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Abstract

We define two subclasses of analytic functions say Sγb (φ) & Cγ
b (φ). We

obtain the sharp upper bound for the coefficient functional | b2k+1 − µb2k+1 |
corresponding to the kth root transformation of f and function defined through
convolution and fractional derivatives. We also investigated the Fekete-Szegö
problem for the inverse function of f and for the function z

f(z)
. The results of

this paper generalize the work of earlier researchers in this direction.

Keywords: Analytic function, Starlike function, Convex function, kth root
transformation, Fekete-Szegö inequality.

1 Introduction

Let A be the class of all functions f(z) analytic in the open unit disk ∆ =
[z ∈ C : |z| < 1] normalized by f(0) = 0 and f ′(0) = 1. The functions in the
class A are of the form

f(z) = z +
∞∑
n=2

anz
n; ∀z ∈ ∆ (1.1)
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Let S, be the subclass of A, consisting of univalent functions. For a univalent
function f(z) of the form (1), the kth root transformation is defined by

F (z) = [f(zk)]
1
k = z +

∞∑
n=1

bnk+1z
nk+1 (1.2)

Let Bo be the family of analytic functions w(z) in ∆ with w(0) = 0 and
|w(z)| ≤ 1. The functions in the class Bo are called as Schwartz functions.

If f is analytic in ∆, g is analytic and univalent in ∆ and f(0) = g(0)
with f(∆) = g(∆) then we say that f is subordinate to g and we write it
as f ≺ g. If f ≺ g then there exists a Schwartz function w(z) in Bo such
thatf(z) = g(w(z)).

During the last century a lot of work has been done in the direction of
finding inequalities and also finding upper bounds for a2, a3, a4, a5, ...., an and
|a3−µa22| for the function f in some subclasses of A, for some real or complex
µ. A classical result of Fekete and Szegö [6] determines the maximum value
of |a3 − µa22| as a function of real parameter µ for the subclass S of A. This
is known as Fekete-Szegö inequality[6]. There are now several results in the
literature each of them dealing with |a3 − µa22| for the functions in various
subclasses of S.

Several authors [1-6,8-9,11-13] have investigated the Fekete- Szegö coeffi-
cient functional for the functions in various subclasses of analytic , univalent
and multivalent functions.

For any two functions f analytic in |z| < R1 and g analytic in |z| < R2

with two power series expansion f(z) = z +
∞∑
n=2

anz
n and g(z) = z +

∞∑
n=2

bnz
n ,

the convolution or Hadamard product of f and g is defined as

(f ? g)(z) = z +
∞∑
k=2

akbkz
k, (1.3)

and (f ? g) is analytic in |z| < R1R2.

If f(z) = z +
∞∑
n=2

anz
n ∈ S is analytic and univalent in the open disc ∆

then Fekete-Szegö [6] have shown that

|a3 − µa22| ≤


4µ− 3, if µ ≥ 1;

1 + 2e
−2µ
1−µ , if 0 ≤ µ ≤ 1;

3− 4µ, if µ ≤ 0 .
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The result is sharp in the sense that for each µ there is a function in the class
under consideration for which the equality holds.Keogh and Merks [7] found
the Fekete - Szegö inequality for the function f in the class K of close-to-

convex functions. They have shown that, if f(z) = z +
∞∑
n=2

anz
n; ∀ z ∈ K and

if µ is a real number then

|a3 − µa22| ≤


3− 4µ, if µ ≤ 1

3
;

1
3

+ 4
9µ
, if 1

3
≤ µ ≤ 2

3
;

1, if µ ≤ 0 ;
4µ− 3, if µ ≥ 1 .

Definition 1.1. Let φ(z) be a univalent, analytic function with positive real
part on ∆ with φ(0) = 1, φ′(0) > 0 where φ(z) maps ∆ onto a region starlike
with respect to 1 and is symmetric with respect to the real axis. Such a function
φ has a series expansion of the form φ(z) = 1 +B1z+B2z

2 +B3z
3 + ...... with

B1 > 0, B2 ≥ 0 and Bns are real.

Ma and Minda [8] introduced the unified class S?(φ) consisting of func-

tions f ∈ A satisfying zf ′(z)
f(z)

≺ φ(z) . They also investigated the correspond-

ing class C(φ) consisting of functions f ∈ A satisfying {1 + zf ′′(z)
f ′(z)
} ≺ φ(z).

