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Abstract

The aim of this paper is to introduce the conceptcomplementary nil
domination in interval-valued intuitionistic fuzgyaph and to obtain some results
related to this concept.
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1 I ntroduction

Zadeh [8] introduced the notion of interval-valuedzy set as an extension of
fuzzy set [7] which gives a more precise tool todadouncertainty in real life
situations. Some recent work of Zadeh in conneatith the importance of fuzzy
logic may be found in [9, 10]. Interval-valued fyzgets have widely used in
many areas of science and engineering, e.g. inogppate reasoning, medical
diagnosis, multi valued logic, intelligent controtppological spaces, etc.
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Atanassov and Gargov [6] introduced Interval-valugtlitionistic fuzzy set
which is helpful to modal the problem precisely. 1975, Rosenfeld [1]
introduced the concept of fuzzy graph. Yeh and Ba®j also introduced fuzzy
graphs independently. Domination in fuzzy graphs wé&oduced and studied by
Somasundaram and Somasundaram [2] in 1998. Intealaéd fuzzy graphs
(IVFG) are defined by Akram and Dudek [11] in 20Atanassov [5] introduced
the concept of intuitionistic fuzzy relations amduitionistic fuzzy graph (IFG).

In fact, interval-valued fuzzy graphs and intervalued intuitionistic fuzzy
graphs are two different models that extend therthef fuzzy graph. Recently,
complementary nil domination in fuzzy graph wasadticed by Ismayil and
Mohideen [18] in 2014. Further, In 2014, Hussaid &dohamed [15] introduced
the complementary nil domination in intuitionistizzy graph. Motivated by the
concept of complementary nil domination and intexadued intuitionistic fuzzy

graph, we introduce complementary nil domination interval-valued

intuitionistic fuzzy graph and obtain some resudtsted to this concept.

2 Preliminaries

Definition 2.1 A fuzzy set is a mapping: V — [0, 1]. A fuzzy graph G is a pair

of functions G =4, 1) wheres is a fuzzy subset of non-empty set V and U is a
symmetric fuzzy relation os, i.e. p(u,v)<o(u)Co(v). The underlying crisp
graph of G = 6, ) is denoted by G= (V, E) where ELI VxV.

Let D[0,1] be the set of all closed subintervalghaf interval [0,1] and element of
this set are denoted by uppercase letters. [f K[0,1] then it can be represented
as M = [M_,My], where M_and M, are the lower and upper limits of M.

Definition 2.2 An interval valued intuitionistic fuzzy graph withderlying set V
is defined to be a pair G = (A, B) where

i) The functions M: V — DJ[0,1] and N, : V — DJ[0,1] denote the degree of
membership and non membership of the elemenYxrespectively, such that

0<M,(X)+N,(x)<1 forall x V.

i) The functions M: EJ VXV — DJ[0,1] and N: E OO VxV — DI[0,1] are
defined by

Mg (X, ¥))smin{M o (X),M 4 ()} and

N (X, ¥))Z max{N, (x), N, ()}

Mgy (X, ))<= min{M ., (x), M, (¥)} and

Ny (X, ¥))Zmax{N , (X), N o, (V)}

such that0< Mg, (X, y) + Ng, (X, y) < Ifor all (x,y)0 E.
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Ez<ample 2.3 Figure 2.1 is example for IVIFG, G = (A,B) defined a graph
G =(V,E) such thatV ={a, b, c, d}, E = {ab, bal,ada}, A is an interval valued
intuitionistic fuzzy set of V and let B is an im@rvalued intuitionistic fuzzy set of
E < VxV. Here

A = {< a[0.5,0.7],[0.1,0.2] >, < b,[0.3,0.5],[024] >, < c,[0.4,0.6],[0.2,0.4]>,
<d,[0.2,0.5],[0.2,0.5]> },

B = {<ab,[0.3,0.5],[0.2,0.4]>,<bc,[0.3,0.4],[0.240>, <cd,[0.2,0.4],[0.3,0.5]>, <
da,[0.2,0.5],[0.2,0.5] > }

