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Abstract

In this paper, we investigate the existence, umges and stability of a
periodic solution of integro-differential equatioresf second order with the
operators by using the method of Samoilenko [7EsEhinvestigations lead us to
improving and extending the above method. Thus itttegro-differential
eguations with the operators are more general aeiited than those introduced
by Butris [2].
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I I ntroduction

The integro-differential equations has been arisermany mathematical and
engineering field, so that solving this kind of piems are more efficient and
useful in many research branches. Analytical sotutf this kind of equation is
not accessible in general form of equation and areanly get an exact solution
only in special cases. But in industrial problenesivave not spatial cases so that
we try to solve this kind of equations numericaity general format. Many
numerical schemes are employed to give an appra&is@ution with sufficient
accuracy [1, 3, 4, 5, 6, 8, 10].

Butris [2] used numerical-analytic method for stadythe periodic solution of
integro-differential equationshich has the form:

dx

h(t)
- <t, x,Ax,jO g(s,x(s),Bx(s)) ds>

wherex € D € R™, D is a closed and bounded domain.
In this paper, we investigate the existence, umgas and stability of periodic
solution of integro-differential equations of sedoorder with the operators by

using the method of Samoilenko [7].

Consider the following problem:

dzx h(t)

—=f <t,x,x,Ax,A5c,f
dt? 0

which are defined on the domain

g(s,x,x,Bx,Bx) ds> (1)

(t,x,%,9,9,2) ER' XD X D; X Dy X D3 XD, = (—0,00) X D X D; X D, X D3 X D,
(t,x,%,w,w) € RY X D x D* X D** = (—o0,0) X D X D* x D**

. (2)
and continuousn t,x,x,y,y,z,w,w andperiodic int of a periodT.

wherex € D c R™, D is closed and bounded domain subset of Euclideanesp
R"and D,,D,,D5;,D,D*,D* are bounded domains subset of Euclidean space
R™ .

Suppose that the vector functions(t,x,x,y,y,2),g(t x,x,w,w)and the
operators A and B satisfy the following inequatie

”f (t'x'ny'yJZ)” <M ) ||g(t,x,x,w,w)|| <N (3)
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”f(t’ X1, %1, Y1, Y1 ,Z1) — f(t, x2, %2,y ’Yzlzz)ll < K[ llxq — x|l + %, — %20l +
ly: — vl + ”)"1,‘3"2” + 2y — ;|| ] -+ (4)

”g(t, xl,icl,wl,v'vl) - g(t' xZJXZJWZ:WZ)”
< P[llxy —x2ll + [1%; — %[ + [[wy — wal|

+ [y =i ] =+ (5)
lh(®) [ <h<w .. (6)
|Ax; — Ax, |l < Qqllxy — x|l -« (7)
|A%; — A%zl < Q2|1 — %5 ... (8)
[IBxy — Bx,|| < Qzllx; — x| . (9)
IBxy — B, |l < Qqll%; — || ..(10)

forallt € RY, x,x;,x, €D, %,%,% €Dy, V,v1,¥2D2 , ¥,V1,V2 € Ds
Z,21,Zp €Dy, w,w;,w, €D, Ww,w;,Ww, €D .

whereM, N, h,K, P, Q4, Q,, Q5,Q, are a positive constantdut A, B are operators
whereA : R — R! andB:R! — R!.

Moreover we define the non-empty sets as follows:

D =D MT2 )
r- 4
Dyr =D MT
1f — Y1 2
T2
sz:Dz_ QlMT ' ...(11)

T
D3f =D3—Q2M§

hPMT T+TQ;
D4f:D4_T [(1+Q4) + (T)])

Hy T? H, T?

. o ’ 2
We consider the matrixt = HyT HT
2 2

where H; =K(1++Ph+ QsPh),
H, K(1+Q,+Ph+ Q,Ph)
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Furthermore, we assume that the largest Eigen valyef the matrixA does not
exceed unity. That is

Hy T?>+2H,T

; < 1. ..(12)

Amax (1) =

Lemma 1: Let f(t) be a continuous vector function in the inter@ak t < T.
then

t T
1
[ -5 [ F&ads|| < ato) maxlir@l,

wherea(t) = 2t(1 — %) . (For the proof see [7])

Il Approximate of Periodic Solution

The study of the approximate periodic solutionrtégro-differential equation (1)
be introduced by the following theorem.

