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Abstract

In this paper | have made an attempt to obtaineciiins for hyponormal,
guasinormal, binormal composite convolution operatolrhe characterizations
for composite convolution operators to be n-norraat n-binormal are also
computed.
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1 I ntroduction

Let (X, Q, 1) be ac-finite measure space. For eachl LP(1), 1< p <o, there
exists a unique(Q ) measurable function E(f) such thgtf du = Jg E(f) du for
every ¢*(Q ) measurable function g for which left integraists. The function
E(f) is called conditional expectation of f withspect to the sub- algebra’(Q ).
For more details about expectation operator, onaef@r to Parthasarthy [3].

Given f, g0 L%(R), then convolution of f and g, is defined by
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g0 = [ gyt (v) du(y),

where g is fixed, Kk(x,y) = g(x-y) is a convolutikernel, and the integral
operator defined by

W) = | k(x-y)f (v) du(y)

is known as Convolution operator. Suppoge [0, 1] — [0, 1] is a measurable
transformation, then

hf 00 = [ KOH@y)duy) = [ ko (x-y) f(y)du(y)

is known as composite convolution operator induckg pair (keg),
-1

where k (X-y) = E((Y)k(x-y)@(y)), where § = d,ud_¢7 denotes the
il

Radon-Nikodym derivative of the measung® with respect to the measyte

The adjoint of composite convolution operatggis an integral operator induced
by the kernelk; and is defined as

1" f(x) | K () f)du(y). where k, (x-y) =k,(y=x)

Also, I" f(x) = [ Kx-yF(@y)duy) =[ k; x-n)f(y)du(y),

where kernelk;is defined as

kp (x-y) =
j j j j Ko (X-Z1)Ko (Z1-Z2)Ke (Z2-23).... Ke(Zn-1- Y)AH(zZ1) A(Z2)dU(Z3). ... d(zn-a)
....... (1)

For more detail about composition operators, irdkegperators, convolution
operators and composite integral operators, we tefe&Singh and Manhas [5],
Halmos and Sunder [4], Stepanov ([7], [8]), Guptal &omal [1], Gupta [2].
Whitley [6] established the Lyubic’s [9] conjectusad generalized it to Volterra
composition operators orf [0,1]. The integral operators in particular convimn
operators have been the subject matter of exterstivey over the last few
decades. In this paper some basic operator theogpetiperties of composite
convolution operators are investigated.

Here, | recall some basic notion in operator thebst H be a Hilbert space and
B(H) be the algebra of all bounded linear operatming on H. An operator
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TO B(H) is called normal if TT = T T, and n-normal if TT" =T" T, binormal
if T'T commutes with T Tand n-binormal if TT " commutes with TT". T is
hyponormal if TT<TT".

Let L%(u) consists of all measurable functions f :XR (or C) such that

(j | f(x) F dp)'? <. The spacei(X, S, p) is a Banach space under the norm
X
defined by || f || :_k | f B dp)Y%  Also, L%(u), the space of square-integrable

X
functions is a Hilbert space.

2 Hyponormal, Quasinormal, Binormal Composite
Convolution Operators

In this section characterization for hyponormal,agjoormal and binormal

composite convolution operators are computed. Towdiions for composite

convolution operator to be idempotent and projectice explored.

Theorem 2.1: Let Ik#,UB(LZ(,u)). Then | »is hyponormal if and only if
[ ko) key-2) di(y) = | kelx-y) ki (y-2) du(y)

Proof: Firstly, suppose given condition is true. FOPE?(l),we have

lkof 1P = (1 kofi D)

=[]] KOy key-2) f@Qd@) duy) f (9dux) oo @
and |1 fIF =(lkg ! )

FI] kel (-2 (@) duy) FOIde) oo 3)
Now,
o f IF- 1117 f1F

= (1 lkof ) - Cleg 1 i F)

=1, ke~ ko !, )

| { [ Tk, 0Ykely-2) - kex-y) K, (y-2)Idu(y) } f(2)du(z) f ()du(x)
{] [k () Kely-2)-ke(x-¥) K, (y-2)] dua(y)}d(p x p) > O,

ExF
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Using (2), (3) and given condition, for any meablgaectangle B F of finite
measure. Hence, dis hyponormal.

Conversely, supposedis hyponormal. Then the required condition triwall
follows.