<ab,[0.3,0.5],[0.2,0.4]>

a, [0.5,0.7],[0.1,0.2]> < b[0.3,0.5],[0.2,0.4] =
<da,[0.2,0.5],[0.2,0.5]> <bc,[0.3,0.4],[0.2,0.4]>
<d,[0.2,0.5],[0.2,0.5]> < ¢,[0.4,0.6],[0.2,0.4]>

<cd,[0.2,0.4],[0.3,0.5]>
Fig. 2.1

Definition 2.4 The vertex cardinality of interval valued intuitistic fuzzy graph
G = (A, B) of the graph G= (V, E) is defined

|V| - Z(l"' May (X) =M, (X) +1+ Nau (X) =Ny (X)

2 2 )=

And Edge cardinality of interval valued intuitioticsfuzzy graph is defined

|E| Z (1+MBU(X) Mg (X) 1+NBU(X) Ng, (X)

()M 2

)=

The vertex cardinality of interval valued intuitistic fuzzy graph (IVIFG) is
called the order of G and denoted by O(G). The exigdinality of IVIFG is
called the size of G and denoted by S(G).

Definition 2.5 An edge e =(X, y) of an interval valued intuitidiiguzzy graph is
called an effective edge if

Mg ((X,y))=min{M , (x),M, ()} and Ng ((x,y))=max{N,_(x), N, (¥)}
Mgy (%, ¥))=min{M ,, (X),M 5, ()} and  Ng, ((X,y)) =max{N,, (xX), N, ()}

In this case, the vertex x is called a neighboy. of
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N(x) = {ydV: y is a neighbor of x}.N[x] =N(x) 0 N(y) is called the closed
neighbourhood of x.

Definition 2.6 The complement of an IVIFG G = (A,B) of the grapk G/,E) is
the IVIFG G = (A, B) where

) M a(x) =M ,(x) andNa(x) = N,(x)

i) Mec (X, y)=min{M , (X), M , (1)} - Mg, (x,¥)} and

New (%, y) =max{N, (x), N ()} - Noy (x,Y)}

Meu (X, Y) =min{M , (x), M, ()} - Mgy (x,¥) and

Nau (X, ¥) =max{N, (x), N, (%)} - Ng, (x,y)} forx, yin V.

Definitign 2.7 An interval valued intuitionistic fuzzy graph G A,(B) of the
graph G = (V, E) is said to be complete if

Mg ((X,y))=min{M , (x),M, (V)} and Ng ((x,y))=max{N,_(x), N, (¥)}

Mgy (X, ¥))=min{M ,, (X),M o, ()} and Ny, ((X,y)) =max{N,, (), N, ()}
for all (x,y) LIE.

Example 2.8 Figure 2.2 is a complete IVIFG G = (A, B), where
A ={<a,[0.3,0.5],[0.2,0.4]>, < b,[0.4,0.6],[0.1,03]>, < c,[0.2,0.4],[0.3,0.5]> }

B = {<ab,[0.3,0.5],[0.2,0.4]>,<bc,[0.2,0.4],[0.3,06]>,< ac,[0.2,0.4],[0.3,0.5]>}

<3 [0.3,0.5][0.2,04]

<b[03.05][02,04> <x[02041003,0.9]>

<0,[04.0600.1,03]> <¢[02,04],03.03]~

<be,[02,04][03,05]>

Fig. 2.2

Definition 2.9 An interval valued intuitionistic fuzzy graph G A,(B) is said to
be strong interval valued intuitionistic fuzzy ghaip
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Mg ((x,y))=min{M , (x),M, ()} and Ng ((x,y))=max{N,_(x), N, (¥)}

Mgy (X, ¥))=min{M ,, (X),M ,, ()} and  Ng, ((X,y))=max{N,, (xX), N, ()}
for all (x,y) LIE. i.e Every edge is effective edge.