Theorem 1. Let t vector functiony (t,x,x,y,y,z) andg(t, x, x,w,w) defined
and continuous on the domain (2), satisfy the iaétyu(3) to (10) and the
condition (12), then there exist a sequence oftions;

xm+1(t' xO) = Xo + sz (t' xm(t' xO)'sz(t' xO)' ym(t' xO)' ym(t' xO) er(t' xO)) (13)
with x,(t, xy) = x, , m=0,1,2,...

and

xm+1(tl xO) = J.CO + Lf (t, xm(tl XO),J.Cm(t, xO): ym(tJ xo), ym(tJ xO) ,Zm(t, xO)) (14)

Wlth xO(O, xo) = .X.'O , m= 0,1,2, e ,Where

sz (t'xm(t'xo):xm(t'xO)'ym(ter)'ym(t'xO)'Zm(t'xo)) = ft[ Lf(s'xm(srxo)'Axm(sle)r
A(s) 1 T
,f 9T, X (T, X0), Bxpn (T, x0))d7]ds — Tf [ Lf(s,x(s,x0),Ax(s, xg),
0 0

h(s)
f 9(z,x(z,x0), Bx(t, %) )dt] ds
0

and

L f (t' xm(tl xo)' JZ.m(t: xO): ym(t' xO)' ym(tl xO) 'Zm(tl xO)) = ftf(sl Xm(S, xO)'Axm(s' xO)'
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h(s) 1 T
f 905 (5, %), Bin (5, %0))d0)ds — = f £ (5, %(5, %), Ax (5, %0),
0 0

h(s)
f g(r,x(r, Xo), Bx(t, xo))dr) ds
0
periodic in t of period” ,convergent uniformly agt — o in the domain
(t, xo,)'CO)ERl XDf X le (15)

to the limit functionx®(t, x,) which is defined on the domain (15) and satisfy the
following integral equation

X(t, xO) =Xo + LZ f (t, xm(t' xO)'xm(t' xO); ym(t' xO)' ym(t; xO) ,Zm(t, xO))

.. 18)
which is a periodic solution of the problem (1)pyded that
T2
Ix°(t, x0) — x0ll < M T - (17)
and
lx°(t, x0) — 2 (&, x) | < A™(E — A)7'Vy ... (18)

forallm>1and t € R?

Proof: By the lemmal and using the sequence of functib®g (whenm = 0, we
get

h(s)

t
t
1y (€, x0) — x0 Il < (11— ?)f || Lf (s, %9, %0, Axg, A%y, 9(t,%q,, %9, Bxy, BXo)dr|| ds
0

0

T . . h(s) . . T2
+ % ft ||Lf(5’x0’x01Ax0’Ax0’ fo ’ g(TerHxOerOJ on)dT || ds < M T

Thereforex, (t, x,) € D , for all te [0,T]

Then, by mathematical induction we can prove that
TZ
loxm (£, x0) = %o [ = M 7 ... (19)

From (19) we obtain the estimate
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T2
| Axy, (t,x0) — Axo || < Q1M o

which givenx,,(t, xo) € D , Axpy(t, xo) € D, for all te [0,T] andx, € Dy
Axo(t, xo) € Dy

And by the lemma 1 and using (14), when= 0, wehave

ds

t
. . t . . (M@ . .
1, (E, x0) — %o Il < (21— ?)f || (s, xo, xo;Axo;Axo,f g(t, xq,, %9, Bxy, BXy)dt
0
0

+ 2 [T || £ (5.2, %0, Axo, Ao, [} g(x, %0, %0, B, Bio)dr ||ds < M

T
T 2'

Therefore x,(t, x,) € D, , for all te [0, T]

Then also by mathematical induction we can proag th

m(tx0) = %o [l < M 5 .. (20)
From (20) we obtain that

14 3t (£, x0) = Ao | < QoM .

That is xp(t, xo) € D; ,Axp(t,xo) € D3  for all te [0,T] and x, € Dyf
Axo(t, xo) € D3y .

Also

lz1 (£, x0) — 2o(t, x0) |l
h(t)

< f ”P [ 21 (s, x0) — xoll + 11%1(s, x9) — Kol + [|Bx1 (s, x9) — Bxol|
0

+ ||B x4 (s, x0) — B || ||| ds

hPMT
2

[(1+Q4) + (53]

<
2
That is z;(t, xo) € D, forallte [0,T]andz, € Dyf .

Then also by mathematical induction we can proedgdhowing

1zt x0) = Zo(t,%0) I| < “5 [ (1+Q4) + ((52)]
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which given z,(t, xo) € D, forallte [0,T] andz, € D,y .

