping k2 is a
continuous mapping of the bornological (DF )-space (E, T1) into the (DF )-space
(F, T) which is not open. The mapping k2 will not be a weak homomorphism
if the space (F, T) is not a Mackey space since in that case it would be a
homomorphism by virtue of Corollary 1 of Theorem 6.

Let I : (F, T×) → (F, T) be the identical mapping. Then k2 = I ◦k1. Further,
k
′
2 = k

′
1 ◦ I ′ is a monomorphism of the space (F ′, σ(F ′, F )) in (E ′, σ(E ′, E)),

but k
′
2(F

′) is not σ(E ′, E)-closed in E ′ and therefore does not coincide with
its σ(E ′, E)-closure Ker k⊥2 = Ker k⊥1 = k

′
1(F

′
1) in E ′. Let us prove that if

k
′
2(F

′) 6⊆ k
′
1(F

′
1) ([3], see also [21, p. 388]), then k

′
2(F

′) is strongly closed in
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k
′
1(F

′
1), i.e., (F ′, β(F ′, F )) is closed in (F ′

1, β(F ′
1, F1)) and is a closed subspace

of the space (E ′, β(E ′, E)). Indeed, let {Bn} be a fundamental sequence of
bounded sets in (F, T) and Bn,1 = I−1(Bn), i.e., Bn = I(Bn,1). It is obvious
that {Bn,1} is again a fundamental sequence in (F, T×). By taking polars on
both sides in the above equality in F ′ we obtain B◦

n = I(Bn,1)
◦ = I

′(−1)(B◦
n,1),

i.e., I ′(B◦
n) = B◦

n,1 ∩ I ′(F ′). This means that β(F ′
1, F1) induces on F ′ the

topology β(F ′, F ) and therefore F ′ is closed in (F ′
1, β(F ′

1, F1)), i.e., I ′ is a strong
monomorphism with a strongly closed image in F ′

1. Therefore the mapping I
is an example of a continuous mapping of the (DF )-space into the same space
whose adjoint is a strong monomorphism.

Example 4. It is well known that the Fréchet space (E, T1) is isomorphic to
the closed subspace of the product of Banach spaces (F, T2). Let J : (E, T1) →
(F, T2) be this monomorphism. The adjoint mapping J

′
is a strong homo-

morphism if and only if (E, T1) is distinguished. In that case J ′′ is also a
strong monomorphism, and J ′′ has a weakly closed image, while the equalities
J(E)′′ = J(E)⊥⊥ = (Ker J ′)⊥ = J ′′(E ′′) are valid by virtue of the proposition
d) of Theorem 17. By virtue of the proposition c) of Theorem 18 we have
(J(E)′′, β((F ′/ Ker J ′)′, J(E)′) = (J ′′(E ′′), β(F ′′, F ′) ∩ J ′′(E ′′)). If we consider
as (E, T1) the distinguished Fréchet space whose bidual space is not distin-
guished [28], then J ′′′ will no longer be a strong homomorphism.

Let now (E, T) be the nondistinguished Fréchet space from [3]. As it is known,
in that case J ′ is not a strong homomorphism, but J ′′ is a strong monomorphism
with a strongly but not weakly closed image. Indeed, by virtue of the properties

of the monomorphisms J and J ′′ we have J(E)′′ =
(
J(E)′, β(J(E)′, J(E)))′ =

(F ′/ Ker J ′, β(J(E)′, J(E))
)′ ⊂ (F ′/ Ker J ′, β(F ′, F )/ Ker J ′)′ = (Ker J ′)⊥ =

J ′′(E ′′). Moreover, this inclusion is proper since E ′ = F ′/ Ker J ′ is bornological
in the quotient topology β(F ′, F )/ Ker J ′ = β(F ′, F )×, while in the topology
β(E ′, E) it is not such since by virtue of [3] there exists, on E ′, a linear func-
tional which is not strongly continuous but bounded on each bounded set, i.e.,
continuous in the quotient topology.

Example 5. Let now (F, T) = s · lim→ (Fn,Tn) be a strict (LF )-space. Then

the space (F, T) is isomorphic to the quotient space
⊕

n∈N
Fn/H of the sum E =

⊕
n∈N

Fn with respect to the closed subspace H spanned on elements of the form

x − Inmx, where x ∈ Fn, Inm : Fn → Fm is the identical mapping (n ≤ m).
Let k :E → E/H = s · lim→ (Fn, Tn) be a canonical homomorphism. Then k is a

strong homomorphism by virtue of the Corollary of Theorem 2, while by virtue
of the Corollary of Theorem 6 k is a Tk-homomorphism. The adjoint mapping
k
′
is a strong homomorphism. Indeed, each bounded set of the quotient space

is contained in some Fn and is therefore contained in the canonical image of
some bounded set from E. This equivalent to the fulfilment of the conditions
of Theorem 10.
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By an analogous reasoning one can prove that k
′
is a Tk- and Tc-homomor-

phism. It is more difficult to establish whether the second adjoint mapping k
′′

is a strong homomorphism. By virtue of the proposition c) of Theorem 18 k
′′

is a

strong homomorphism if and only if
(
(E/ Ker k)′′, β((E/ Ker k)′′, (E/ Ker k)′)

)
=

(E ′′/ Ker k
′′
, β(E ′′, E ′) / Ker k

′
), i.e., (F ′′, β(F ′′, F ′)) = (E ′′/ Ker k

′′
, β(E ′′, E ′)/

Ker k
′′
). Since (E ′′, β(E ′′, E ′)) =

⊕
n∈N

(F ′′
n , β(F ′′

n , F ′
n)), this is equivalent to that

the space (F ′′β(F ′′, F ′)) is barrelled or bornological i.e., that (F ′′, β(F ′′, F ′)) =
s · lim→ (F ′′

n , β(F ′′
n , F ′

n)) sence [3]. The example of a strict (LF )-space constructed

in [29] shows that (F ′′, β(F ′′, F ′)) is not always barrelled and bornological, i.e.,
k
′′

is not always a strong homomorphism.
A similar approach to the investigation of homomorphisms in the case of

various topologies in locally convex spaces can also be found in [30] and [31].
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the thoery of Fréchet spaces. Proc. NATO Adv. Res. Workshop, Istanbul/Turkey 1988,
NATO ASI Ser. C287, 235–254, Kluwer Acad. Publ. Dordrech, 1989.

20. G. Vogt, On two problems of Mitiagin. Math. Nachr. 141(1989), 13–25.
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