Example 2.10 Figure 2.3 is an SIVIFG G = (A,B), where

A = {< &,[0.4,0.7],[0.1,0.2]>, < b,[0.3,0.6],[0.1,04] >, < ¢,[0.1,0.3],[0.4,0.6] >,
<d,[0.2,0.5],[0.3,0.4] >}

B = {<ab,[0.3,0.6],[0.1,0.4]> <bc,[0.1,0.3],[0.4,06]>, < ¢d,[0.1,0.3],[0.4,0.6]>,
< da,[0.2,0.5],[0.3,0.4] > }

<3,[0.4,0.7],[0.1,0.2] >

< da,[0.2,0.5],(0.3,0.4] > < ab,[0.3,0.6],(0.1,0.4] >

<d,[0.2,0.5],[0.3,0.4] > < b,[0.3,0.6],[0.1,0.4] >

<¢d,[0.1,0.3],(0.4,0.6] > < be,[0.1,0.3],[0.4,0.6] >

<¢,[0.1,0.3],(0.4,0.6] >

Fig. 2.3

Definition 2.11 Let G = (A,B) be an IVIFG on V and let u,vV, we say that v in
G if there exist a strong arc between them. A dubsél V is said to be

dominating set in G if for everyl¥ D there exist U D such that u dominates v.
The minimum cardinality of a dominating set in Gafled domination number of
G and denoted by (G). The maximum cardinality of a minimal dominataet is

called upper domination number and is denoted l§¢3).

3  Complementary Nil Domination Set in IVIFG

Definition 3.1 Let G = (A,B) be an IVIFG of graph G = (V,E). A s¢t] V is
said to be a complementary nil domination set (ompdy cnd-set) of an IVIFG G,
if X is a dominating set and its complement V-Xa$ a dominating set. The
minimum scalar cardinality over all cnd-set is eall a complementary nil
domination number and is denoted)hy,, the corresponding minimum cnd-set is

denote byy., ,-set.

Example 3.2 Let G = (A,B) be an IVIFG of graph 'G= (V,E) be defined as
follows:
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<3,[0.2,0.4],[0.3,0.5]> <ab,[0.2,04],[0.3,0.5]> <h,[0.3,0.4],[0.1,0.3]>

<ac,[0.1,0.4],(0.3,0.5]>

<ad,[0.2,0.4],[0.3,0.3] <bc[0.0,0.41,[0.3,0.5]>

<¢d,[0.1,0.5],[0.3,0.5]>
<d,[0.4,0.6],[0.1,03]) <¢,[0.1,0.5],[0.3,0.5]>

Fig. 3.1
Here X ={a, b, c} and % = {a, c, d} are minimal cnd-sets

Definition 3.3 Let X[ V in connected IVIFG G = (A,B) be an IVIFG of ghap
G =(V,E) . AvertexixXX is said to be an enclave of X if

Mg ((x,¥)) <min{M , (X),M ,_ (¥)} andNyg_ ((X, y)) <max{N,_ (X), N, (¥)}
Mgy (X, ¥)) <min{M ,;, (X), M, (V)}and Ng;, ((X, ¥)) <max{N , (x), N o, (¥)}

forall y Ll V-X. That is N[x]OO X
In above figureb is enclave of the sé&; and d is enclave of the ¢t

Theorem 3.4 A dominating set X of interval-valued IFG is a g®t-if and only if
it contains at least one enclave

Proof: Let X b*e a cnd-set of interval valued intuitionistic Zyzmgraph G= (A, B)
of the grapiG = (V, E). TheV-Xis not a dominating set which implies that there
exist a vertex [l X such that

Mg ((x,¥)) <min{M , (X),M ,_ (¥)} andNyg_ ((X, y)) <max{N,_ (X), N, (¥)}

Mgy (X, ¥)) <min{M ,, (x), M 5, (¥)}and N g ((x, y)) <max{N ., (x), N, (¥)}
for ally L V-X Therefore x is enclave ot

HenceX contains at least one enclave.

