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Abstract

Given a configuration of pebbles on the vesiof a connected graph G, a
pebbling move (or pebbling step) is defined asrémoval of two pebbles off a
vertex and placing one on an adjacent vertex. Tdlgbling number, f(G), of a
graph G is the least number m such that, howev@ebbles are placed on the
vertices of G, we can move a pebble to any veryea Bequence of pebbling
moves. In this paper, we determine f(G) for Jahagph 1 m(m> 8).
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1 I ntroduction

One recent development in graph theory, suggestddigarias and Saks, called
pebbling, has been the subject of much researachadtfirst introduced into the
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literature by Chung [1], and has been developedntany others including
Hulbert, who published a survey of pebbling resuitg3]. There have been many
developments since Hulbert’s survey appeared.

Given a graph G, distribute k pebbles (indistingalde markers) on its vertices in
some configuration C. Specifically, a configuration a graph G is a function
from V(G) to NLI{0} representing an arrangement of pebbles on G. dto
purposes, we will always assume that G is connected

A pebbling move (or pebbling step) is defined asrégmoval of two pebbles from
some vertex and the placement of one of these @elll an adjacent vertex.
Define the pebbling number, f(G), to be the minimaomber of pebbles such
that regardless of their initial configuration,ist possible to move to any root
vertex v, a pebble by a sequence of pebbling mdugdicit in this definition is
the fact that if after moving to vertex v one desito move to another root vertex,
the pebbles reset to their original configuration.

Fact 1.1[7,8]. For any vertex v of a graph G, f(v,&h where n=|V(G)|.

Proof. Consider the configuration C:V-{vpN defined by C(w)=1 for all wiV-
{v}. Then the size |C| of the configuration is nih.this configuration we cannot
move a pebble to v. Hence f(v,8)V(G)|.

Fact 1.2 [7]. The pebbling number of a graph G satisfies) fgGmax {2m(©)
IV(G)[}-

Proof. Let wLIV(G) be a vertex at a distance diam(G) from thgdawertex v.
Place 22™(CL1 pebbles at w. clearly we cannot move any petable Thus (G}
max {22 1v(G)[).

There are few other interesting results in the pegmumber of graphs. Hulbert
[3] has written an excellent survey article on lgely. We earnestly request the
interested readers to refer to it for further study

We also request the readers to read [2] in whiclkew$ohas studied the pebbling
number of product of trees.

A. Lourdusamy, S. Samuel Jayaseelan and T. Mataivatonjectured in [5] that
the pebbling number of Jahangir graph, &5 2m+10. We prove this result in this
paper. For X m< 7, we state the results from [5].

Theorem 1.1[5] For the Jahangir graphals, f(J, 3) = 8.
Theorem 1.2[5] For the Jahangir graphak, f(J 4) = 16.
Theorem 1.3[5] For the Jahangir graphak, f(J5) = 18.
Theorem 1.4[5] For the Jahangir graphak, f(J,¢) = 21.

Theorem 1.5[5] For the Jahangir grapha}, f(J,7) = 23.



44 A. Lourdusamy et al.

We now proceed to determine the pebbling numbedfg m > 8).

e

Figure 1: J28

2  Pebbling Number of Jahangir Graph J, , (m = 8)

Definition 2.1 [6] Jahangir graph § for m> 3 is a graph on nm + 1 vertices,
that is, a graph consisting of a cycle,Cwith one additional vertex which is
adjacent to m vertices of,at distance n to each other oRC

Example 2.2 Figurel shows Jahangir graph d The Figurel appears on
Jahangir's tomb in his mausoleum. It lies in 5 kikter north- west of Lahore,
Pakistan, across the River Rauvi.

Remark 2.3 Let », + 1 be the label of the center vertex andw, . . . , ¥n, be the
label of the vertices that are incident clockwisecycle G, so that deg@® = 3.

Theorem 2.4 For the Jahangir graphal, (m=8), f(%m) = 2m + 10.

Proof: If m is even, then consider the following configuratiG; such that
C1(v2)=0, G(Vm+2)=15, G(Vm-2)=3, Ci(Vm+e) = 3, and @(x)=1 where xLIN[v,], X
LIN[Vm+2), XUN[Vm-2], and XLIN[Vm+g].

If m is odd, then consider the following configuratiGa such that gv,)=0,
Co(Vm+1)=15, G(Vm-3)=3, G(Vm+s) = 3, and G(x)=1where xLIN[vy], X LIN[Vm+1],
X ON[Vmg], and  XCIN[Vmeg].