They have obtained subordination results, distortion, growth and rotation
theorems.They have also obtained estimates for the first few coefficients and
determined bounds for the Fekete-Szegö functional. A function f ∈ S?(φ) is
said to be a starlike function with respect to φ . A function f ∈ C(φ) is said
to be convex function with respect to φ .

Ravichandran et.al [12] have further generalized the classes by defining
S?b (φ) to be the class of function f ∈ S for which

1 +
1

b
[
zf ′(z)

f(z)
− 1] ≺ φ(z),

and Cb(φ) to be the class of functions f ∈ S for which

1 +
1

b
[
zf ′′(z)

f ′(z)
] ≺ φ(z).

Here b is a non-zero complex number.

Recently Ali et.al [1] has obtained the sharp upper bounds for the Fekete-
Szegö coefficient functional |b2k+1 − µb2k+1| associated with the kth root trans-
formation of the function f belonging to the following classes. They have also
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investigated a similar problem for the function z
f(z)

.

Rb(φ) = {f ∈ A : 1 +
1

b
[f ′(z)− 1] ≺ φ(z)},

S?(α, φ) = {f ∈ A : [
zf ′(z)

f(z)
+ α

z2f ′′(z)

f ′(z)
] ≺ φ(z)},

L(α, φ) = {f ∈ A : {[zf
′(z)

f(z)
]α [1 +

zf ′′(z)

f ′(z)
]1−α} ≺ φ(z)},

M(α, φ) = {f ∈ A : (1− α){zf
′(z)

f(z)
}+ α{1 +

zf ′′(z)

f ′(z)
} ≺ φ(z)},

where z ∈ ∆ , b ∈ C −{0} and α ≥ 0. Functions in the class L(α, φ) are called
as logarithmic α− convex functions with respect to φ and the functions in the
class M(α, φ) are called as α− convex functions with respect to φ. They have
obtained the sharp upper bounds for the Fekete - Szegö coefficient functional
associated with the kth root transformation of the function f belonging to the
above mentioned classes.
Recently Annamalai et.al [3] have considered the following classes of Janowski
α -spirallike functions

(1) S∗α(A,B) if and only if

eiα
zf ′(z)

f(z)
= p(z) cosα + i sinα z ∈ ∆.

(2) Cα(A,B) if and only if

eiα(1 +
zf ′′(z)

f ′(z)
) = p(z) cosα + i sinα, z ∈ ∆.

They have studied the kth root transformations for the functions in the class
S?α(A,B) and Cα(A,B).

Motivated by the above mentioned work in the present paper, we define
two subclasses of analytic functions of complex order and obtain the Fekete -
Szegö coefficient inequality associated with the kth root transformation of the
function f and for the function f defined through convolution and fractional
derivatives in these classes. We also study Fekete - Szegö inequality for the
inverse function of f and for the function z

f(z)
. The results obtained in this

paper will generalize the work of earlier researchers in this direction.

Definition 1.2. Let φ be a function as in Definition (1.1). Let b be a non-
zero complex number, γ, α be two real numbers with 0 < γ ≤ 1 and α ≥ 0. Let
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Sγb (φ) be the class of functions satisfying the condition

1 +
1

b
[
zf ′(z)

f(z)
− 1] ≺ [φ(z)]γ. (1.4)

Here the powers are taken with their principal values.

1. If γ = 1 then S1
b (φ) = Sb(φ) this class was introduced and studied by

Ravichandran et.al [12].

2. If b = 1, γ = 1 then S1
1(φ) = S∗(φ) this class was introduced and studied

by Ma and Minda [8].

Definition 1.3. Let φ be a function as in Definition (1.1). Let b be a non-
zero complex number and γ be a real number with 0 < γ ≤ 1 . Let Cγ

b (φ) be
the class of functions f ∈ A satisfying the condition

1 +
1

b
[
zf ′′(z)

f ′(z)
− 1] ≺ [φ(z)]γ; (1.5)

Here the powers are taken with their principal values.

1. C1
b (φ) = Cb(φ) this class was introduced and studied by Ravichandran

et.al [12].

2. C1
1(φ) = C(φ) this class was introduced and studied by Ma and Minda

[8].

3. C1
1(φ) = M(1, φ) this class was introduced and studied by Ali et.al [1].

The present work is organized as follows:

Preliminaries
Main results
Applications for the functions defined through convolution and fractional deriva-
tives
Applications for the functions defined through z

f(z)
.

Applications for the inverse of the function f(z).