Conversely: Suppose the dominating sEtcontains enclaves. Without loss of
generality let us take x be the enclaveXof

Mg (X, y)) <min{M ,  (X), M (¥)} andNyg, ((x, y)) <max{N,_ (x), N, (¥)}
Mgy (%, Y)) <min{M 4, (), M 5, (V)}and N, ((X, ¥)) <max{N ,;, (x), N, ()}
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forally LJ V-X.

HenceV- Xis not a dominating set.

Hence dominating s&tis cnd-set.

Remark 3.5 For any IVIFG G = (A,B) of graph G = (V,E).

1 Every super set of a cnd-set is also a cnd-set.

2 Complement of a cnd-set is not a cnd-set.

3. Complement of a domination set is not a cnd-set
4 A cnd-set need not be unique.

Theorerg 3.6 In any interval valued intuitionistic fuzzy graph=(A, B) of the
graph G = (V, E), every complementary nil dominating setointersects with
every dominating set of G.

Proof: Let X be complementary nil dominating set abdoe a dominate set of
interval valued intuitionistic fuzzy graph = (A, B)of the graph G= (V, E).
SupposeD n X = ¢, thenD 0O V-X and V-X contains a dominating sé.
ThereforeV-X, a super oD, is dominating set.

Which is contradiction.
HenceX n D # ¢.

Theorem 3.7 If X is a complementary nil domina*ting set of ateimal valued
intuitionistic fuzzy graph G = (A, B) of the gragh = (V, E), then there is a
vertex x1 X such that X — {x} is dominating set.

Proof: Let X be a cnd-set. By theorem 3.4, every cnd-set cantairieast one
enclave ofX. Then

Mg ((x,¥)) <min{M , (X),M 5 (¥)} andNyg_ ((x, y)) <max{N,_ (X), N, (¥)}

Mgy (%, y)) <min{M ,, (x), M, (V)}and Ng;, (%, ¥)) <max{N ,, (x), N o, ()}
forally L V-X

SinceG is connected interval valued intuitionistic fuzgnaph, there exist at least
a vertexz [1 X such that

Mg ((X,2))=min{M , (x),M, (2)} and Ng ((X,2))=max{N,_ (x), N, (2)}
Mgy (X, 2))=min{M ,, (X), M, (2)} and N, ((x, z))=max{N,, (x), N, (2)} .
HenceX-{x} is a dominating set.
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Theorem 3.8 A complementary nil dominat*ing set of an intervalued
intuitionistic fuzzy graph G = (A, B) of the gragh = (V, E)is not singleton.

Proof: If X is a complementary nil dominating set. By theofr every cnd-set
contains at least one enclavexof

Letx O X be an enclave of. Then

Mg ((x,¥)) <min{M , (X),M ,_ (¥)} andNg,_ ((X, y)) <max{N,_ (X), N, (¥)}

Mgy (%, ) <min{M ,, (x), M, (V)}and Ng;, (%, ¥)) <max{N ,, (x), N o, ()}
forally LJ V-X.

Suppose X contains only one vertex X, then it roessolated in G.
This is contradiction to connectedness.
Hence complementary nil dominating set containsentioan one vertex

Tbeorem 3.9 An interval valued intuitionistic fuzzy graph G A,(B) of the graph
G =(V, E)and X be a cnd-set of G. If x and y ave £nclaves in X then

(i) N[X]n N[y]# ¢ and
(i) x and y are adjacent.

Mg ((x,y))=min{M , (x),M, (¥)} and Ng_((x,y))=max{N,_(x), N, (¥)}

Mgy (X, ¥))=min{M ,, (X),M ., ")} and  Ng, ((X, ¥)) =max{N,, (x), N,, ()} .

Proof: Let X be a minimum cnd-set of IVIF& = (A,B) of graphG = (V,E).
Let x and y are two enclaves Xf

SupposeN[X] n N[y] =¢, then x is an enclave of-N[y] which implies that
V-(X-N[y]) is not a dominating set.

Therefore X-N[y] is not a cnd-set o6 and |X - N[y]| <|{ = y,,4(G) which is
contradiction to the minimality of.