Then, we cannot move a pebble to WThe total number of pebbles placed in both
configurations is
15+2(3) + (m—-4)(2) + (m-8)(1)

=2m + 9.

Therefore, f(dm) = 2m + 10.
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Now, consider the distribution of 2m + 10 pebbles tbe vertices of aJ
Consider the sets

S1={vyVs, V5, ..., ¥m3, Vom1} and
SZ = {V21 V4l V61 ey \ém—Z! V2m}

Case (i) Let the target vertex bey: .

Suppose we cannot move a pebble to the targetxvelteen the vertices of,S
contain at most one pebble each and the verticeS, @ontain at most three
pebbles each. Also, note that, no two consecuterdces of $ contain two or
three pebbles each and if a vertex gfcBntains two or three pebbles then the
neighbors of that vertex contain zero pebbles.oAisa vertex of $contains a
pebble then the neighbors of that vertex contamasdt one pebble each. Thus, in
any distribution, g, contains at most 2m pebbles so that a pebble amatldbe
moved to yn:r—a contradiction to the total number of pebblexqiaover the
vertices of d .. Hence we can move a pebble to the target vertex.

Case (ii) Let the target vertex be a vertex qf B/ithout loss of generality, let;v
be the target vertex.

Suppose we cannot move a pebble to the targetxvéiten the neighborswonm,
and wm+1 Of V4 contain at most one pebble each. The vertic&; of{v,} contain

at most three pebbles each and the vertices 6f{%,, vo} contain at most seven
pebbles each. Also, note that, no two vertices0f $v1} contain two or three
pebbles each and if a vertex of-{81} contains two or three pebbles then the
neighbors of that vertex contain at most three [@sbéach. Also, no two vertices
of S — {v2, o} contain four or more pebbles each and if a vede$-{v 2, Vom}
contains four or more pebbles then the neighborthaif vertex contain at most
one pebble each.

Suppose M+1 has a pebble on it. Then clearly the vertices jefv3} contain at
most one pebble each and if a vertex @f{\§} contains a pebble then the
neighbors of that vertex contain at most one pebath. Also, the vertices 0b-S
{v2, von} contain at most three pebbles each and if a xedie S-{v,, Vom}
contains two or three pebbles then the neighborshaf vertex contain zero
pebbles. Thus in any distribution, J contains at most (m-1)+(m-2)+1+1+1=2m
pebbles so that a pebble could not be moved;t® eontradiction to the total
number of pebbles placed over the vertices, 6f. 0, assume thagy.1has zero
pebbles on it.

Suppose ¥has a pebble on it. Then the vertgxcentains at most one pebble and
the vertex ycontains at most three pebbles. If one of the aestof $-{vi, v},
say \, contains two or three pebbles, then the vertdek-{v 1, vs, Vo} contain at
most one pebble each. Thus, the pathwo contains at most six pebbles. Also,
note that, no two consecutive vertices of\%,, Vom} contain two or three pebbles
each. Also, the pathswvovivo, contains at most five pebbles. Clearly, the
vertices of ${v1, V3, V7, Vo, V11, Vi3} contains at most one pebble each and the
vertices of ${Vv, Vs, Vg, V1o, V12, Vom} CONtain at most three pebbles each. This
implies that the vertices ob®v 2, Vs, Vs, Vi, Viz, Vom} CONtain at least 2m+210-(m-
6+1+6+1+3+1)=m+4=(m-6)+10. So we can move a pebble; easily. If we
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cannot move a pebble tq then the graph,J, contains at most 2m+1 pebbles-a
contradiction to the total number of pebbles pla@aassume that all the vertices
of S-{vi, vs} contain at most one pebble each. | gontains four or more (at
most seven) pebbles, then other vertices,divg vio, Vom} contain at most three
pebbles each and if a vertex of{8,, vio, Vor} contains two or three pebbles then
the neighbors of that vertex contain zero pebbBgpose, we cannot move a
. m-4) m-4
pebble to y then the graphyJ, contains at most 1+3+1+7E3 j+ > =

12+2(m-4) = 2m+4, a contradiction to the total nembf pebbles placed. So,
assume that all the vertices of-{8,, vom} contain at most three pebbles each.
Here also if we cannot move a pebble totlven the total number of pebbles
placed over the vertices of the graph,mJ is at most

m-3) m-3 .
3+3+3+ > + > =9+2(m-3)=2m+6 - a contradiction to the total

number of pebbles placed. So, assume thakg zero pebbles on it. In a similar
way we may assume thatycontains zero pebbles.