Next, we shall to prove that the sequence of fonsti(13) converges uniformly
on the domain (2).

By the lemma 1 and using the sequence of func{ibhs whenm = 1, we get

lI2¢2 (¢, x%0) — %1.(¢, x0)l ,
t . .
< (=) [ KL = xoll + 146, 70) = ol
0

+ Q1llx1 (s, x0) — xoll + Q2 [%1(s, x0) — Kol

+ Ph (||x1(s, x0) — xoll + %1 (s, x0) — %ol ] + Q3llx1(s, x0) — X0l
+ Q4ll%1 (s, x0) — %ol ] ds

t (T . .
+ ] K111 G5, o) — %oll + [1%1(5, %0) — %ol + Qullx1 (5, %0) — %ol
t

T
+ Q2||5C1(5; xo) - 550”

+Ph(|lx1 (s, x9) — xoll + I[%1(s, x0) — Xoll + Q3l[x1(s, x0) — x|
+ Qullx1(s,x0) — Xoll ] ds

Hp T
2

Hy T . .
< — IIxa(6x0) — X | + == II%1(t,x0) — %o Il - - (21)

And by using the same method above, the follownagjuality holds

. . ‘H4T
IXm+1(tX0) — Xm(tx)Il < Tl
'H,T . .
”Xm(thO) - Xm—l(trXO)” + TZ ”Xm(thO) - Xm—l(trXO)” (22)

By using the sequence of functions (13) ,when= 1, we get

llx2(t, x0) — %1 (8, %0) | < @?(t) [H, Iy (8, x0) = Xo || + Ha 1%1(¢,%0) — %o |I]

"H, T? ‘H,T? . .
< —— IIxa(6x0) — %o Il +=— lI%1(tx0) — %o |l . (23)
And also
. . "H, T?
IXm+1(tX0) — Xm (6 x)Il < 1
"H, T?

”Xm(tl XO) - Xm—l(tf XO)” + ”Xm(tl XO) - Xm—l(tf XO)” (24)
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forallte [0,T] and allm > 1.
Rewrite, the inequalities (22) and (24) in a vedtom

Hy T? H, T?

<”xm+1(trx0)_ xm(t;xo)”)< 4 4
IXm1(t,x%0) — Xm(Ex)Il/ =\ T HaT
2 2

(IIxm(t, X0) = Xm-1(t, X0l )

|5 (£, X0) — X1 (E, X0
That is
Vins1(t, x9) < A (t) Vi (£, x0)

||xm+1(tl xO) - xm(tl xO)” )

where Viny (£ %0) = (||xm+1(t, %0) — m(t,%0)

Hy t? H, t?

— 4 4
AO={ me e
2 2
and

_ ”xm(t,x ) - Xm- (trx )”
bnexo) = (1 (o o )

If we assuming4 = tzg’;] A (1))

We have the estimate

m m
Z Vv, < ZAi_l v ..(25)
i=1 i=1

M T2
where V; = (,V;*T>

2

Since the matrixt has maximum eigen-values

Hy T?+2'H,T
4

Then the series (25) is uniformly convergent, i. e.
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m 00

Lim > ATV = Y AT = (B - )7 - (26)
i=1 i=1

The limiting relation (26) signifies a uniform coengence of
Xm (t, x) andx,, (t, x,) in the domair(3 ) asm — .

Putting

lim x,, (t,xy) = x(t, xp)
m—ao ] - (27)

lim %, (t,xy) = x(t, xg)

m-—oo
Next, we need to prove(t, xy) € D and x.(t, x,) € D,,forallt € [0, T]
Taking

t h(s)
f [Lf(S, xm(s, xO)l .')'Cm(S, xO)lem(Sl XO),AQ'Cm(S, xO)JJ- g(T, xm(T: XO), J'C‘m("--; XO),
0 0

1 T
me(T'xO):me(T: xO)) dT]dS - ?f Lf(s,xm(s,xo),fcm(s, xO)'Axm(S' xO)'Axm(S' xO)
t

h(s)
, f 90T %m (T, %0) , % (T, %0, Bx1 (2, %), Bt (7, Xo)) d ds —
0

t h(s)
f (L (5, x(s, x0), % (s, %), Ax (5, %0), A% (5, %o), f 900 % (1 %0), (1, %),
0 0

T
Bx(t, x), Bx(t, x¢))dt]ds — %J‘ [Lf (s, x(s,x0), x(s, x0), Ax (s, x0), A% (S, x¢)

t

h(s)
,f g(t,x(t,x4), x(1,x0) , Bx(1, x9), BX(7, x0))d7]ds
0

h(s)