Then N[X] n N[y] # ¢
Suppose

Mg ((x,¥)) <min{M , (X),M , (¥)} andNyg_((X,y)) <max{N,_ (X), N, (¥)}

Mgy (%, ) <min{M ,, (x), M », (V)}and Ng;, (%, ¥)) <max{N ,, (x), N o, ()}
forally Ll V-X
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that is x and y are non-adjacent. Thed N[y] and x is an enclave o#{y}.
V-(X-{y}) is not a dominating set.

HenceX-{y} is a cnd-set, which is contradiction to minimabtyX.

Hence x and y are adjacent.

Theorem 3.10 For any Interval-valued fuzzy graph G = (A, B) ofagh
G = (V.E), [(G) + V;a(G) < O(G) + Max|v, |} for every vl V.

Proof: If Gis a IVIFG then cnd-sefl V and super set of - set
i.e. ¥.na(G) < O(G)
and/(G) = Max {minimal dominating set}

i.e. I'(G) < MaxX)v, }
Therefore, we have
[(G) + V4 (G) < O(G) + Max{|v,} .

Example 3.11 Let G = (A, B) of graph &= (V, E), where V = {a, b, c, d, e, f} and
E ={ab, ad, af, be, cd, cf, ef }. Let A is an @ valued intuitionistic fuzzy set of
V and let B is an interval-valued intuitionisticzizy set of E1 VxV defined by

A ={ < a,[0.2,0.4],[0.1,0.5]>, < b,[0.1,0.5],[0.20.3]>, < c,[0.4,0.5],[0.1,0.3]>,
< d,[0.3,0.6],[0.2,0.4]>, < e,[0.4,0.6],[0.2,0.4]>< ,[0.3,0.5],[0.1,0.4]> } and
B = {<ab,[0.1,0.4],[0.2,0.5]>,<ad,[0.2,0.4],[0.2,06]>, < af,[0.2,0.4],[0.1,0.5]>,
< be,[0.1,0.5],[0.2,0.4]>, < cd,[0.3,0.4],[0.2,0.5}, < cf,[0.3,0.5],[0.1,0.4]>,
< ef,[0.3,0.5],[0.2,0.4]> }.

<d,[0.3,0.6],[0.2,0.4]=
<cd,[0.3,0.5],[0.2,0.4]=
<c,[0.4,0.5],[0.1,0.3]=

<ad,[0.2,0.4],[0.2,0.5]=

¢ [0.3,0.5],[0.1,0.4]>
<ab,[0.1,0.4],[0.2,0.5]» <cfl[0.3,0.51[0.1,04]

_ _ <£,10.3,0.5,[0.1,04]>
<b,[0.1,0.5],10.2,0.3]>

<ef,[0.3,0.5],00.2,0.4]>
<be,[0.1,0.5],[0.2,0.4]3

<e,[0.4,0.6],[0.2,0.4]=

Fig. 3.2
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Here X; = {a, b, ¢, d}and X; = {b, c, e, f} are minimal complementary nil
dominating set. Also minimal dominating g¢t-set) = {b, c}.

(i) [al =1.3, |o| =1.25, |d =1.15,|d|=1.25,|d = 1.2,|f| = 1.25,
OG)=p=74

(i) y..4(G)=4.85andr,,(G)) = 4.95

(i) ¥(G)=I(G)=2.4

(iv) The vertices a and d are two enclaves witlpeestoX;. The vertices e and f
are two enclaves with respectXa

(vV)N[a] ={a, b,d }, N[d] ={a, c,d }
i.e. N[a] n N[d] # ¢
Also a and d are adjacent.

(vi) The vertexd I X; andX;-{d} is a dominating set.
(vii)y Min{}v, } = 1.15, MaxX|v[} = 1.3 for every; U V
Also M(G)+y,,(G ¥ 4.85+2.4=7.25
O(G) +Maxv,} = 7.4+1.3 = 8.7
i.e [(G) + V,q(G) < O(G) + Maxv,
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