Theorem 2.2: Let I 7 B(L%(1)). Then keis quasinormal if and only if
[T k() kely-2) ke(z-t) du(y) du(@) =[] kelx-y) K, (y-2) kez-)dui(y) du(2)

Proof: Firstly, supposexl, is quasinormal. Consider f x¢ and g =xr. For any
measurable rectangle>&F of finite measure, we have

1116 009 kty-2) etz i) @) = JT ko) 6, -2z city) @)

Hence, the required condition holds.

Conversely, suppose that given condition is trwe.ffg 0 L%(l), we have

(17 Tegheof, 9)
= [ (1, ko lkeT)X) T ()X
= ] k) (ko lko () dh(y) § ()du(x)
][ K (xy) kely-2) kelz-0) () T (x) dui(t) di(2) cacy)d(x)

Also, ( lke I lkef, 9)
=[] ko) (17, ko f)(y) di(y) § (x)du(x)
FI] kelxy) K (v-2) keZ-)0) G () du®)du(z)ch(y)du(x)

From equation (4) and (5), it follows thalis quasinormal if the given condition
is true.

Theorem 2.3: Let Ik#,UB(LZ(,u)). Then | ,is binormal if and only if

[T] K (y) kely-2) kez-0)k;, (t-p) dh(y) dh(z) du(t)
FIT kalxy) K, (v-2) K, (2-0) ko(t-p) du(y)d(z) cu(t).
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Proof: Firstly, suppose the condition is true. For )¢ (1), we have

< | :‘(0 |k’(p |k’(p| :,:p f,g>

[ (7, kolo 17, F)0) G ()du()

[] [k 0ol 7, F)Y) AUy T ()du(x)

[ KN key-2) o 17 DZ)AU)Y) T ()H(X)

= [ K0y kely-2) (] kelzD) (17, HODUD)ARE)AY) T (<)chi(x)

= [[[] Koy kely- Delz= 0] K, (t -PI(P)A(P)CHE)A(Z) cha(y) T (X))
= [[]1] K0y kely-2) ke21) K, (t- PIE)ME) D) dily) § ()

= [J]]] %o y) key-2) kez )k, (t -p)AUY)AZ)HOT(P)AH(P) T (X)dui(X)

and ( lo ! 1" lkof, 9)

= J' Ik |:1w |:1w ko F(X) T (X)du(x)

[ ketey) (117 o)) diy)) T (x)c(0)

[TTTT ey K, (y-2) K, (2-1) kelt-p) F(p) (p)) cha(t) di(2) dha(y) G ()(x)

[TT1] ek, (v - 2k, (2 1) kolt-P) Au(y)du()aut) f(p) G (x)d(x)
It follows from (6) and (7) thai|, is binormal.

Conversely, supposey is binormal. Take f xe and g =, we see that from (6)
and (7)

[ ] K00y kely-2) k20K, (1) aay) cha(2) cha()
I [ ] kex0) K (5-2) K, @) klt-p)(y) cha(z) duct)

forall E, FO SxS. Hence the required condition holds.
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Theorem 2.4: Let Ik,¢UB(L2(y)). Then |, is an idempotent if and only i ks an
idempotent, i.e.

k2 =k, a.e., wherek?(x-y) = j ke(x-2) ko(z- y) dz.
Proof: Firstly, suppose kis idempotent. For f, gl L(u), we have

(1259 =(lef 19

= | (ko)) (17,8)00) du(x)

= [ ety )du) Ik (x- 29(Adu(2) dux)
[T ketx-y)kelz- X) f(¥) T (2)cka(z) du(y) da(x).
[T kez- Wkex-y)du(x) y) g (2)d(y))d(z)
[[ Kiz-y) f(y)duy) g (@)
=[ (keP)@T@dz = ( lof, 9).

Hence, |, is an idempotent.
Conversely, supposgdis an idempotent, i.e.,

(17 £,9) = lkof @) for all f, g0 L*()
Then, [ [ ke(z- %) ke(x-y) du(x) f(y) du(y) 9 (2) du(2)

=[] kez-y)f(y) 9 (2) du(x)du(z)

Taking f=xg and g =g for E, FO Q, we have

I K2 (zy) duy) du@) = |k (z -y)du(y) du(z).
ExE 7 exg ?

This proves thatk; =k, a.e. Hence, /s an idempotent.