< a(®) f LG5S, %), o (5,00, At (5, o), Ao 5, %0), f 9T % (T, %0),
0 0

1 T
x‘m(T' xO)lem(Tl XO),me(T, xO)) dT]dS - Tf f(S, xm(sf xO)Jxm(SJ xO)'
t

h(s)
s Axom (5, X0), A (S, Xo), f 9 (@ % (T, %0) , X3 (T, X0), BX1 (T, X0), B (T, X0)) d7 ]ds
0
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t h(s)
- f [F (5, x(s, %o, £(5, o), Ax (s, xo), A% (5, %), f 900 % (1 %0), (1, %),
0 0

T
Bx(t,x,), Bx(t,xy))dt]ds — %f [f(s,x(s,x0), x(s,x0), Ax(s, x), A% (S, x)

t

: foh(S) 9T, x(t,%0), X(7, %0) , Bx (7, X0), BX(T, x¢))d7]ds ”

< a?(t) [ H, xm(t, x0) — x(t, x0) Il + Hy [1%m (¢, x0) — %(t, x0) I ]

H,T?
4

‘H,T?
< 1 2 (t, x0) — x(t, x0) || +

|| (£, x0) — X(E, x0)|
From (27), we find that
I (%) = x(t,x) | <€ and [I%,,((t,x) = %(t,x) || < &

Therefore

t h(s)
f [Lf(S, Xm(S, xO)' Xm(s, xO)rAxm(s' xO):AJZm(S' xO):J g(T' xm(Tr xO)' Xm(‘[, xO):
0 0

1 T
Bx, (T, x0), BXy (T, %0)) dt |ds — ?J- Lf (s, %y (s, x0), X (S, X0), AX (S, X0),

t
h(s)
Axm(sf xO) ) f g(T' xm(T' xO) ) xm(Tr xO); Bxl (T' xO); me(T' xO)) dT ]dS -
0

t h(s)
f (L (5, x(s, x0), % (s, %), Ax (5, %0), A (5, %o), f 900 x (T %0), £(1, %),
0 0

T
Bx(t,x,), Bx(t,xp))dt]ds — %f [Lf (s, x(s,x0), %(s, x0), Ax (S, x),

t
h(s)

Ax(s,xg), j 9(t,x(t,x0), x(t,x0) , Bx (1, x0), Bx (T, x0))d7]ds

‘H{T? ‘H,T?
<S—— &t =&
‘Hi+Hy) T?
S El ( ( 1+4 2) )
<€ ,forall m>0 ,where €, = -
= : =7 17 (Hy+Hy) T?

So that
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t h(s)
lim [Lf(.S', xm(S' xO),fcm(s, xO)fom(S' XO)AJ'Cm(S, xO)IJ- g(T, xm(Tl xO)r
0

m-o Jq
T

1
D.Cm('l', xO)lem(Tl XO),me(T, xO) dT] ds — Tf Lf(S, xm(sf xO)lxm(Si xO)J
t

h(s)
Axm (S, xO)Axm (S: xO) ) J- g(‘[, Xm (T, xO) ) xm (T, xO): Bxl (T: XO), me (T, xO)) dT ]dS
0

t h(s)
= j [Lf(S,X(S, xo),J'C(S, XO),AX(S, xo),A.X'(S, xO)lj g(T,.X'(T, XO),J'C(S, xO)r

T
Bx(t, x), Bx(t, x¢))dt]ds — %J‘ [Lf (s, x(s,x0), x(s, %), Ax (s, xg),

t

h(s)
AX'(S, xO) ) j g(T, x(Tr xO)r J'C'(T, xO) ) BX(T, xO)l BX'(T, xO))dT] dS
0

Thus x(t, xo) € D, x,(t, xy) € D; andx(t, x,) is a periodic solutions of (1).

11 Uniqueness of Periodic Solution

The study of the uniqueness periodic solution obfem (1) is introduced by:
Theorem 2: If the right side of the problem (1) satisfying athndition and
inequalities of theorem 1, then there exist a uaigontinuous periodic solution of
the problem ().

