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Abstract
In this note we study the relationship between the isomorphic and unitar-
ily isomorphic measure preserving mappings. Also, we show that the concept
of zero-product preserving mappings and unitarily isomorphic mappings are
equivalent.
Keywords: Measure preserving transformation, unitarily equivalent, iso-
morphic, unitarily isomorphic, zero-product.

1 Introduction

Let (X, X, 1) be a probability measure space and let A be a sub-sigma algebra
of 3. All comparisons between two functions or two sets are to be interpreted
as holding up to a p-null set. We denote the linear space of all complex-valued
Y-measurable functions on X by LY(X). The support of f € L°(X) is de-
fined by o(f) = {x € X : f(x) # 0}. Let ¢ : X — X be a measurable
transformation such that p o =1 is absolutely continuous with respect to pu,
that is, ¢ is non-singular. It is assumed that the Radon-Nikodym derivative
hy, = dpo ¢! /dp is finite-valued. In the setting of LP-spaces the so called
conditional expectation operator E¥ %) with respect to ¢~ (%) plays an im-
portant role. If there is no possibility of confusion, for each 0 < f € L°(X) or
f e LP(Y), we write E, f in place of E? ') £ For a deep study of conditional
expectation operator we refer the reader to the monograph [7]. For a finite
valued function v € L°(X), the weighted composition operator W on L*(X)
induced by u and non-singular measurable function ¢ is given by W = M,, o C,,
where M, is a multiplication operator and C, is a composition operator on
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L*(X) defined by M, f = uf and C,f = fop, respectively. It is a classical fact
that W € B(L?*(X)), the algebra of all bounded linear operators on L*(), if
and only if J := hE(Ju]?) o ™! € L>®°(X) and W € B(L*>(X)) if and only if
u € L>®(X) (see [3]).

We recall that the measure preserving transformations ¢q, 92 : X — X are
said to be isomorphic if there is a bi-measurable, measure preserving bijection
¢ : X — X such that ¢; 09 = ¢ oy (see [5]). If ¢ is not necessarily mea-
sure preserving, we say that ¢; and s are pseudo-isomorphic (see [8]). Also,
the bounded linear operators C,, and C,, are said to be unitarily equivalent
if there is a unitary transformation U such that UC,, = C,,U( in this case
¢1 and @y are not necessarily measure preserving). Note that, if ¢; and ¢
are isomorphic then ||Cy,|| = ||Cy,|| = 1 and ¢1 0 ¢ = ¢ o ¢o. Hence for
each f € L*(X), C,CL f = fopro¢p = fodops = C,Cyuf. Also, since
hy =1 then CFf = fop™t = C’(;lf, and so ¢ and @9 are unitarily equivalent.
Hence, isomorphic transformations are unitarily equivalent. For a fix measure
preserving mapping ¢ : X — X, define

W, = {ucso : Ecp(|u|2) © 90_1 € L=(X)},

K,={ue LX) :uC, € W,}.

For u € K, put [|ullx, = ||Ex(Jul?)opt||*/2. Tt is easy to show that (K, |||, )
is a norm space ([4]). Let A : A — B be an additive surjective map between
some operator algebras. The mapping A is said to be a zero-product preserving
if A(A)A(B) = 0 whenever AB = 0 (see [9]). In this note we study the
relationship between the isomorphic (pseudo-isomorphic), unitarily isomorphic
measure preserving and zero-product preserving mappings.

2 Main Results

Proposition 2.1 W, is a closed subspace of B(L*(X)).

Proof. Clearly W, is a subspace of B(L*(2)). Let{u,C,} C W, and u,C, —
T for some T € B(L*(X)). We show that T € W,. Since u, = u,Cy(1) —
T(1) =: u, then for every f € L’(X) we have

[unCo(f) = uC (NI < lJun = wll|CAlII I < Nun — ulllf]]-
Thus T' = uC, € W,,, and so W,, C B(L?*(X)) is close.

Proposition 2.2 (K, || - ||x,) is a Banach space. In particular, K, is an
order ideal.
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Proof. Define A : K, — W, by A(u) = uC,. Then for each v € K,
[A(u)I? = [ E,([uf?) o 7!l = |lullg,. Hence A is an isometry isomorphism
and so, by Proposition 2.1, K, is also a Banach space. Now, if uy € K, and
uy < ug, then E,(Jug[?) o ! < Ey(|ug)?) o ¢! < oo, and hence u; € K.