Suppose yhas two or three pebbles on it. Then the verti¢€3-4v 1, vs} contain

at most one pebble each and the vertices.dl§ vom} contain at most three
pebbles each. Also no two consecutive verticesdivg vom} contain two or
three pebbles each and if a vertex ef\&, vom} contains two or three pebbles
then the neighbors of that vertex contain zero [gshltf we cannot move a pebble
to v, then the total number of pebbles placed over #drgoes of the graph 4, is

m-3) m-3 L
at most 5+€ > j+ > = 2m-1 — a contradiction to the total number of
pebbles placed. So, assume thatantains at most one pebble. In a similar way
we may assume that the vertices g{\5,, vs} contain at most one pebble each.
Suppose ¥ contains four or more pebbles on it. Then the pathvioviiviz
contains at most nine pebbles. Also, note thatwwoconsecutive vertices 06-S
{v2, Vam, Vs, V10, V12} contain two or three pebbles each and if a veak$-{v »,
Vom, Vs, Vi, Vi2} contains two or three pebbles then the neighlobrihat vertex
contain zero pebbles. So, we can always move al@dbbw, since the total
number of pebbles over the vertices %, Vom, Vs, Vio, Vi2} IS at least 2m+10-
(m-3-9)=m+12. If we cannot move a pebble tahen the graph,J, contains at

m-5) m-5 -
most 9+ > + =9+2m-10=2m-1 pebbles-a contradiction. So, assume

that v contains at most three pebbles. In a similar waymway assume that the
vertices of ${v2, vom, Vig} contain at most three pebbles each. If we canmote
a pebble to ¥ then the total number of pebbles placed over #rtices of the

. m-3) m-3 . -
graph Jnis at most 3+3+3+ > + > =2m+3. This is a contradiction

to the total number of pebbles placed. Thus, weabaays move a pebble t@.v
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Case (iii) Letthe target vertex be a vertex of 8Vithout loss of generality, lebv
be the target vertex.

Suppose we cannot move a pebble to the targetxvérteen, the neighbors,v
and  of v, contain at most one pebble each and the verticegy, and ¥m+1
contain at most three pebbles each. The vertit&s 6 {vi, v3} contain at most
seven pebbles each and the vertices,of §/2, Vi, Vor} contain at most fifteen
pebbles each. Also, note that, no two vertices;6f &1, vs} contain four or more
pebbles each and if a vertex of -S{vi, v3} contains four or more pebbles then
the neighbors of that vertex contain at most sqwelobles each. Also, no two
vertices of $— {vz, V4, Vom} contain eight or more pebbles each and if a weote
S, — {v2, V4, o} cONtains eight or more pebbles then the neighbbthat vertex
contain at most three pebbles each.

Suppose yhas a pebble on it. Clearly the neighbafsand -1 Of v3 contain at
most one pebble each and the paflyws contains at most four pebbles. W1
has a pebble on it, then the vertices p{\§, vs} contain at most one pebble each
and the vertices of,§v,, v4} contain at most three pebbles each. Also, nag th
no two consecutive vertices 0f-§/,, 4} contain two or three pebbles each and if
a vertex of &{v,, v4} contains two or three pebbles then the neighlmdréhat
vertex contain zero pebbles. This implies thatvidigices of ${v,, v4} contain at
least 2m+10-(m-2-1-1)=(m-2)+16. So we can move labjgeto v easily. If we
cannot move a pebble tg then the total number of pebbles placed over the

, , m-2) m-2
vertices of the graph,gd is at most 4+1+ > + > = 2m+4 — a

contradiction. So, assume that,w has zero pebbles on it.

Suppose that, a vertex of-§& i, vs}, say w, contains two or three pebbles on it.
Then, the pathgwgvio contains at most six pebbles. Clearly the vertafeS-{v »,

Vs, Vg, Vig} contain at least 2m+10-(m-3+3+1+1+1+4)=m-4+7 debblf one of
the vertices from S{v,, v4, Vg, Vig} contains four or more pebbles then we can
move a pebble to,vthrough v+ and . So assume that all the vertices ef S
{v2, V4, Vs, Vig} contain at most three pebbles. Thus, we can nzopebble to ¥
easily. If not, then the total number of pebblestos vertices of the graph Jis

at most 6+3+E m2 4) + m2 4:2m +1 so that a pebble could not be moved to
Vvo-a contradiction to the total number of pebblescgth So, assume that the
vertices of ${v 1, v3} contain at most one pebble each.

