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Abstract
In this paper, we have presented certain integrals involving product of the I -
function with exponential function, Gauss’s hypergeometric function and Foz’s
H-function. The results derived here are basic in nature and may include a
number of known and new results as particular cases.
Keywords: FExponential function, hypergeometric function, H-function,
I-function, Mellin-Barnes type contour integral.

1 Introduction

The Gaussian hypergeometric function is of fundamental importance in the
theory of special functions. The importance of this function lies in the fact
that almost all of the commonly used functions of applicable mathematics,
mathematical physics, engineering and mathematical biology are expressible
as its special cases.
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The series
Tl

o Fi(a,b;c;z) = Z In (1)

(c) n' ’
n=0 n

where (a), is the Pochhammer symbol defined by

(a)n:{clz,(a—l—l)...(a—i—n—l), Zijo\f @)

is called the Gauss’s hypergeometric series after the famous German mathe-
matician Carl Friedrich Gauss (1777-1855) who in the year 1812 introduced
this series. It is represented by the symbol 5F}(a,b;c;z) and is called the
Gauss’s hypergeometric function also.

In 1961, Charles Fox [2] introduced a function which is more general than
the Meijer’s G-function and this function is well known in the literature of spe-
cial functions as Fox’s H-function or simply the H-function. This function is
defined and represented by means of the following Mellin-Barnes type contour
integral:

o m,n . m,n (CL‘,O(‘) R _ 1 s
H[z] = HW"2] = H) [2’ (b;, Bj):: 1 = 2—m/L¢9(s)z ds, (3)

where, for convenience,

[[2 U0 = 8i9) [T T — a5 + ays)

0(s) - ,
) = [ T b, % 39 [T 1 Ty = a9

(4)

and L is a suitable contour of the Mellin-Barnes type which runs from —ioco
to +ioo, separating the poles of I'(b; — §;s), j = 1,...,m from those of I'(1 —
aj+a;s), j=1,...,n. An empty product is interpreted as unity. The integers
m,n,p,q satisfy the inequalities 0 < n < p, 0 < m < ¢; the coefficients «;
(j=1,...,p), Bj ( = 1,...,q) are positive real numbers, and the complex
parameters a; (j =1,...,p), b; (j =1,...,¢q) are so constrained that no poles
of the integrand coincide. Owing to the popularity of the special functions,
those are defined in (1) and (3) (c.f. [4], [3] and [6]), details regarding these
are avoided.

The I-function, which is more general than the Fox’s H-function, defined
by V.P. Saxena [5], by means of the following Mellin-Barnes type contour
integral:

(a"aa'>1n; (a'iaa'i)n—i-l ; } 1 /
I mn — [mn Jr )1, Jir g P | £d ’
2= ot & Prtr [z‘ (bj, Bi)1,m5 (bjis Bji)m+1,4: 27 L¢(§>Z $
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where,

B [T, Dby = B [T, T (1 = aj + a;é)
5= —— .
53;1{ jemr1 L1 = bji + B5:€) jLn+1ITaji—'aﬁf)}

, (6)

pi,qi(i = 1,...,r),m,n are integers satisfying 0 < n < p;, 0 < m < ¢;
o, Bj, i, Bji are real and positive and a;, b;, a;;, bj; are complex numbers. L
is a suitable contour of the Mellin-Barnes type running from v — i« to v + i«
(v is real) in the complex &-plane. Details regarding existence conditions and
various parametric restrictions of I-function, we may refer [5].