Proof: Suppose that(t, x,) is another periodic solution of the problem (1grth
r(t,x0) = %0 + L* f (&, %m (€, %0), X (€, %0), Y (£, X0), Y (¢, %0) , Zm (£, %))

and

7(t,xg) =x9+Lf (t, Xm (t, %0), X (t, %0), Y (t, X0), Vi (t, X0) , Zi (8, xo))

where

LZ f (t' xm(tf xO)l xm(tf xO)l ym(t, XO), Ym(tl xO) i Zm(tl xO))

= ft[ Lf(s,7(s,x0),7(s, x0), Ar (s, x0), A7 (S, x¢),
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h(s)
j g(Tr r(T’ x()), 7;(51 xO)r BT‘(‘L’, xO)! Bf‘(’l—r xO))dT] dS
0

1 T
_Tf [Lf(s,7(s,x0),7(s,x0),Ar(s, xq), AT (s, Xxg),

h(s)
f g(t,r(t,x0),7(t,x0),Br(t,xg), Br (1, x5))dt]ds
0

and

L f (t' Xm (t' xO)J xm (t, xO)J Ym (t' XO), ym(t' xO) ’ Zm(t' xO))

= ftf(s, (s, x0), 7 (s, x0), Ar (s, xp), A7 (s, x0),
h(s)
f g(t,r(t,x0),7(s,x0), Br(t, x4), B7 (1, x0))dt]ds
0

1 T
— 7 | UGG, Ar G, 307 (5, %)

h(s)
f g(t,r(t,x0),7(t,x0),Br(t,xy), Br(t,x5))dt]ds
Taking ’
|l (¢, x0) — 7(%, x0) |l
< a?() [ H, llx(t,x0) — r(t, x|l + Hz [1%(t, x0) — 7(t, %0l ]

"H, T? "H, T?
S 1 ”X(tr XO) - r(tr XO)” + 1

|[%(t, x0) — F(t, x| ... (28)
and

15(t,x0) = 7t %) || + Hy I1%(¢, %) = 7(t, %)l ]

< 72 Ix( %0) — (6 xp) | + 25 [1K(t x0) = F(t %)l . (29)

From (28) and (29) we have

1% (¢, x0) — 7(¢, x0) |l T HT lx(t, x0) = 7(t,x0) |l
2 2

le(txe) = rex) |\ _ [ 5\ Ol xe) — r(6x) |
< )<(de e ) |
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By the conditionA,,,,(4) < 1, then

( llx(t, x0) = (¢, x0) |l ) < (le(t,xo)— r(t, xo) |l )

l1(t, x0) = 7(t, x0) I lIx(t, x0) = 7(&, x0) |l

llx(t, x0) = (¢, x0) l ): ©)

We get contradiction,the(n ) )
g (e, x0) — (£ x0) |

Therefore, x(t,x,) = r(t,xy), x(t,x,) = 1(t,x,) and hencex(t,x,) is a
unique periodic solution of the problem (1).

|V Existence of Periodic Solution

The problem of existence of periodic solution operiod T of (1) is uniquely
connected with the existence of zeros of the fonci(t, x,) which has the form

2 T T
A(0,xy) = ﬁf f [ f(s,x%(s,x0),x°(s, x0), Ax° (s, %), Ax° (s, %)
o Jo

h(s)
f 9(7,x°(7,%0), °(s, x9), Bx° (1, x¢), Bx°(s, x¢) )dt ] ds ds ..(30)
0

where
A:D; — R?

and x°(t,x,) is the limiting function of (13). Then the equation (30) is
approximation determined by the sequence of funstio

2 T T . .
Dn(@30) = 77 [ [ 17 Gm 5200 5200, A 5,300, A 5. 30),
0 Jo

h(s)
f 9T, xm (1, x0), X (S, X0), Bxyn (T, X0), BXin (S, X0))d7] ds ds ..(3D)
0

where
Ame — Rl , m:O,l,Z,...
Theorem 3: Under the hypothesis of theorems 1 and 2, theviitlg inequality

1A(0, x0) — A1(0, x0) | < 71y -+ (32)
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is hold, where 7, = ((,gl),Am(E — )17, |, forallm = 0.
2

Proof: Assume that

lACO, xo) — A, (0, xo)”
T

T

< f f K [ 11505, %0) — (5, 20| + [120C5, %0) — (5, %) + Qa5 %) — 2 (5 o)1l
0

0

+Q211%°(s, x0) — Etm (s, x0) Il + PR(IIx° (s, %0) = xim (s, x0) || + 1% (s, %0) — Hm (5, x0) |

+Q3”x0(5; Xo) — Xm (S, x0) |l + Q4||5CO(5' Xo) — Xm(s, x0)l| ] ds
< () AmE =07 =y

2
where(. ) denotes the ordinary scalar product .