Suppose that, a vertex of-& », v}, say viphas four or more pebbles on it. Then
the path wi0v11 contains at most seven pebbles. Also, note tlatywo vertices

of S{v2, Va4, V1g} contain two or three pebbles each and if a vede$-{v ,, V4,

V1o} Of contain two or three pebbles then the neigkladrthat vertex contain zero
pebbles. If we cannot move a pebble iothen the total number of pebbles on the

. _ m-2) m-2
vertices of the graph4 is at most 7+1+ > + > =8+2m-4=2m+4 -a

contradiction. So, assume that the vertices 8fvg, v4} contain at most three
pebbles each. Clearly, we can move a pebble.t@therwise, the total number of
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=11+2m-

. . _{m—Sj m-5
pebbles on the vertices of Jis at most 3+3+3+2+3 +
10=2m+1 -a contradiction. Thus, assume thathas zero pebbles on it. In a
similar way, we may assume thathas zero pebbles on it.
Suppose Mn+1 has two or three pebbles on it. Clearly, the vesgiy and vm
contain at most one pebble each and one of theesmf S-{vi, vs} contain two
or three pebbles. Ifvhas two or three pebbles, then the pathyw contains at
most six pebbles. Also, all the vertices of{$,, Va4, Ve, Vs, Vor} CONtain at most
three pebbles each and no two consecutive veric8s{Vv », V4, Vom} CcONtain two
or three pebbles each. If we cannot move a pebblg then the total number of

m-5) m-=5
+ +3=11+2m-

pebbles on the vertices of Jis at most 1+1+6¢E’,

10=2m+1-a contradiction. So, assume that the e=taf $-{vi, vs} contain at
most one pebble each.

Suppose one of the vertices of-{8,, v4, Von}, Say W, contain four or
more (at most seven) pebbles on it. If we cannotere pebble toy then the
total number of pebbles on the vertices of the lgrap, is at most

m-4\ m-4 o ,
7+1+1+ > + > =2m+4 -a contradiction. So, assume that the vertice

of S-{v 2, V4, o} Ccontain at most three pebbles each. If we canmmte a pebble
to v, then the total number of pebbles on the vertioksk ., is at most

2

contains at most one pebble. In a similar way, va&y mssume that,vand v
contain at most one pebble each.

Suppose ¥ has four or more (at most seven) pebbles on ienTbne of the
vertices of ${vi, v3, Vo} contains two or three pebbles. This implies tha
vertices of ${v,, V4, o} contain at least m+4 pebbles. I§ ¢ontains six or
seven pebbles then we can move a pebble &asily. Otherwise, the vertices of
S{v2, V4, Vom} CONtain at least m+6 pebbles. If we cannot mave pebbles to
Vom+1 then the total number of pebbles on the vertidegbe graph g,is at most

m-6) m-6 .
9+3 + > +1+1+3=2m+2 -a contradiction. So, assume thag+v

m-5) m-=5 . .
5+3+4+ > + > =2m+2 -a contradiction. So, assume that the vertice

of S;-{v1, v} contain at most three pebbles each. Clearly, @trthree vertices of
S1-{v1, v} receive two or three pebbles each. This impliex the vertices of S
{v2, V4, Vori} contain at least 2m+10-(m-3+9)=m+4 pebbles. If ¥a&not move a
pebble to y, then the total number of pebbles on the vertaddbe graph z),is at

m-7
+
2

the vertices of §{v1, v} contain at most one pebble each.
Suppose that, a vertex ob-§,, Vi, Vo), Sy W, has eight or more (at most
fifteen) pebbles on it. Then the patjvavg contains at most fifteen pebbles. If any

m-7
most 6+5+5+1+1+é > j =2m+4-a contradiction. So, assume that
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two vertices of &{v, V4, Vs, Vor} contain four or more pebbles (at most seven) or
if a vertex of ${v2, V4, Vs, o} CcoONtains four or more (at most seven) and both
the neighbors contain one pebble each then we cae @ pebble tosweasily. If

we cannot move a pebble tg then the total number of pebbles on the vertides

m—4j m-4
+

Jb.m IS at most 15+1+1¢E’, =2m+9 -a contradiction. So, assume
that the vertices of §v, V4, Vor} CONtain at most seven pebbles each. Clearly, at
most three vertices oh§v,, V4, Vom} contain four or more pebbles. If we cannot
move a pebble to,y then the total number of pebbles on the vertiwes,

m-5 m-5
contains at most 4+4+4+1+1E32—) +(Tj =14+2m-10=2m+4 pebbles-a

contradiction to the total number of pebbles pladduis, we can always move a
pebble to y while using 2m+10 pebbles on the vertices,of J

Thus, f (3m) <2m + 10.

Therefore, f (dm) = 2m + 10.
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