For r =1, (5) reduces to the Fox’s H-function

e H (@j; @) 105 (@i, Qi) nt1p, 1 — gmn H (@j, @) 105 (@5, QG )n1p
pq

Pigil (b5, B3)1.m; (bjis Bji)m+1,4, (bj, Bi)1.m; (b, Bi)m+1,4

2 Required Results

We shall require the following results in the sequel:
The Mellin transform of the H-function follows from the definition (3) in
view of the well-known Mellin inversion theorem. We have
/OO xs—le,n ax (aj7 Oéj)LP dl‘ — a—se(_s>
0 e (bs, Bi)1q
H;'n=1 I'(b; + Bjs) H;'L:1 I'(1—a; —ays)

=a ) (7)
?:m—i—l I'(1=b; — B;s) H?:n—i—l ['(a; + a;s)
where,
n p m q
A=D o= D ai+} Bi= ) 6>0,
j=1 j=n+1 j=1 j=m+1
1 q p
|arga| < §A7r,(5: Zﬁj —Zaj > 0
J=1 J=1
and

~ min (Re(b;/8)] < Re(s) < min [Re{(1 - a;)/a;}].

1<j<m

Lemma 2.1 From Rainville [4], we have

S Alkn) =YY Ak,n—k) (8)

n=0 k

o0

0 n=0 k=0
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3 Main Results

In this section, we have evaluated certain integrals involving product of the I-
function with exponential function, Gauss’s hypergeometric function and Fox’s
H-function.

First Integral

t
I = / 2Lt — 2)7 e By (o, By aa (£ — o))
0

(aj, aj)l,m (a'jiv O‘ji)n—&-l,pi dr

(b5, B5)1,m5 (bjir Bji)m+1,4;
o n u—~k

_ _—ztypto—1 N (C+n—1)k+u

= E E f<k)—(u—k:)!t m

u=0 k=0

x [ [ya:”(t —z)”

Pi,qi:T

(1_P—Ck7ﬂ)a(1 —0 = (77_ 1)k—u,y),
(bj Bj)l,m; (bjhﬁji)m-&-l,qia

m,n+2 ptv
X [pi+2,qi+1:r |:yt

(aj, Oéj)l,n; (aji7 iji)n+1,p¢ (9)
l—p—0c—C+n—Dk—u,pu+v) |’
where,
_ (@)k(B)ra*
F(k) = S (10)
provided

(i) p>0,v >0 (not both zero simultaneously)
(ii) ¢ and 7 are non-negative integers such that ¢ +n > 1

iii) 4; >0,B; <0;|argy| < 1A;x, Vi € 1,...,r; where
2
A = Z?:l oy — ?L@H Qji + Z;n:1 B — ?Lmﬂ Bji,
Bi = 5(pi — qi) + 200, bji — 20 ays

(iv) Re(p) + pmini<j<m[Re(b;/5;)] > 0,
RG(O') + Vminlgjgm[Re(bj/ﬁj)] > 0.

t
I =e / 27t — 2)7 e By (o, By axd(t — )7)
0

(aj, Oéj)l,n; (ajia aji)n+17pi dx

x I Bt —a)
o [yac (t=2) (b5, B)1m5 (bjis Bii)mt1.4:
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Now we replace e(:=%)* by Yo ﬂ and express the hypergeometric func-

tion and the I-function with the help of (1) and (5) respectively, to get

t
11:€Zt/l'p1t—l'gl
0 u=0

X 5 / (&)Yt at (t — x)"*déde

t Ck(y nk+u Lu
_—=zt p—1 _ 0 E : E : k k’ CL T (t I) Z
—° / . t l’ k" u'

u=0 k=0 7

(t —x)uz" i Ve(B)p aFxk(t — )
prt (V) k!

Mg

/ (&)Yt at (t — x)"*déda
2m

Now by the use of (8), the above result reduces to

t k. .Ck(+ _ 2 \nk+u—k u—k
—zt p— 1 o 1 k k a'x (t fL’) z
Li=e /x ZZ k! (u— k)

u=0 k=0 /7

/ (&)Yt at (t — x) " dédx
2m

Interchanging the order of integration and summation, we obtain

RO DI CrE ey

u=0 k=0

t
X { / xp+§k+,u§fl(t . x)aJr(nl)kJr’quljﬁ1(1&:}6157
0

where f(k) is given by (10).
On substituting x = ts in the inner x-integral, the above expression reduces
to