By using the theorem 3, we can state and prodfofl@ving theorem

Theorem 4: Let the functionsf (¢, x,%,y,y,z) andg(t, x, x,w,w) be defined on

the domailG ={0<s<t<T,a<x<b ,e<y,z<f}<R? suppose that

the sequence of functions,,(0,x,)whichis is defined in (31) satisfy the
inequalities:

min Apn(0,x9) < —
a+P1Sx0Sb—P1 m( ’ 0) nm ’

max A (0,x) <
a+P1$x05b—P1 m( ’ 0) T’m

- (33)

for allm > 0, whereP, = M(h, — h;) and n,,, = ||2™1(1 — 2)"IM]||.
Then the problem(1) has periodic solutiorn = x(t, x,) for which
Xy € [a+ P,b — Py].

Proof: Let x,,x, be any points in the intervg} € [a + P;, b — P;] such that

An(0x) = - min  An(0,x0) I e
An(0,x2) = max = An(0,x0)
From the inequalitie€32) and (33), we have
A0, x1) = A, (0,x1) + [AC0,x1) — A, (0,x))] <0, } - (35)
A(O, xZ) = Am(o, xZ) + [A(O, xz) - Am(o, xZ)] 2 O .
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It follows from (35) and the continuity of the fuien A(0, x,), that there exists
an isolated singular poinf ,x° € [x;,x,], such thatA(0,x°) = 0. This means
that the system (1) has a periodic solutisn= x(t,x,) for which x, €
[a+ Py, b — P].

V  Stability of Periodic Solution

In this section, we shall prove the theorem of iitglperiodic solution for the
problem (1).

Theorem 5: If the functionA(0,x,) be defined by 20), where x°(t,x,) is a
limit function of{x,,(0,x¢)}m=0, then the following inequalities

1AC0, xp)|| < M ..(36)

and

TZ
1400, x3) — A0, x3)|| < Fy F, <’H1 (1— vl

T r r 1 2
Hy) + 7 H, 'H; ”xo (t) — x5 (t)”
, T2 , T , T3 o . .
+FHy (5 HiFo+ (1—35 Hy) [T+ Fy By Hy Ho) [0 - 53] ... (37)
are holds for alk®, x3, x§ € Dy , %%, %5, %§ € Dyf
2 2 3
where F; = [(1—=— Hy) (1—= Hp) ] and F, = (1 - HyHp F)™?

Proof: From the equation (30), we get

2 T T . .
180N < 7 [ [ 16X 500,300, 30), Ax(5,0), 4205, )
0 0

ds ds

h(s)
) f g(Tl xO(T' xO)) X.O(S, xO)l BXO(T, x()), BX‘O(S) xO))dT
0

2 T T
S—f f(M)dsds
T Jo Jo

<M

And by using (31), we find that
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1A4(0, x5) — A0, x5)|

< Hy llx°(t, xg) — x°(t, x5)l

+Hy [1%°(t, %) — x°(t, x3) . (38)
where x°(t, x3) , x°(t, x2) , x°(s, x8), %°(s, x2) are the periodic solutions of the
following integral equations

t
x(t,x(’f) = xX(t) +f [Lf(s,xo(s,x(',‘),xo(s,x(',‘),AxO(s,x(’)‘),AJ'cO(s,x(',‘)

0

n(s) 1 (T
f g(r x0(t,x¥), x°(s, x¥), Bx(r, x§&), Bx° (s, x¥ ) d‘[——f [Lf(s,x°(s, x&), %°(s, x&
0

h(s)
Ax(s, x§), Ax°(s, x(’,‘),f 9(t,x%(7, x)x°(s,x§), Bx (s, x§), Bx(s,x¥) 1 ds ...(39)
0
And
t

x(t,xk) = 2k (0 +f [ £(s,x°(s, x8), %%(s, x¥), AxO (s, x§), A%° (s, x¥)

0

foh(S)g(T xO(T xo) xO(s x(’)‘) on(r x(’)‘) on(s x(’)‘))

T
—%L [ f(s,x°Cs, x8), 2°(s, x§),

h(s)
AxC(s, x§)Ax° (s, x(’,‘),f 9T, x°(t, x§),x°(s, x¥), Bx°(s,x§), Bx°(s,x§) 1 ds ... (40)
0

wherek = 1, 2.
Now, by using (39), we have

10 (t, x3)—x°(t, x3) |

2 2

H,T
< llxg(®) — x5 @ L llx°(s, %) — x°(s, )l +- 1°Cs, %) — %°(s, )l

TZ
1x°(t, x5) — x°(t, x| < (1 -7 H)” Hlxg(®) = x5 Ol
T? T?
+o Hy(1—— )T, x8) = 2°(s, x| - (4D)

