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Abstract
The main object of this paper is to evaluate aaiarclass of convolution
integral equation of Fredholm type with n-generatizpolynomial sets. Here, the
integral equation is solved by applying the Metlansform.
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1 I ntroduction

This paper deals with the investigation of the mien of the integral

_ L[ X dy
[ g‘(x)_i:ﬂ.njo hi[yjfi(y)[v} (x> 0), (1)

i=1,...n
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Where gis a prescribed function;, i an unknown function to be determined and
the kernel his given by

(ax® +b ) (cx™ +d )"

IRCEE

i:]-y---n |:1,n e_tix
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R/ '[x,ai,bi,ci,di,ai,Bi,yi,éi,e !
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i=1,..n

(2)

Where the polynomial seRr':’q[x] is introduced by Agrawal and Chaubey [1] by

means of the following formula

RPM[x]=RM[x,ab,c,d;a,B,Y,8;w(x)]

_(ax® +b)P(cxP +d)™

Tol(ax +D)" (X +d)"* w(x),n=0,1,2,...

K, 60
..(3)
Where
d
_0 _
Té‘y(p =X ((p+xDX),DX—&
.(4)

{Kn} °r:’=0 is a sequence of constants, a,b,a,f,y,0,p,q are constants anaXx) is

any general function of x, differentiable an adnyrnumber of times.

The ponnomiaIRE’q[x] is general in nature and yields a number of known

polynomials as its special cases. In particalax 3 =1, K, =n!,¢=0,0 = &1,
the polynomial setRP4[x] reduces toSP"[x,a,b,c,d;y,8;6(x)], given by

Srivastava and Panda [6].
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2 Lemma

We begin with Lemma involving the Mellin transfoimh |_| hi (X) which is as
i=1,...n
follows:

If |_| Hi(s): |_| M{hi(x);s} where |_| hi(x) is defined by (2), then

i=1,...n i=1,...n i=1,...n
NORDENERN (-n),. (=P, —y;n,),
|—| Hi(s): |—| Z Z Z (_1)| i | i : i
i=1,..n i=1,..n ki =0 €i=0 m; =0 ki : fi .

(-q,-3n,)

(@ (B (@) @) (6)™ (8)"

SHO; +o 4 +Bm }

1z s+on; 1 - s+On; +o;f +Bm, (t.)_[ §i
% ) 1§ 3 !

Provided that
0< Re(s+(9ini +a.l +Bimi) < Ei : WhenEi > 0;

...(5)

Ei < Re(s+(9ini +a.l, +[3imi) <0, when Ei <0

Gi #0and ni,(pi +yini),(qi +6ini)D N, wherei =1,...,n

Pr oof:

Using binomial expansions for[xei (p+x DX)]”i,(aiX“i +bi)pl+yi”i and

(CixBi +di)Oli A (2), we get

RGN (‘ni)ki (-p, ‘Yini)(i
Ime=1 12 2 2 D — s ]
i=1,..n i=1,..n ki =0 Ei—O m; =0 i P

(_qi _.6ini)m- n. —k. p +y:n =0 g +3.n. —m: 2 m. 6. (n -k.)
I (@) I(bi)l i /I(di) i "o I(ai)/l(ci) iy i

m. !
|
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E.
(D )R gy ...(6)

Now applying Mellin transform of both sides of thguation (6) and using known
results [9, p.14, eq. (2.2)]; [5, p-307,eq.(7)].

We find that
RSN (—ni)ki (‘pi‘Vini)Ki
TTH@=T1 12 20 2 OO
i=1,...n i=l,...n -—0 é =0 m—O i i
(=q, =on), Nt | G S
— (@) (b)) ()M (@) (e )™ (8,)

s+6n, o £ +B;m; X
- e' ' M xR g ,s+0.n, (7
i ki

Again, using [5, p.307, eq. (7)] and the knowrulefb, p.313, eq. (15)]

—ax — -(s/h)
Mie ™)} = Ih|a r(hj, ©

We arrive at the required result (3).

3  Solution of the Integral Equation (1)

Theorem: Let the Mellin transforms is), G(s) and H(s) # 0 of the functions
fi(x), g(x) and K(x) defined by (2) exist and be analytic in sonfite strip
i < Re(s) <A; of the complex s-plane. Also suppose that foxedio; /7 (7, A),

h (x) is defined by
[1 =[] IMT{H(9)x]

i=1,...n i=1,...n
orom
_!_anm)jo X °*H: (s)s, ...(9)
Where oo=\/—_l,
H' (s)

i=1,..n
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S
rl-=
_ |_| BE [ B AL MUY ki +03+m; (_ni)ki (_pi_yini)fi

i=1,.n ! r[_ ]kizzo g.zz:o m.zz“o i k! fi!