2 Preliminaries

The following two Lemmas regarding the coefficients of functions are needed
to prove our main results. Lemma 2.1 is a reformulation of the corresponding
result for functions with positive real part due to Ma and Minda [8]. Lemma
2.2 is due to Keogh and Merks [7].
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Lemma 2.1 (12). If w ∈ B0 and w(z) = w1z+w2z
2 +w3z

3 + ....... then for
any real number t

| w2 − tw2
1 |≤


−t, if t ≤ −1 ;
1, if −1 ≤ t ≤ 1 ;
t, if t ≥ 1 .

1. For t < −1 and t > 1 ,the equality holds for w(z) = z or one of its
rotation.

2. For −1 < t < 1 equality holds if and only if w(z) = z2 or one of its
rotation.

3. For t = −1 equality holds if and only if w(z) = z[ λ+z
1+λz

], (0 ≤ λ ≤ 1) or
one of its rotation.

4. For t = −1 equality holds if and only if w(z) = −z[ λ+z
1+λz

] or one of its
rotation.

Lemma 2.2 (10). If w ∈ B0 and w(z) = w1z + w2z
2 + w3z

3 + ....... then

| w2 − tw2
1 |≤ 2 max{1, | t |}

for any complex number t. The result is sharp for the function w(z) = z2 or
w(z) = z.

3 Main Results

In this section, we obtain the bound for the functional |b2k+1 − µb2k+1| corre-
sponding to the kth root transformation for the function f in this class.

Theorem 3.1. If f ∈ Sγb (φ) and F is the kth root transformation of the
function f given by (1.2) then for any complex number µ, we have

|b2k+1 − µb2k+1| ≤
|b|γB1

2k
max{1, |bγB1

k
(2µ− 1)− B2

B1

− [
γ − 1

2
]B1|}, (3.1)

and the result is sharp.

Proof: If f ∈ Sγb (φ) then there exists a Schwartz’s function w(z) in B0

with w(0) = 0 and |w(z)| ≤ 1 such that

1 +
1

b

zf ′(z)

f(z)
− 1 = [φ(w(z))]γ. (3.2)
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Since,
zf ′(z)

f(z)
= 1 + a2z + (3a3 − a2)z2 + ....... (3.3)

Consider

[φ(w(z))]γ = 1 + (γB1w1)z + (γB1w2 + γB2w
2
1 +

γ(γ − 1)

2
B2

1w
2
1)z

2 + .....

(3.4)

From equations (3.2), (3.3) and (3.4) we get

1+
a2
b
z+

(2a3 − a22)
b

z2++..... = 1+(γB1w1)z+(γB1w2+γB2w
2
1+

γ(γ − 1)

2
B2

1w
2
1)z

2+.....

(3.5)
Upon equating the coefficients of z and z2 on both sides we get

a2 = bγB1w1, (3.6)

a3 =
bγ

2
[B1w2 +B2w

2
1 + [

(γ − 1)

2
]B2

1w
2
1 + bγB2

1w
2
1]. (3.7)

If F (z) is the kth root transformation of f(z) then

F (z) = {f(zk)}
1
k = z+(

a2
k

)zk+1+[
a3
k
−(k − 1)

2k2
a22]z

2k+1+.... = z+
∞∑
n=1

bnk+1z
nk+1.

Upon equating the coefficients of zk+1, z2k+1 ,we get

bk+1 =
1

k
a2, (3.8)

b2k+1 =
1

k
a3 −

1

2
(
k − 1

k2
)a22. (3.9)

From equations (3.6),(3.7), (3.8) and (3.9), it follows:

bk+1 =
bγB1w1

k
, (3.10)

b2k+1 =
bγB1

2k
[w2 +

B2

B1

w2
1 + [

(γ − 1)

2
]B1w

2
1 + bγB1w

2
1]

− [1− 1

k
]bγB1w

2
1. (3.11)

For any complex number µ, consider

b2k+1 − µb2k+1 =
bγB1

2k
{w2 − tw2

1}, (3.12)
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where

t =
bγB1

k
(2µ− 1)− B2

B1

− [
γ − 1

2
]B1.

Taking modulus on both sides of the equation (3.12) and applying Lemma 2.2
on right hand side, we get the result as in (3.1). This proves the result of the
theorem . The result is sharp and followed by

|b2k+1 − µb2k+1| =

{
|b|γB1

2k
, If w(z) = z2 ;

|b|γB1

2k
{| bγB1

k
(2µ− 1)− B2

B1
− [γ−1

2
]B1|}, If w(z) = z.