Corollary 2.5: Let Ik,g,,UB(LZ(,u)). Then L, is an projection if and only if s an
idempotent ank,(y—X) = Ky(x-y).

Theorem 2.6: The product of two composite convolution operafteg. Iny) is a
composite convolution operatot%% :



34 Anupama Gupta

it (k) (x2) = | KelX-Y) hely-2)d(y)-

Moreover, ¢ lhe = lhelke, If (Khg)(X-z) = (hke)(X-2)

Proof: For every fO L40,1],

o hof) = [ kex-y) (InghY)dH(Y)
=[] kelxy) hely-2) f(2) da(z) du(y)
=[ [] ke(x-y) hey-2)du(y)] f(z) du(2)
= khx-2) f@Qb )

Hence, the product of two composite convolutionrafmes, i.e., dy . e iS again
a composite convolution operatby, induced by convolution kerneltk,

Again, helkef) = [[ hex-y)key-2) f(2) duz) du(y)
:J' (hko(x-2) f(Z)du(z) 9)

The equation (8) and (9) gives desired conclusion.

Corollary 2.7: The product of two composite convolution operatsrzero if
atleast one of them is zero.

3 n- Normal and n- Binormal Composite Convolution
Operators

Theorem 3.1: Let Ik#,UB(LZ(,u)). Then | »is n-normal if and only if
[ Koy kp(y-2) duy) = [ kg (x-y) K, (y-2) du(y)

Proof: Firstly, supposex), is n- normal. Then for any measurable rectangkeFE
of finite measure, we have

(r

k.

I’ Xe Xe) = I 11T Xe(¥) XFO)dR(X)

kg ko

- .[ .[ J. k, (x-y) K, (¥-2) Xe (¥) XF(X) du(z)du(y) du(x)
=[] ] K50-2) k() duy) diexn)

ExF
and similarly
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e = T ke 102 du dax )

Hence, the condition follows.

Conversely, if the condition is true, then, Is n- normal as the proof is straight
forward.

Theorem 3.2: Let Ik#,UB(LZ(,u)). Then | »is n-binormal if and only if

[T] k0¥ Kko(y-2) kp(z-k, (t-p) cu(y) du(z) du(t)
F[] koY) K, (v-2) K, () kg (t-p) du(Y)d(2) du(t).

Proof: Firstly, suppose the condition is true. For F] (1), we have

(UM fg)

k.p k.p k.@ k.@

= [, 11 ) g Xdu)

[ [k en17 17 17 £)(y) duy)] G (du(x)

= [[ Ko K207 1 D) diy) g ()du(x)

= [[] k&) k2 ([ ko@D (17 HOAUO)E)AY) T X)du(x)

= [[[[ K GNKy- DK 0] K, (¢ -P)(P)A(P)A()d(Z)d(y) T ()Tu(x)
= [[[[] &G0k -2 0K, (- PIP)HE)HOME) du(y) § (<))
= [[[[] &0y K3 (.2) K3 @K, (t -P)Ay)du)dO(p) dhi(p) T (X)c(x)
and ( leo I 17 lof, @)

= [ kol 17, kof0) @ ()du(x)

= [ ko oey) (117 kg F)(Y) duy)) @ 0)du()

= [[[]] %ok, (y-2)k, (2 k; EP)(P)c(P)c(t) du(z)du(y) G ()du(x)
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=[T[]] koK (y - 2K, (z 0 K (t-p) da(y)du(2)u(t) f(p) G (X))
Hence, |y is n- binormal using (10) and (11).

Conversely, supposgd is n-binormal. For f % and g =xr, we get from (10)
and (11)

[T ] %0y kp(y-2) ky(z-k, (t-p) du(y) du(z) dut)

= [ ] ] K0y Kk (y-2) K, (2-t) kp (t-p)du(y) du(z) du)

E F

for all E, FO SxS. Hence the required condition holds.

4 Conclusion

In this paper major thrust has been made to olbtaterions for hyponormal,

guasinormal, binormal composite convolution opegt®he characterizations for
composite convolution operators to be n-normal andbinormal are also major
findings of the research paper. Above paper isnsib@ of my research paper
“Composite Convolution Operators oA(jL)” published in International Journal
of Innovation in Sciences and Mathematics (1JISWb),2, Issue 4, (2014), 364-
366.
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