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Abstract

The object of this paper is to establish a relatimetween the n-dimension& -
transform involving the Weyl type n- dimensionafjSaperator of fractional integration.

Keywords. Fractional Integral, Riemann-Liouville Operator,a@ss Hypergeometric
function,H — function, Fox’s H-function, G-function.

1 Introduction

Our purpose of this paper is to establish a theaem-dimensionaH -transforms involving
with Weyl type n-dimensional Saigo operators.

Further, a few interesting and elegant resultspgxial cases of our main results has also
been recorded.
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2  Fractional Integralsand Derivative

An interesting and useful generalization of bote Riemann-Liouville and Erdélyi-Kober
fractional integration operators are introduced ®gigo [9], [10] in terms of Gauss’s
hypergeometric function as given below.

Let a, B andn are complex numbers and IgtC]R, = (0,). Following [9], [10] the

fractional integral(Re @) > 0) and derivative(Re (@ ) < 0, of the first kind of a function
f(y) on R, are defined respectively in the following forms

a,B,n y OL—B y

IO,y f = o) [(y t ZF:L((HB -n;o;1- yjf( )dt; R(a)>0 (1)

_dn a+n[3 nn-n

dy” 0y

where 2Fl(a', BV, ) is Gauss’s hypergeometric function. The fractionategral
(Re @) > 0)and derivative(Re @) < 0) of the second kind are given by

f, 0<R(a)+n<l, (n= 1,2,), 2)

aBﬂ -1 (xB S
Jy,oo (a)f (t—y)* ™t 21(a+[3,~n,a,1 T)f(t)dt, R(a)>0 (3)

n d” a+n,B-nyn

n o0 f, O<R@E¥rns 1 (n= 12,.. (4

=(-1

The Riemann-Liouville, Weyl and Erdélyi-Kober framtal calculus operators follow as
special cases of the operators | and J as givewbel

a a,—ay 1 Y a-1
R t = | f= 2 limdt, Ra)> ¢ 5
o = i e sl e g, Re) ®
=4 R cR@)nsl (n= 12 (6)
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an, _ a0n, _ 1 o 9 _ap
Ky’oof = Jy’oo f = mjy (t- yF =t f(t)dt, Rg)>0 (10)

Following Miller [8, p.82], we denote by;uhe class of functions f {(xon R. which are

infinitely differentiable with partial derivative®f any order behaving a®(|x |_{1)
whenx, — o« for all fl. Similarly by y, we denote the class of functidngx,, X, ) on R

x R., which are infinitely differentiable with partia@lerivatives of any order behaving as
=& =6,

0(I% | L% | 2 whenx — o,x, — o forall &(i=1,2).

On the same way, we denote the class of functfofts, X,,....%, ) on R x... x R,, which

are infinitely differentiable with partial derivags of any order behaving as

0(|x |_£1 | %, |_<(2... | % ‘Irn when x — o,where i=1,2,...,r for all & (i =1,2,...n ) by u.

The n-dimensional operator of Weyl type fractionahtegration of orders
Re (a;) > Owhere i= 1,2,...nis defined in the class, by,

I'j{ "ﬁq[f(pl, R ET] {r(a)}

aLak ¢ n
'y pﬂ{@ o J[C”ﬁ g }J} (Lb-4) gt (1)

where g andy;, i =1,2,...,n are real numbers.

More generally, the operator (11) of Weyl type fragal calculus in n-variables is defined by
the differ-integral expression as,

n

Zrn Gl trt.+,

a.B.% p/ ~
rJ{ }[f(plpz B[] [r(aw)} CO% Gk aprap”

], _v-m - 1R
I 1o g”{(t P HIH J(wﬁ,y.,cr,rnj}f(ytz,---g) dg.g  (12)

for arbitrary real (complexj, and ¢, r,....,r, = 0,1,2,...
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In  particular, if R(ai)<0 and are positive integers such that

R(a;) + r> Owherei=1,2,..n then (12) yields the partial fractional derivativé
f (PP R )

On the other hand if we s¢f =0, (12) yields the Weyl type Erdélyi-Kober operators-
dimensions

a.n

I'j[ o(,}[f(pl,loz, ra)]ﬂ{ pm} [f(R.0 b
n { . }-1?‘ QAT+

1 | Fan op.op o’

@ o %A _n\aditi L —a-y
0 e 1 eI ) aa ) a2)

3 n-Dimensional Laplaceand H -Transactions

The Laplace transfor (p) of a function f (¥ O u, is defined as
§(PPsuR) = LIF(X % X5 PR ool

- j jj 6% f (X, ) dx d, ..x (14)

whereR( p)>0,wherei=1,2,...,n.Similarly, the Laplace transform of

fu, \/Xi _/112 H (Xl_Al)’UZ'\/ Xzz_/]g H(X;=4)),... 4 )ﬁ_/]nz H(=4,)]

is defined by the Laplace transformif(x;,X,,...,X,) where

F (XX = F[Uy X =40 HOGAD Uy XA HEA )iy 84T HGEA D
X, > A>0,wherei=12,...n (15)
and H (t) denotes Heaviside’s unit step function.

Definition: By n-dimensionalH -transform ¢(p1,p2wpq) of a functionF(x;,X,,....x,) we

mean the following repeated integral involving ffefient H -functions
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Ml,NlM N 5..:Mp,Np,

QiR R R

_ a1 "N MRCEEE P
Iﬁ I/\z'"j)n |‘| (rx) Fi’(? (nx) ufﬁllvli’(ﬁﬁ £ M&q

F (XX, %) dX dX... dX, (16)

here we suppose that > 0,k >0 ,wherei=1, 2,...,n'¢( R.B p) exists and belongs tg.u

Further suppose that,

K1 17
jargp! k5 T an
where,
‘I\gilﬁhl\gA - % I - ; >0 (18)
=t j;lljﬂ j:Miