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Abstract

The weight and nonlinearity of quadratic MRS function f,, s have been stud-
ted . This paper studies the weight and nonlinearity of odd variables quadratic
rotation symmetric function which contains two MRS functions f,o and f, 3.
First, we give the equivalent form of fna+ fn3 by using recursive formula and
the equivalent form of fno + fns which can be obtain by nonsingular affine
transformation for n = 3,5,7 . Furthermore, we characterize the weight and
nonlinearity of fno + fna from the existing research results.
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1 Introduction

Boolean functions have many applications in coding theory and cryptography.
A detail account of the latter applications can be found in the book [1]. Ro-
tation symmetric Boolean functions were first introduced at Eurocrypt 1998.
Recently, rotation symmetric Boolean functions have attracted attention due
to their simplicity-invariant under rotation transform - for efficient computa-
tion. In [2], rotation symmetric functions are used for fast hash function design.
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It has been found that this class of functions is extremely rich in terms of cryp-
tographically significant functions, and a lot of research about RotS functions
in characteristic GF'(2) has been done in [3-9] where the authors studied some
important cryptographic properties of these functions. Homogeneous rotation
symmetric Boolean functions have been extensively studied because of their
applications in cryptography. In [2], the weight and nonlinearity of quadratic
rotation symmetric functions were estimated and exactly formulated for some
specific functions. In [3], more formulations for the exact values were carried
out. In [5], the weight and nonlinearity of quadratic MRS functions f,, s were
characterized. By analyzing the naturally associated permutation of f, s, it
showed that both values are directly connected to the cycle structure of the
permutation. We will be interesting to examine the weight and nonlinearity
of quadratic rotation symmetric functions which contain two MRS functions.

2 Notation and Preliminaries

We define V,, to be the vector space of dimensional n over the finite field
GF(2) = {0,1}. There are 2" vectors in V,,. An n variable Boolean function
f(z1, 29, -+, x,) = f(2x) is a mapping from V,, to GF(2). The set of all n vari-
able Boolean functions is denoted by B,,. An n variable Boolean function can be

seen as a multivariate polynomial over GF'(2). More precisely , f(x1, xa, -+, xy)
can be written as ag + >2i) ;T + Pi<icj<n QijTiTy + 0+ Q120 T1 T2+ Ty,
where the coefficients ag, a;, a;j,---,a12.., € {0,1}. This representation of f

is called thealgebraic normal form (ANF) of f. The number of variables in the
highest order product term with nonzero coefficient is called the algebraic de-
gree , or simply the degree of f. A Boolean function is said to be homogeneous
if its ANF contains terms of the same degree only. Functions of degree at most
1 are called af fine functions. The set of all affine functions in B, is denoted
by A,.We define the weight of a function by the number of x € V,, such that
f(z) = 1, denoted by wt(f). A function f € B, is balanced if wt(f) = 2",
The distance between two functions f and g,denoted by d(f, g), is defined by
wt(f + g), where the addition f + g is taking place in GF(2). The set of all
integers is denoted by Z.

Definition 2.1 The nonlinearity of a function f € B, is the minimum dis-
tance between f and the set of all affine functions A, and denoted by N L(f).
That is, NL(f) = mingea, d(f,1).

Definition 2.2 Two functions f,g € B, are affinely equivalent if g(x) =
f(xA+b) for some nonsingular n X n matriz A over GF(2) and b € V,,. If f
and g are affinely equivalent, we write them as f = g.
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It can be easily checked that weight and nonlinearity are invariant under
nonsingular affine transforms. That is, if f = ¢ then wi(f) = wt(g) and
NL(f) = NL(g). We say that the weight and nonlinearity are affine invari-
ants. The following formula in Lemma 2.3 can be found in [10].

Lemma 2.3 Let h(z) = Y5 | Zoi 129 + Y7 ops1 i be an n variable func-
tion for k < %. Then the nonlinearity is given by NL(h) = 2"+ — 2n=k=1,
If all the linear terms vanish then its weight is the same as the nonlinearity;

otherwise it is balanced.

Once a quadratic function is transformed to the equivalent function as in
Lemma 2.3, its weight and nonlinearity can be found in Lemma 2.3.

12 -+ n—1n
23 -+ n 1
-+-,n}. The permutation p gives rise to an action on V,, such that, for x =
(21,9, -+, x,) € Vyand k € Z, p*(x) = (2pr1),  Tpi(ny). The indices can
be written explicitly as , for ¢t = 1,2, -+, n,

o n if (i+k)=0(modn),
pt(i) = { (i + k)(mod n) otherwise.

Consider p = > , a permutation of rotation on {1, 2,

The orbit of x € V, under p is the set {pf(x)|k € Z}. Similarly, we
can extend the action to a monomial m(x) = z; ---x;, € B, by defin-
ing pF(m(x)) = @peay) - Tpg,). We define the orbit of m(z) similarly by

{p"(m(2))|k € Z}.

Definition 2.4 A function f € B, is called rotation symmetric if and only

ifforany (xlv"'an) € VTH f(‘rh"'axn) :f(pk(‘rhaxn)) fO'I"CLTLy]. S k S
n.

If a monomial m(x) appears in a rotation symmetric function as a term
then all monomials in the orbit of m(z) should also appear in the function
as terms. An example of a quadratic rotation symmetric function in Bg is
123 + Toxy + T3T5 + 426 + 571 + xeT2. The simplest quadratic functions f
generated by cyclic permutations of the variables in a single monomial. We call
such functions monomial rotation symmetric functions, or MRS functions, for
brevity. Thus any quadratic MRS function f(x) in n variables can be written as

Jng (@) = 2125 + Dowjyy + -+ 2Ty (1)
=

for some j with 2 < 57 < | , or, in the special case when n is even and

Jj=5+1 as

fn,%ﬂ(:c) = T1To41 + Talngg + o+ 22Dy, (2)
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The latter function (2) has only % terms, whereas the functions in (1) have

n terms. Because of this, we call the function fn7%+1($) the short quadratic
function in n variables. In [5], the weight and nonlinearity of MRS functions are
characterized using the structure of the cycle decomposition of the associated
permutation pg, where

(1 2 -1 n
Ps=\ s s+41 - 5—2 s—1

for2<s< [%W

3 Main Results

In this paper, we will characterize the weight and nonlinearity of functions
which contain two MRS function f, 2 and f, 3, where n is odd, and

fno = 2129 + o3 + - - - + T2

fns =T123 + Toxg + -+ + T2

In order to study the weight and nonlinearity of f, 2 + f.3, we need to find
the recurrence relation of the function and affine equivalence function for n =

3,5,7.
Lemma 3.1 For odd n, we have
fn2+ fns = viy2 +ysys +Yays + fr62 + fno63 +Ys + Yn—1 +1 (3)

frno+ fos+ T2+ 2Tuo1 = 1Y2 + Y3Ys + YaYs + fn62 + fu63 (4)
where fn_e2 = Yrys + YsYo + -+ + YnY7, fn-6,3 = Y7Ys + YsY10 + - - + Yn¥s.

Proof. We can obtain the affine equivalent functions of (3) and (4) by the
different nonsingular affine transformation, respectively .
For (3), we define the affine transformation by

Y1 =21+ T3+ T4+ Ty Y2 = T2+ T3+ Tp-1 + Tp
Y3 = T3 + g + Tg + T7 Ys = x5 +xp_1 +1
Yp =24+ x5 +27 +28+1 Y = Tg + Tp + 1

For (4), we define the affine transformation by
Y1 =21 +x3+ x4 +x, +1 Yo =Ty + T3+ Tp_1 + Xy
Ys = T3 + T4 + Te + 27 Ys = Ts + Tp—1

Yo =24 +2T7 + 28+ Ty Yo = Tg + T
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Y; = Tyt > 0.

Remark. From Lemma 3.1, we can obtain the equivalent form of f, 2+ f.3
if the equivalent forms of f, 2 + f, 3 for smaller n are determined.
If n =3, then f35o + f33 = T122 + 2223 + 2371 + 2123 + Tox1 + T379 = 0.
If n =75, then f59+ f53 = x122 + Tox3 + X324 + D425 + T5T1 + X123 + Toxy +
T3T5 + T4T1 + TsTo = Y1Y2 + Y3ya + Ys (5)
f5.2 4 f5.3 + X2+ 24 = Y192 + Y3Ys + Ys (6)
If n =7, then f75+ fr3 = 21202 + To23 + T374 + 1475 + T576 + TeT7 + 721 +
T123 + ToXy + T3Ts + TyTe + TsT7 + L1 + T7T2 = Y1Y2 + Y3Ys + YaYs (7)
Jr2+ fr3+ T2+ T6 = y1y2 + Y3ys + YaYe (8)
We can get the results by the following nonsingular affine transforma-
tions,respectively.

For (5):
y1:$1+$3+l’4+$5 y2:$2+I3+JI4+I5
Y3 = T3+ x5+ 1 Yo =x4+ x5+ 1
Ys = X5

For (6):
y1=x1+ T3+ x4 +25+ 1 Y2 = Tg + T3+ T4 + 15
y3—$3+$5+1 y4:x4+x5
Ys = Ts

For (7):
Y1 =21 +T3+ 24+ 27 Yo = Xo + T3 + Tg + 7
Ys = T3 + T4 + g + 7 Ys = T5 + 6 + 1
Ys = T4+ X7 Y6 = e + a7+ 1

For (8):
Y1 =x1 +x3+ x4 +27+1 Y2 = X2 + 13 + T + X7
y3:x3+:1:4+:1:6+51:7 y5::1:5+3:6+1
y4I£L'4+Z'7 y6:x6+:c7+1

From Lemma 3.1, the recurrence relation of f,2 + f,3 shows that the
equivalent form of f, o + f,, 3 depends on the equivalent form of f,,_¢ 2+ fn—63-
Therefore, for odd n, we just need to discuss the three congruence classes of
mod 6.

Lemma 3.2 (1) Ifn=6k+ 1,k =2,3,4,--, then
Jn2 + fng = 2102 + 2375 + T4%6 + T7x8 + ToT11 + T10T12 + -+ -+ Ter—s8Tek—6
+fr2 + fr3 +avep—g + b,y +1
where a =0=0, k 1s odd; a =b=1, k is even.
(2) Ifn=06k+3,k=1,2,3,4,---, then
Jn2 + fo3 = 2122 + 1375 + 1476 + T7x8 + TeT11 + T10T12 + - + Tep—2Tek + 1
(3) If n=6k+5,k=1,2,3,4,---, then
fn2 + fo3 = 2172 + 1375 + 146 + T7x8 + TeT11 + T1oT12 + -+ Tep—2Tek
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+fs2 + f53 + averia +br, 1+ 1
where a =b =0, k 1s even; a =b=1, k is odd.

Proof. We only prove (1) here, and the proofs of (2) and (3) are similar.

If n =6k+1, and k is even, then 6k+1—7 = 6k—6 = 6(k — 1) is odd multiple

of 6, by lemma 3.1, thus

Jn2+ o3 = v1Y2 + Y3ys + YaYe + fa62 + fu63 + Ys + Yn—1 + 1.

2129 + 2325 + 2426 + 2728 + 29211 + 210212 + o122 + o123 + 1

1Ty + T3Ts5 + TaTe + -+ T1oT12 + -0+ Ter—sTer—6 + fr2 + fr3

+Ter—q4 + Tp_1 + 1.

If k is odd, then 6k +1—7 = 6k — 6 = 6(k — 1) is even multiple of 6, we have
Jn2 + fn3 = Y1y2 + Y3ys + Yaye + fu62 + fao63 +ys + yn1 + 1.

2129 4 2325 + 2az6 + 2728 + 29211 + 210212 + fa—122 + fro123 + 1

T1To+T3T5+T4T6+ + + L1012+ +Tep—sTer—6+ [r2+ fr3+1.

Based on the results of Remark and Lemma 3.2, we can obtain the equiv-
alent form of f,, o + fn3.

Theorem 3.3 Whenn=6k+5k=1,2,3,4,---, we have

frn2+ fn3 = V1Y +YsYs +Ya¥e +YrYs +Yoyr1 +YroYi2 + - -+ Yek—2Yek + Yok+1Y6k-+2
+Y6k+3Yek+a + Yok+s + 1.

Whenn =6k +3,k=1,2,3,4,---,

fn2 + fns = 1Yz + Y3ys + Ya¥s + yrys + Yoyi1 + Yoz + - - + Yer—2er + 1.

Whenn =6k +1,k=2,3,4,---,

fn2 + fo3 = 192 + Ysys + YaYs + Yrys + Yoyi1 + YioYiz + - - + Yer—2Ver + 1.

Proof. For n = 3,5,7, the equivalent form can be find in Remark. From
Remark, we can obtain the proof for other n.
When n = 6k + 1,
Jn2+ o3z = v1Y2 + Y3ys + Ya¥s + fa62 + fa—63 + Ys T+ Yn—1 + 1
= 212 + 2325 + 2a%6 + 2728 + 29211 + z10212 + fa—122 + faoi23 + 1
= 1T +X3T5+L4Te+L7X+T9X11+T10L12+L13L 14+ '+x6k—2I6k+1~
When n = 6k + 3,
Jn2+ oz = U1Y2 + Y3ys + YaYs + fr-62 + fn-63 +Ys + Yn—1 +1
= 2129 + 2325 + 2426 + 2728 + 29211 + 210212 + fro122 + fao123 + 1
= .’Ifll'g+$3$5+l’4$6+$7$8+$9l’11+$101’12+1’131’14+' . '+x6k72x6k+1-
When n = 6k + 5,
T2+ fnz = 1Y2 + y3ys + Yals + fru62 + fn-63 + Ys + Y1 +1
2129 + 2325 + 2426 + 2728 + 29211 + 210212 + fro122 + fam123 + 1
T1Xo+X3T5+TaLe+T7Tg+T9T11+X10L12+ L1314+ - '+x6k—2x6k+1-
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Theorem 3.3 gives the equivalent form of function which contains two MRS
functions. It is easy to computer wt( f,, 2+ fn3) and NL(f, 2+ fn3) by Lemma
2.3.

Theorem 3.4 (1) If n=6k+5,k=1,2,3,4,---, then
fn2 + fo3 = 2172 + 1375 + 1426 + T7x8 + TeT11 + T10T12 + -+ Tep—2Tek
+Tp_4Tp_3+ TpoXpn_1 +x, + 1,
the function is balanced and NL(fno+ fns) =2""1 — 2"
(2) Ifn=06k+3,k=1,2,3,4,---, then
fn2 + fns = 0102 + 2375 + 146 + X728 + ToT11 + T10T12 + - A Tpos5Tp_3 + 1
and wt(fog + fus) =271+ 2"  NL(fuo + fas) =201 — 2"
(3) Ifn=06k+1,k=2,3,4,---, then
fn,2 + fn,g = T1X2 + T35 + T4Tg + T7Xg + T9X11 + T10X12 + *+* + Tpn_3Tp—_1 + 1

n—1

and wt(fog + fog) = 27 + 2"  NL(fo + fas) =271 =27

Proof. (1) is a directly result of Lemma 2.3. The nonlinearity of (2) and
(3) can be find from Lemma 2.3. Because of the difference of quadratic form
between (2)(3)and Lemma 2.3, the weight of (2) and (3) have changed.

4 Conclusion

In this paper, we give the weight and nonlinearity of quadratic function which
contains two MRS functions f,2 and f,3 for odd n . First, we obtain the
recurrence relation of f, 2 + fn3, and the equivalent forms of f, 2 + f,3 are
determined for n = 3,5, 7. Secondly, we give the equivalent form of f,, o + fy3
by discussing the value of n. Last, we get the weight and nonlinearity of
f n,2 + f n,3 -

However, it seems difficult for us to extend our method for functions which
contain more MRS functions. So, it will be interesting for us to continue
working on finding the equivalent form of function which contain more MRS
functions and characterizing the weight and nonlinearity of the functions. On
the other hand, the weight and nonlinearity of functions which contain two
different MRS functions would be another interesting problem.
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