Restricting µ to be real and taking b = 1 , we now obtain the coefficient
inequality for the function f in the class Sγb (φ).

Theorem 3.2. If f ∈ Sγb (φ) and F is the kth root transformation of the
function f given by (1.2) then for any real number µ and for

σ1 =
k[(B2 −B1) + [ (γ−1)

2
]B2

1 ] + γB2
1

2γB2
1

,

σ2 =
k[(B2 +B1) + [ (γ−1)

2
]B2

1 ] + γB2
1

2γB2
1

.

We have,

|b2k+1 − µb2k+1| ≤


γB1

2k
{B2

B1
+ [γ−1

2
]B1 − bγB1

k
(2µ− 1)}, if µ ≤ σ1;

γB1

2k
, if σ1 ≤ µ ≤ σ2;

γB1

2k
{γB1

k
(2µ− 1)− B2

B1
− [γ−1

2
]B1}, if µ ≥ σ2.

(3.13)
The result is sharp.

Proof: Since f ∈ Sγb (φ) for b = 1 from equation (3.12),we have

b2k+1 − µb2k+1 =
γB1

2k
[w2 − tw2

1], (3.14)

where

t =
γB1

k
(2µ− 1)− B2

B1

− [
γ − 1

2
]B1.

By applying modulus on both sides of (3.14), we have

|b2k+1 − µb2k+1| =
γB1

2k
|w2 − tw2

1|. (3.15)
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By applying Lemma 2.1 on right hand side of (3.15), we get the following cases
Case(i): If µ ≤ σ1, then

µ ≤
k[(B2 −B1) + [ (γ−1)

2
]B2

1 ] + γB2
1

2γB2
1

⇒ t ≤ −1

⇒ |w2 − tw2
1| ≤ −t

⇒ |b2k+1 − µb2k+1| ≤
γB1

2k
{B2

B1

+ [
(γ − 1)

2
]B1 −

γB1

k
(2µ− 1)} (3.16)

Case(ii): If σ1 ≤ µ ≤ σ2 then

k[(B2 −B1) + [ (γ−1)
2

]B2
1 ] + γB2

1

2γB2
1

≤ µ

≤
k[(B2 +B1) + [ (γ−1)

2
]B2

1 ] + γB2
1

2γB2
1

,

⇒ −1 ≤ t ≤ 1,

⇒ |b2k+1 − µb2k+1| ≤
γB1

2k
. (3.17)

Case(iii): If µ ≥ σ2 then

µ ≥
k[(B2 +B1) + [ (γ−1)

2
]B2

1 ] + γB2
1

2γB2
1

,

⇒ t ≥ 1,

⇒ |w2 − tw2
1| ≤ 1,

⇒ |b2k+1 − µb2k+1| ≤
γB1

2k
{bγB1

k
(2µ− 1)− B2

B1

− [
γ − 1

2
]B1}. (3.18)

From (3.15), (3.16),(3.17) and (3.18), we obtain the result as in (3.13). The
result is sharp.

1. When µ ≤ σ1 the result is sharp when w(z) = z or one of its rotation.

2. When σ1 ≤ µ ≤ σ2 the result is sharp when w(z) = z2 or one of its
rotation.

3. When µ ≥ σ2 the result is sharp when w(z) = z λ+z
1+λz

or one of its rotation.

Remark 3.3. 1. In view of the Alexander result that f ∈ Cγ
b (φ) if and

only if zf ′(z) ∈ Sγb (φ), the estimate for |b2k+1 − µb2k+1| for a function in
Cγ
b (φ) can be obtained from the corresponding estimates in Theorems 3.1

and 3.2 for the function in Sγb (φ). The details are omitted here.
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2. For k = 1 the kth root transformations of f reduces to the given function
f itself. Thus estimate given in equation (3.1) and (3.13) is an extension
of the corresponding results for the Fekete-Szegö functional corresponding
to functions starlike with respect to φ of complex order γ studied by Ram
Reddy and Sharma [13].

4 Coefficient Inequalities for the Functions De-

fined through Convolution

We now derive our result for the function f in the class Sγb,g(φ)

Theorem 4.1. If f ∈ Sγb,g(φ) and F is the kth root transformation of f
given by (2)then for any complex number µ,

|b2k+1 − µb2k+1| ≤
|b|γB1

2kg3
max{1, |bγB1g3

kg22
(2µ− 1)− B2

B1

− [
γ − 1

2
]B1|}, (4.1)

and the result is sharp.

Proceeding in a way similar to Theorem 3.1 for the function (f ∗ g)(z) one
can obtain this result.

Restricting µ to be real and taking b = 1 , we now obtain the coefficient
inequality for the function f in the class Sγb,g(φ)

Theorem 4.2. If f ∈ Sγb,g(φ) and F is the kth root transformation of the
function f given by (1.2) then for any real number µ and for

σ1 =
kg22[(B2 −B1) + [ (γ−1)

2
]B2

1 ] + γB2
1g3

2γB2
1g3

,

σ2 =
kg22[(B2 +B1) + [ (γ−1)

2
]B2

1 ] + γB2
1g3

2γB2
1g3

.

We have,

|b2k+1 − µb2k+1| ≤


γB1

2kg3
{B2

B1
+ [ (γ−1)

2
]B1 − γB1g3

kg22
(2µ− 1)}, if µ ≤ σ1;

γB1

2kg3
, if σ1 ≤ µ ≤ σ2;

γB1

2kg3
{γB1g3

kg22
(2µ− 1)− B2

B1
− [γ−1

2
]B1}, if µ ≥ σ2.

(4.2)
The result is sharp.

Proceeding in a way similar to Theorem 3.2 for the function (f ∗ g)(z) one
can obtain this result.
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5 Applications to Functions Defined by Frac-

tional Derivatives

We now obtain our result for the function in the class Sγ,ρb,g (φ)
For fixed g ∈ A, let Sγb,g(φ) be the class of functions f ∈ A for which (f ∗ g) ∈
Sγb,g(φ).

Definition 5.1. Let f(z) be analytic in a simply connected region of the
z − plane containing the origin. The fractional derivative of f of order ρ is
defined by

Dρ
zf(z) =

1

Γ(1− ρ)

d

dz

z∫
0

f(ζ)

(z − ζ)ρ
dζ(0 ≤ ρ < 1),

where the multiplicity of (z− ζ)ρ is removed by requiring that log(z− ζ) is real
for (z − ζ) > 0.

Definition 5.2. Using Definition 5.1 and its known extensions involving
the fractional derivatives and fractional integral, Owa and Srivastava [10] in-
troduced the operator

(Ωρf)(z) = z +
∞∑
n=2

Γ(n+ 1)Γ(2− ρ)

Γ(n− ρ+ 1)
anz

n. (5.1)

This operator is known as the Owa-Srivastava operator. In terms of the Owa-
Operator Ωρ defined by (5.2) , we now introduce the class Sγb,g(φ) in the fol-
lowing way :
Sγ,ρb,g (φ) is a special case of the class Sγb,g(φ) when

g(z) = z +
∞∑
n=2

Γ(n+ 1)Γ(2− ρ)

Γ(n− ρ+ 1)
zn. (5.2)

From equation (5.2), and for gn > 0 we can obtain the coefficient estimates for
function in the class Sγ,ρb,g (φ) from the corresponding estimates for functions in
the class Sγb,g(φ) when g corresponds to Owa-Operator given in (5.1), we obtain

g2 =
Γ(3)Γ(2− ρ)

Γ(3− ρ)
=

2

(2− ρ)
, (5.3)

g3 =
Γ(4)Γ(2− ρ)

Γ(4− ρ)
=

6

(2− ρ)(3− ρ)
. (5.4)

For g2 and g3 given by (5.3) and (5.4), respectively Theorems (4.1) and (4.2)
reduces to the following results.
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Theorem 5.3. If f ∈ Sγ,ρb,g (φ) and F is the kth root transformation of f
given by (1.2) then for any complex number µ,

|b2k+1−µb2k+1| ≤
|b|γB1(2− ρ)(3− ρ)

12k
max{1, |3γB1(2− ρ)

2k(3− ρ)
(2µ−1)−B2

B1

−γ − 1

2
B1|},

(5.5)
and the result is sharp.

Restricting µ to be real and taking b = 1 , we now obtain the coefficient
inequality for the function f in the class Sγ,ρb,g (φ) .

Theorem 5.4. If f ∈ Sγ,ρb,g (φ) and gn > 0 and F is the kth root transforma-
tion of f given by (1.2) then for any real number µ and

σ1 =
k(3− ρ)[(B2 −B1) + [ (γ−1)

2
]B2

1 ]

3γB2
1(2− ρ)

+
γB2

1

2
,

σ2 =
k(3− ρ)[(B2 +B1) + [ (γ−1)

2
]B2

1 ]

3γB2
1(2− ρ)

+
γB2

1

2
.