ot pto ktu L v
I —e typt 1ZZf $(Cn=1)k+ ﬁ/(b(g)y&tw )€
L

u=0 k=0

1
% {/ Sﬂ+§’€+uf—1(1 _ S)0+(77—1)k+u+l/£—1d3}d€
0

e~ Fpto— 1ZZf C+n1)k+u%/L¢(£)

u=0 k=0
L(p + Gk + p&)l (0 + (77—1)k‘+U+’/5) €4t e
T(p+o+(Ct+n—Dk+ut(utv)E)”
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Finally, interpreting the contour integral by virtue of (5), we obtain

oo n u—k
_ —ztypto—1 < (CHn—1)k4u
I =e % }:E:ﬂ@w_kw
u=0 k=0
m,n 1- _Ckﬂ) (1_0_(77_1)k_u’/)
< ™ +2 |: t,u—i—ll ( P ) ; ) )
Y (bj7 5;’)1,m; (bjiu sz’)erl,qia

pi+2,q;+1ir
(aj7 aj)l,n; (aji’ O‘ji)nH,pi
(l=p—o—(C+n—1k—up+v)

Second Integral

t
I, E/ 2PNt — )7 e Fy (a, B;y; axt (t — x)")
0

Pi,qi:T

x [T [yx“(t —x)7"

(Clj; Oéj)l,n; (aji7 aji)n-i-Lpi ] dr

(ij ﬁj)l,ma (b]u le)m-i-l,ql
oo n u—k
_ —ztypto—1 L < HCFn—1)k+u
e S

u=0 k=0

o« 2 |:yt—u—u (aj705j>1,n; (ajiaaji)n+1,pi7

(P+C’faﬂ)7(0+(n—1)k+uw),

pitl,qi+2:r

(11)

@+0+@+H—Dk+mu+W]
(bj, B5)1,ms (bjis Bji)m+1,0: ’

provided
Re(p) — o max [Re{(a; — 1)/a;}] > 0,

1<j<n

Re(0) — v max [Re{(a; — 1)/a;}] > 0,

1<j<n

along with the sets of conditions (i) to (iii) given with I; and f(k) is given by
(10).

Third Integral
t
L= [ a7 -0 o Bant(t - )
0

(% @j)l,n; (aﬁ, aji)nJrl,Pi dx

(b5, Bi)1.ms (bjis Bji)m+1,4;
oo n u—k
_ —ztypt+o—1 z (¢+n—1)k+u
= e P E:}:f@&thﬁt

u=0 k=0
(1—p—Ck,p),
(U + (77 - 1)k + u, I/)a (bj> ﬁj)l,m;

x I [yx“(t —x)7"

m+1,n+1 n—v
X Ipi+1,qi+2:r |:yt
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(aj7 aj)l,n3 (@ji? O‘ji)nﬂ,pi (12)
(bjiuﬁji)erl,qw(l_p_O-_ (C+7]_ 1)k_UaM_V) ’
provided g > 0,v > 0 such that u —v > 0,

Re(p) + pr min [Re(b;/6;)] > 0,

Re(0) — v max [Re{(a; — 1)/a;}] > 0,

1<j<n

along with the sets of conditions (i) to (iii) given with I; and f(k) is given by
(10).

Fourth Integral

Iy E/t Pt —2) 7 e By (o, By ax (t — x)7)
0

(a'j’ aj)l,n; (%‘i; aji)n+1,pi ] dr
(bja 5j)1,m; (bjia 5ji)m+1,qi

o0 n u—k

_ —ztypt+o—1 =z (¢+n—1)k+u
=e *'tf sz(k)—(u_k)lt "

u=0 k=0
(1 —p—Ck,p), (a;,a;)1n;
(0+(77_ 1)k+ual/)a

m+1,n+1 n—v
x Ip +2,q;+1:r |:

(ajiaaji)n+1,pia(p+o-+ (C+77 - 1)/€—0—u,y—u) :| (13)
(bj7 5j)1,m; (bji7 5jz’)m+1,qi ’
provided g > 0,v > 0 such that v — pu > 0,