And from (40), we have
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[12°(t, xg) — x° (¢, x3) |

. ) 'H,T
< |lxd (@) — %Ol +—

2

H,T
+—— 1505, x§) = 2°(s, x|l

10 (s, x3) — x°(s, x|l

Therefore
T
[12°(t, x5) — x°(t, x)I < (1 - 5 Hy) "Ml (8) — x5 (Ol
T T
+ 5 H (15 H) 7 I, x) = x°(s, )] - (42)
By substituting inequality (42) in (41), we get

TZ
120 (t, x5) — x°(t, x)I < (1 —— Hy)Hixg (t) — x5 (O]

4
T? T? T? . )
+— Hy [(1 == 'Hy) (1—=— Hy) ] Hx5() — x5Ol
4 4 4
T3 TZ TZ
+§ 'Hy 'Hz[ (1 —T 'Hy) (1-— T 'Hy) ]_1 ||x°(s,x(1,) - xO(S, xé)ll

PuttingFlz[(l—TT2 ’Hl)(l—TT2 H) 17,

(1-% m)

-1

2
thenFl (1 - TT ,Hz)
So that

||x0(t,x(1,) - xo(t,x§)||
TZ
= F(1—-— Hy) llx5(£) — x5 (D)
T2
+7 H Fyll%g () — %5 (@)l

T3
t5 T R 1x°(s, x5) — x°(s, x§)|

2 T3

T
< F(1-— H) (1-— HH F)7 k) - x50l

2 3

T T ) .
+T ‘Hy Fi(1- ) 'Hy Hy Fy) 7t 13 () — %5 (0]
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3
Putting F, = (1—= 'H; H, Fy) ™

This implies that
2

T
lx°(t,x0) —x° @ x)DI < Fy B, (1 - H2) llxg () — x5 (Ol

2

T .
t o W R R 50 - 3O .(43)

Also substituting the inequalities (43) in (42), ge&t

T
[12°(t, x0) — x°(¢, x|l < (1 =5 Hp)7HIHg(0) — %5 (Ol

2

T T _ T- | 1 )
+oH (=5 W)™ [ B (=7 Hy) k() - @l
2

T .
+ H Py B %3 (&) — %5 (O]

And hence

.0 1 .0 2 r, 1
|1x%°(t, xg) — x°(t, x|l < 5 HiFy Fy lxg(8) — x§ (O
T , T3 ,
+ FL(1- 5 Hy) [1+ +§ Fy F, 'Hy Hy] |I%3(8) — %3 (D] . (44)

So, substituting the inequalities (43) and (44(38), we get the inequality (37).

VI Existence and Uniqueness Periodic Solution

In this section, we prove the existence and unigsgtheorem for the problem (1)
by using Banach fixed point theorem [9].

Theorem 6. Let the vector functiong(t, x, x,y,y,z) and g(¢t, x,x,w,w) on the
(1) are defined and continuous on the domain (2) satisfies assumptions and
all conditions of theorem1, then the problem (13 haunique periodic continuous
solution on the domain (2).

Proof: Let (C [0,T] ,]||.|| ) be a Banach space afid be a mapping o [0,T]
as follows:

T x(t Xo) = Xo
h(s)
f [Lf(s,x(s,xq),%(s,x0), Ax(s, xg), Ax (S, xg), f 9(t,x(t,x0),%x(s,x0), Bx(t, x),
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Bx(t,x4))dt]ds
h(s)

T
_%f [Lf(S,X(S, xO)'Jz(si xO)rAx(S: XO)AJ‘C(S, xO)f g(T,X(T, xO)r )‘C(T' xO) ,BX(T, xO)
t 0

,Bx(t,xy))dt]ds
and

T*x(t, xq)
=X
¥ h(s)

t
+f f(s,x(s,xo),a'c(s,xo),Ax(s,xo),AJ'c(s,xo),f g(t, x(t,x0), x(s, xg), Bx(t, xg),
0 0

Bx(t,x4))dt]ds
h(s)