The measure preserving transformations ¢; and ¢, are said to be unitarily
isomorphic if there is a unitary transformation V' on L*(X) such that VW, =

W,,V (see [1, 2, 5]).

Theorem 2.3 If p; and py are isomorphic, then they are unitarily isomor-
phic.

Proof. Let uCy,, € W,,,. Since ¢10¢ = ¢op, and ¢ is a bijection, bi-measurable
and measure preserving transformation, then Cy is a unitary operator and for
each f € L*(Y),

Co(uC,)(f) = (uo @)(foprod) = (uog)(fogowy) = ((ucd)Cy)Csf.

Now, let uC,, € W,,. Then ||E,, (|u|?) o pi'|| < co. Since E, = I and
|Cy-1]] = hy-1 = 1, then for each f € L*(X) we get that

w0 B)Co (NP = [ 1uf 0 02067 = [l f 0 6™ 0 s

= /Em(luIQ) o pr'f[* o ¢ du < || By, ([ul* 0 o1 )l Cot P FII* < oo

Hence (u o ¢)C,, is in W, for each u in K,,, and consequently C,W,, C
W,,Cs. Now, if v is in K, then vo ¢~ is in Ky, thus v = (vo¢™) o ¢ isin
KC,,. It follows that each element of W, can be written as (uo ¢)C,, for some
win Ky,. Thus W, Cy € CyW,,, and so ¢ and ¢, are unitarily isomorphic.

We recall that the measure preserving transformations ¢y, s are said to be
pseudo-isomorphic if there is a bi-measurable bijection ¢ such that ¢ 0 ¢ =
¢ oy . Note that ¢ is not necessarily measure preserving (see[8]). In [5] A.
Lambert proved that unitarily isomorphic implies pseudo isomorphic. In the
following theorem we give a simple proof for the converse of this fact.

Theorem 2.4 [f the measure preserving transformations @1 and po are
pseudo-isomorphic, then they are unitarily isomorphic.
dpogp—!
dp
and w = (ﬁ) Define V : L*(X) — L*(X) by Vf = w(f o ¢). Then for

each f € L*(2) we have

Proof. Let p10¢ = ¢popy, where ¢ is a bi-measurable bijection. Put h =

du ¢1

VAP = [ gl oodn = [ GUEH2E = [ 1Pl = 1P
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Hence V is an isometry. Now, for each ¢ € L*(X), put f = (wo¢ 1) lgogp™t =
Vhgo¢~'. Then Vf = g. Thus V is unitary. Now we show V(uC,,) =

(o ¢)Cy,V , for any u € K,,. Set v = (/252 .u) 0 ¢. Then v € K,, because
V(uCe, )V g =V(uCy,)((wo g ") lgog™)

(uog)((wodp ™) opiop)(god™ opio9)

ho
1
ho

wos) " (uog) (gogs) = v(gows) = vCy,yg,

-

(uo@)(wop) (g0 ¢s)

:

=w

—~

and y
0o = [ (52 uP) o 001117 o o)

hoypjo
— [ L P o )15 067" 0 oy o)

ho
[ R0 67 o o o7
N /X(h 0 1) Epy (Ju)(|f* 0 971 0 p1)du
= [ R, (uP) o i (1 0 67

<11 B (ful) 0 07 e [ A1 0 67 dp
< 1B, (luf*) 0 07 loo I FII* < 0.
Thus [[vCy,|| < oo, and so VW,,, = W,,,V.

Corollary 2.5 Let A : W, — W, be linear and surjection map. Then A
zero-prouduct preserving if and only if o1 and py are pseudo-isomorphic.

Proof. Let A be a zero-product preserving map. Then there exists an invertible
bounded linear operator V such that A(uCl,) = V(uC,,)V !, by [6]. Since A
is surjection so W, = AW,,,) = V(W,,,)V 1. Consequently VW, = W,,,V.
It follows that ¢, and @9 are pseudo-isomorphic.

Conversely, assume that ¢; and ¢, are pseudo-isomorphic. So there is a unitary
transformation V on L?(X) such that VW, = W,,V. Now define A : W, —
W, by A(uCy,) =V (uC,, )Vt Thus, if (u1Cy,)(uaCly,) = 0, we get that

AurCy )A(urCy,) = (V(uaCop )V (V (u2Cyp )V ) = 0
and hence A is a zero-product preserving map.
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