Re(p) — p max [Re{(a; —1)/a;}] > 0
<j<n
Re(o) + v min [Re(b;/f5;)] >0
1<i<m
along with the sets of conditions (i) to (iii) given with I; and f(k) is given by
(10).
Fifth Integral

t
I = / 2t — 2)7 e B (o, By (t — 2)7)
0

(aj, @) 1n5 (@jis Qi )it p; dr
(bJ7 BJ)l ms ( Jis ﬁ Z)m+1,qz

u—k

— g #tppto—1 Z Z f Z C+17 Dk+u

u=0 k=0
(1 —0 = (77_ 1)k —u, V)v(ajﬁaj)l,n;
(p+ Ck, ),

e [ya:—“(t 2y

m+1,n+1 —p+v
X Ipz+2q+1r[ t
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(aji> O‘ji)n+1,pm (P + 0+ (C +n— 1)k +u, p— V)
(bj7 5j)1,m; (bjia 5ji>m+1,qi ’

provided g > 0, > 0 such that p — v > 0,

(14)

Re(p) + p min [Re(b;/B;)] > 0,

1<j<m

Re(0) — v max [Re{(a; — 1)/c;}] > 0,

1<j<n

along with the sets of conditions (i) to (iii) given with I; and f(k) is given by
(10).

Sixth Integral

t
Ig E/ 2t — 2)7 e "y (a, By axt (t — x)")
0

(aj, @j)1n5 (@jis Qi )it p; dr
(bw Bj)l ms ( Jis ﬁ Z)m+1,qz

u—k

— g #tppto—1 Z Z f Z C+17 Dk+u

u=0 k=0
(1 —0 — (n — Dk —u,v),(a;,j)1n;
(p + Cka ,u)a (bj> ﬁj)l,m; (bjia ﬂji)erl,qm

x arng[yx—”<t o)

m+1,n+1 —utv
X Ipz+1 q;+2:r |: t

(@jis i )nt1.p;
l=p—o—=(C+n—1Dk—-uv—p) | (15)

provided g > 0,v > 0 such that v — pu > 0,

Re(p) — p max [Re{(a; — 1)/05)] > 0

1<j<n
Re(o) + v min [Re(b;/5;)] > 0,
1<j<m

along with the sets of conditions (i) to (iii) given with I; and f(k) is given by
(10).

The integrals (11) to (15) can be proved on lines similar to those of integral

(9).
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Seventh Integral
(aj, )11 (@giy Qi )y 41,
(bj 5j)1,m1§ (bji>ﬁji)m1+1,qi

(55 75)1.m5 (G55 Vi) nt1p } A
(dj, 5j)1,m§ (dj, 5j)m+1,q

oo n u—=k
53 a Db
(aj, @) 1ny, (1 —dj — (n+ (p — 1)k +u)dj,00;)1,m;

o
— n—1_ax <~ P TN o
I; _/0 e Fy (o, By ax )Iph(Ii:T [zm

x H ;”q’” [wx

x [mitmnatm {zw”

Pita,qi+pir (b5, Bi)mys (L —cj — (m+ (p— D)k +u)v;, 075) 105
(ajz'a aji)n1+1,pi7 (1 —d; — (77 + (P - 1)k + u)éj’ Uéj)mﬂ,q (16)
(bjis Bji)mis1.a, (L —¢; = (n+ (p— Dk +u)v, 0%)nt1p |
where,
(05>k<5)k a®
k) = 28— 17
=" # "
provided

(i) A>0,]argz| < 3mA

(i) A >0,|argz| < 37X Re(p+1) <0

)

)
(iii) Ay > 0, |argw| < 3w\
(iv) M >0, |argw]| < %7‘(‘)\1, Re(pup +1) <0
)

(v) 0 > 0, —omini<j<pm, [Re(b;/B;)] — mini<j<m[Re(d;/0;)] < Re(n) < o <
min <j<p, [Re{(1 — a;)/a;}] + mini<j<, [Re{(1 — ¢;) /7;}]

and where,
ni mi i qi
A:ZajJrZBj — max LZ Qji + Z Biji
j=1 j=1 = L=l j=mi+1
mi ni Di qi . )
p= b =Yy in LZ G Y bﬁ*%—%l
j=1 j=1 == Lj=n1+1 j=mi+1
m n q p
MEXGEY u Y >
j=1 7j=1 J=m+1 Jj=n+1