(-, _.6ini)m- ne k. Ve =0 45 —m. . m (6. A
. | '((p)'k'(bi)p' Yin K'(di)q' 5n; I(ai)zl(ci) |( |)
m,! 1€ |

1-1

[ s+6_n.+B_E.+C_J {S+B.E_+C.+6.n_+a.£.+B.m.]
r 1+ 1 1 | | | r | | | [ [ | |
0. &

S+BIE; +C +0;m; +0q £ +Bym;
[s+ 6n +BE +C ] 3
r [ | I | _ k +1 (t) |
| |

0.

...(20)
provided that

O<Re(s+BE +C +6.n +a./ +B.m) <&, wheng >0;
Ei < Re(s+BiEi +C +(9ini +a.l. +Bimi) <0, when Ei <O;Ei,Bi;ei z0
n ,(pi +yini),(qi +6ini)D N, wherei =1,...,n.

Then the integral equation (1) has its solutioregiby

-BE-C ~ _—1,* X), B+ \E, C
[1500= T[] {X o ylhi(—j(y' D)7 {y g, (y)}dy |
i=1,..n i=1,..n 0 y

..(11)
provided that the integral exists.

Proof: By convolution Theorem for Mellin transforms [5.308, eq.(14)],
equation (1) changes into

|'| H.(s)F.(s)= |'| G.(s), ..(12)

i=1,...n i=1,...n
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Where H(s), R(s) and &s) are Mellin transforms of{x), fi(x) and ¢x)
respectively.

Replacing s in (12) by (s+B+Cj), we have
|_| Fi(S+BiEi +Ci)
i=1,...n

s+B. E

= |_| H:(S) BiEi[_[ |3i IJ] G,(s*BE +C)|, -+-(13)
E

i=1,...n i .
|

Where H: (s) is given by (10).

Now by using known results [6, p.14, eq.(2.2)] #ndd.307, eq. (7)], we obtain

[1 F(s+BE +C)= [ H (&IM{ly "D )% yig, (v)}dy;s]
i=1,..n i=1,...n
..(14)

and by using the known results [5, p.307, eq. (d ®, p.308, eq. (14)] in (14),
we have

M Mx75f (x);s]
i=1,...n
= {M {jo y? h?@(yw1 D,)" (yg,(y) dy ;sH,
1=L,..n
...(15)

Inverting both sides of (15) by using the Mellirvémsion Theorem [5, p.307, eq.
(1)], we arrive at the required solution (11).

4  Applications
4.1. By setting i = 1 to 3 in (2), we have the followinorollary
Corollary: The convolution integral equation
_ . [ X
[19.(00=T] [ y'n (—}fi(y)dy, (x > 0) ...(16)
i=1,2,3 i=1,2,30 y

Where, the kernel
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(ax® +b. )" (cxP +d )"
|_| hi (X) = |_| I i E.I i K N
i=1,2,3 i=1,2,3 e—tix | i

R xa,b,c,d;a B, i }
o Y 6 e ] ..(17)

~1] {{Xei (0+xD, )} {(ax" "'bi)p'+yini (cx” +di)qi+6ini e_tixéi}}
2123

has the solution

5,09

i=1,2,3
=[] {X‘B‘E“C‘ [ v* hf(fj(yBi“D )Y 0, ()} dy} .(18)
i=1,2,3 0 'y Y !
provided that the integral exists anp'| h (x) is the Mellin inverse transform
i=1,2,3
1,1
i=1,2,3
B N P YN G g ki +0,+m, (- ni)k. (_pi _yini)/-
= (1) ! :
i:ﬂ,S S kIZ:O fl =0 mlzo kll fll
-E E
6
( q ) m; ((p) n,- i(bi)p|+yini—/,i (di)ql+6n ml( ) ( )mI ( ) i
m, ! |E |

L s+0n +BE +C.] [S+B.E. +C +0n +a +B.m.j_1
r 1+ [ I | | r | | | [ 1 1 | |
0. ¢

S+9 n +B E +C S+BiEi+Cieri”i“"ifi“LBimi
r k +1|t

0. “

...(19)
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provided that
0<Re(s+ BE +C +6ini +a.l. +Bimi) < Ei, WhenEi > 0;

Ei < Re(s+BiEi +Ci +6ini ta.l +Bimi) <0, when Ei <O;Ei,Bi;6i z0
n ,(pi +yini),(qi +6ini)D N, wherei =1,2,3.

4.2. By taking i = 1,2 in (2), the main theorem reduttea known result recently
obtained by Chaurasia and Agnihotri in [4].

4.3. Since the polynomial seIRr':"q(x) incorporate in itself several classical as

well as other polynomials, solutions of a large bemof convolution integral
equations for the above mentioned polynomials mayobtained by assigning

different values to the parametersR(x).

By making suitable substitution, we get the knowsults obtained by Srivastava
[9] and Chaurasia and Patni [3].
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