1 T
_Tf [ (s, x(s,x0),,%(s,x0), Ax (S, x0)AX (S, X)) ,J g(t, x(t,x0), x(t,x0) , Bx (7, X0),
t 0
Bx(t,x,))dt]ds

Since
h(s)
j g(t,x(t,x0), x(s, x0), Bx(7, x9), Bx(7, x9))d7]ds
0 LT
_Tf [Lf(S,X(S, xO)ux(S) xO)rAx(Sr XO)AX'(S, xO)
t

h(s)
, f g(t,x(t,x4),%(t,x0) , Bx(1, x09), BX(7, x0))d7]ds
0

is continuous on the same domain (2) and also

ft[ Lf (s, x(s,x0),x(s,x9), Ax(s, x), Ax (S, xq),

0
h(s)

j g(t, x(1,x0), x(s, x0), Bx (7, x0), Bx (7, x9))d7]ds
T

1 T
— 7 [ L7500 2G5, 30), x5, 1) s, o),

h(s)
j g(t, x(t,x0), x(t,x0) , Bx (1, x0), Bx (T, x0))d7]ds
0

is continuous on the same domain

There fore T*: C[0,T] — C[0,T]
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Now, we shall to prove that* is a contraction mapping ¢&h[0,T].
Let x(t, xo) , z(t, xo) be a vector functions o@ [0,T] , then

| 7% x(t,x0) = T* 2(¢, xo) |

< s g j | LLF (5, (5, %0), (5, %0), Ax (5, %0), AL (5, %o),

h(s)
f g(x, x(x, %0), £(5, X0), Bx(x, %0),
0

Bx(t,xy))dt]ds
h(s)

1 T
—?f [Lf(s,x(s,xq),,%x(s,xq), Ax(s, xg), Ax (S, xo) ,f 9(t,x(t,x0), x(T, x0)
t 0

Bx(r Xo), Bx(1,x9))dt]ds

h(s)

f [ Lf (s, 205, xo), 25, %), Az(s, Xo), A (5, %), f 9(t,2(, %),

z(s,x0),,Bz(1,xy), BZ(1, xy))d7]ds

1 T
_Tf [Lf(s,z(s, xg),2(s,x0),Az(s, x0)AZ (S, xo)

h(s)
,f g(t, z(t,x0),2(t,x0) , Bz(1, %), BZ(1, x9))dt]ds | }
0

.. (45)

"H, T?
< = [x(tx0) — 1t %))

and also by the same way

| 7% x(t, x0) = T7 2(¢, o) |

< hax g f |1 £ (5, x(5, %0), % (5, xo)s Ax (5, %), A%(s, o),

h(s)
j g(T,X(T, XO),X'(S, xO)r BX(T, xO):
0

Bx(t,x4))dt]ds
h(s)

1 T
- 7_[ [ f(s,x(s,x0),,%(s,x0), Ax (S, %), AX (S, X¢) ,J g(t,x(t,x0), x(T, x0)
¢ 0
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) BX(T, xO)J BX'(T, xO))dT] ds
h(s)

- ft[f(siz(sl xO)JZ(S; XO),AZ(S,XO),AZ(S, xO)"f g(T'Z(Tr xO);
0 0

T
z(s,xq),,Bz(t,xy), Bz(7, x))dt]ds — %f [ f(s,2(s,x0),2(s,x0),Az(S, x5)AZ(S, x¢),
t

h(s)
,f g(t,z(t,x0),2(t,x0) , Bz(1, %), BZ(1, x9))d7]ds | }
0

‘H{T ‘H1T . .
< 5T 1t x) = 1t xo)ll + 2T 1%t x0) — £t x0)Il .. (46)

Rewrite (45) and (46) in a vector form:

IT* %(t,x0) = T" Z(t, xo) | mLro T 1%t x0) = 2(¢, x0) |l

"H,T? "HyT?
(llT*x(t,xo)— T* z(t, %) || )S< 2 " )(IIx(t,xo)— z(t, xo) |l )

2 2

By the conditionl,,,, A < 1. Then T* is a contraction mapping and hence by
Banach fixed point theorem then there exists afp@int x(t, x,) in C [0,T].

Such that
T x(t, x9) = x(t, xp)
Therefore

t h(s)

x(t, x9) = xg +f [Lf (s, x(s,x0),x(s,xg), Ax (S, x), Ax (s, xo),f g(t,x(t,xq)
0

0

T
,x(s,x0), Bx(t,x0), Bx(t,x0))dt]ds — %f [Lf(s,x(s,x),,%x(s,xq), Ax(s, xq)

h(s)
) AQ.C(S, xO) ) f g(T' x(T' xO)) X(Tr xO) ) BX(T, xO)l BQ.C(T, xO))dT]dS
0

is a unique periodic continuous solution of thegbea (1).
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