1 q p
) =§(p—Q)+Zldj —Zlcj
J= J=
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Proof: ~ We replace e® by > 7 iju and express the hypergeometric
function and the /-function with the help of (1) and (5) respectively, to obtain

oo m

I S a'r" o (a)r(B) afxPt 1
= v Z u! k! 2mi ¢

0 u=0 k=0 (V)

(C » V5 )1n7<c » V4 >n+1p
( / J)l ms (C% 57 )m—l—lq :| dgdx

)i(B)r aF ﬂfpkﬂ a* 1 I
BT ), 4O

(527 1m (€51 s
(8, (s s ] déde

Now by the use of (8), the above result reduces to

k+u—k u—~k
-1 kaxp a €€
/l‘ ZZ 0 B ,2m LC
k=0

u=0

x H ;”‘q’" {wx

( jﬁj)ln;(cjﬁj)nﬂp }
' ’ dédz
(&5, 8)1mi (5,0 )msra | %

Interchanging the order of integrati@n and summation, we obtain

b= 33t [t [ owree

(ij ')lm(cj77])n+1p }
’ dx »>d
| (8, )1 (s 6 g | P 9

where f(k) is given by (17).
Now we use the Mellin transform of H-function by virtue of (7), so that

1 - - UT0.
I, = sz '27TZ/L¢(§)Z£M (n+(p—1D)k+u+o)

u=0 k=0
| (dj +0;(n+ (p— Dk +u+0f))
1 L= dj = 6;(n+ (p = Dk + u + 0¢))
[[-T(1 = ¢ —vi(n+ (p— Dk +u+0f))
i i F(Cj +%~(n+( — Dk +u+ 0f))

- wzzf e ot

szl I'(d; + (77 + (p — Dk +u)d; +00;8))
fem P —dj — (n+ (p = Dk +u)d; — 06;€))
[[-T(1=¢; = (n+(p— Dk +u)y; — 07y58))
1 Do+ (n+ (p = Dk +u)y; + 0758))

zgw_"fdﬁ



Integrals Involving I-Function 11

Finally, interpreting the contour integral by virtue of (5), we obtain

I; =w™ Z Z f (p—l)k—u

u=0 k=0
(aj, ) 1ing, (L —dj — (4 (p— 1)k +u)dj,00;)1,m;
(bja Bj)l,mu (1 —Cj — (77 + (P - 1)k + u)’yja U’Yj)l,n;

mi+n,ni+m —0
X Iy g l

(@jis i)y 4195, (L —dj — (N + (p = 1)k +1)dj, 005 )my1,4
(bjia ﬁji)ml-&-l,qw (1- Cj — n+(p—1k+ U)%‘a U%)nJer

4 Particular Cases

Putting r = 1, ¢t = 1 and n = 0 in (9), (11), (12), (13), (14) and (15) the
following known as well as new results may be realised:

(i) Integral (9) leads to the known result [1, p. 246, eq. (2.2)]:
1

/ 21— 2) e P (o, B s axC)H;”é” {ym“(l —x)”

0 ’ (bj, B,

-z - = mn+2 (1—0—0{57#)»
=€ Z f p+2 q+1 |:y‘ (bjaﬁj)l,qa

u=0 k=0

(aj, j)1p } da
1,

(1—o0+k—u,v),(a,a;),
(1—P—U—(§—1)k‘—u,u+y)]’ (18)

where,

a)i(B kak
fk) = ( (>’Y§k) k

(ii) Integral (11) leads to the another known result [1, p. 248, eq. (3.1)]:

1
/fcpl(l — 2)7 e L B (o, B;y; aa® ) HY {yﬂ?“(l — )"
0

(aj, j)1p } da

(b5, Bi)1q

[ o grten (CLj,OZj) P
- %k Of ”:12“2 M (p+CkTu),

(p+o+(—Dk+up+v) (19)

(0 —k+u,v),(bj,5)14 ’
where,

_ (a)r(B)ra®

fk) = (V)i kU
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(iii) Integral (12) reduces to the known result [1, p. 248, eq. (3.2)]:

(aj, aj)1p

1
2P N1 — ) e By (o, B ;cwr;C H™" { (1 —x)7"
| et —ar e R et [yt - )| (6

n

I AR (1—p—Ck, p),
=e % i f(k) (u __k)!Hp-&-—;,lq-i-;l |:y‘ (O‘ —k+ u, V), (bj, /Bj)Lq7
(a5, @)1 }
(1—p—0c—(C=Dk—up—v) |’
where,
(@Bt
fk) = (V)i kU

(iv) Integral (13) leads to the known result [1, p. 249, eq. (3.3)]:

1 A
/0 xp—1<1 — x)o_le_rZQFﬂOé,ﬁ; v; axg)H;’fé" [yxu(l -z Ezjj':gjj))ll,j
. 0o n u—k bl 1—p— k? » \%35 S5/ 1,ps
P Gy ey M R
u=0 k=0
(p+0+(C— 1k +uv—p) }
(b B |
where,
_ (@)s(B)ra®
f(k) = O

(v) Integral (14) reduces to the result:

1
/ 2PN — 2)7 e F (o B s GZBC)HZZH {?ﬁ_“(l —x)” EZ?’;@;LP
0 JrFi)lq
= vk (1—0+4+k—u,v),(a;,qa;)
— e ? L Hm+1,n+1|: ‘ ) sy \Wyy &5 )1ps
uz;kzo f( )<U,—k‘)' p+2,q+1 ) (p+<-k’u)’
(p+o+(C—Dk+u,p—v) }
(b5, Bi)1q 7
where,

()i (B)i, a”

Fk) = (V)k k

J

(20)

J

(21)

|

(22)
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(vi) Integral (15) leads to the result:

(aj, aj)1p } dx

1
2?71 — 2)7 e Fy (o, B y; ax® ) H™" { x H(1—a)
| a0 — eyt R et g [y - o] (60

n

0 Lu—k (1—0+k—u,v)
_—z k —Hm+1,n+1|: ’ y
e Z I )(u gy erLas I (o4 Ch, 1), (b, Bi)1gs

u=0 k=0

(aj, )1
(1—p—0—(C—1)/€—U7V—M)]’ (23)

where,

o it

(vii) Putting @ = 0 in (16), the exponential function e** and the hypergeo-
metric function reduces to unity and consequently it leads to a result by V.P.

Saxena [5, p. 66, eq. (4.5.1)]:
(ajv@j)l,n; (aji7aji)n+1,pi ]

T NS P

/0 bt [ (b5, B5)1,m3 (Dji, Bji)m+1,4;

(¢ %3)1n3 (¢G5, 7)nt1p } da

(dj, 05)1,m5 (dj 05)m1g

(a5, 05)1005 (1 = dj = 065, 00;)1,m5
(05, Bi)1mas (1 = €5 = 075, 095105

x H ;”q’” {wm

. —n rmitn,ni+m —0
=w Ip¢+q,qz‘+p:r {

(ajiy aji)n1+1,pi7 (1 - dj - 775j> U5j)m+1,q
. (24)
(bjis Bji)mi+1,06> (1 = €5 = 175, 0V Jn41,p

5 Conclusion

The I-function, presented in this paper, is quite basic in nature. Therefore,
on specializing the parameters of this function, we may obtain various other
special functions such as Fox’s H-function, Meijer’s G-function, Wright’s gen-
eralized Bessel function, Wright’s generalized hypergeometric function, Mac-
Robert’s E-function, generalized hypergeometric function, Bessel function of
first kind, modified Bessel function, Whittaker function, exponential function,
binomial function etc. as its special cases, and therefore, various unified inte-
gral presentations can be obtained as special cases of our results.
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