We have,

|b2k+1−µb2k+1| ≤


3γB1

k(2−ρ)(3−ρ){
B2

B1
+ [γ−1

2
]B1 − 3γB1(2−ρ)

2k(3−ρ) (2µ− 1)}, if µ ≤ σ1;
3γB1

k(2−ρ)(3−ρ) , if σ1 ≤ µ ≤ σ2;
3γB1

k(2−ρ)(3−ρ){
3γB1(2−ρ)
2k(3−ρ) (2µ− 1)− B2

B1
− pγ−1

2
]B1}, if µ ≥ σ2.

(5.6)
The result is sharp.

6 Coefficient Functional Associated with z
f(z)

In this section we obtain the bounds for the Fekete-Szegö coefficient functional
pertaining to the kth root transformation associated with the function G de-
fined as

G(z) =
z

f(z)
= 1 +

∞∑
n=1

dnz
n,

where f ∈ Sγb (φ).

Theorem 6.1. If f ∈ Sγb (φ) and G(z) = z
f(z)

= 1 +
∞∑
n=1

dnz
n , then for any

complex number µ, we have

| d2 − µd21 |≤
| b | γB1

2
max{1, | (2µ− 1)bγB1 +

B2

B1

+ [
(γ − 1)

2
]B1 |}, (6.1)

and the result is sharp.
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Proceeding in a way similar to Theorem 3.1 for the function z
f(z)

one can
obtain this result.

Restricting µ to be real and taking b = 1 , we now obtain the coefficient
inequality for the function f in the class Sγb (φ) .

Theorem 6.2. If f ∈ Sγb (φ) and G(z) = z
f(z)

= 1 +
∞∑
n=1

dnz
n , then for any

real number µ, and for

σ1 =
γB2

1 − (B1 +B2) + [γ−1
2

]B2
1

2γB2
1

,

σ2 =
γB2

1 + (B1 −B2)− [γ−1
2

]B2
1

2γB2
1

,

we have

| d2 − µd21 |≤


(1− 2µ)γB1 − B2

B1
− [γ−1

2
]B1, if µ ≤ σ1;

1, if σ1 ≤ µ ≤ σ2;
(2µ− 1)γB1 − B2

B1
+ [γ−1

2
]B1, if µ ≥ σ2,

(6.2)

and the result is sharp.

Proceeding in a way similar to Theorem 3.2 for the function z
f(z)

one can
obtain this result.

7 Coefficient Inequality for the Inverse of the

Function f (z)

Theorem 7.1. If f ∈ Sγb (φ) and f−1(w) = w +
∞∑
n=2

qnz
n is the inverse

function of f with |w| < r0 where r0 is greater than the radius of the Koebe
domain of the class f ∈ Sγb (φ) , then for any complex number µ , we have

| q3 − µq22 | ≤
|b|γ B1

2
×max{1, |(2µ+ 3)bγ B1 −

B2

B1

− (
γ − 1

2
)B1|}, (7.1)

and the result is sharp.

Proof: As

f−1(w) = w +
∞∑
n=2

qnw
n (7.2)

is the inverse function of f ,we have

f−1{f(z)} = f{f−1(z)} = z (7.3)
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From equations (7.2) and (7.3) we have

f−1{z +
∞∑
n=2

anz
n} = z. (7.4)

Upon equating the coefficient of z and z2,from equations (6.2) and (6.4), we
get

q2 = −a2, (7.5)

q3 = 2a22 − a3. (7.6)

For any complex number µ, consider

[q3 − µq22] = −bγ B1

2
{w2 − w2

1{(2µ+ 3)bγ B1 −
B2

B1

− [
γ − 1

2
]B1}} (7.9)

Taking modulus on both sides and applying Lemma 2.2 on right hand side of
(7.9), we obtain the result as in (7.1). This proves the result of the theorem .
The result is sharp and followed by

|q3 − µq22| =

{
|b|γ B1

2
, If w(z) = z2 ;

|b|γ B1

2
|(2µ+ 3)bγ B1 − B2

B1
− (γ−1

2
)B1|}, If w(z) = z.

8 Conclusion

In view of Alexander Theorem one can easily obtain the coefficient functional
corresponding to the class defined through convolution, class defined through
fractional derivatives , class z

f(z)
and for the inverse of the function f(z) for a

function f in Cγ
b (φ) and Cγ(φ) using Theorems 4.1, 4.2, 5.3, 5.4, 6.1, 6.2 and

7.1.
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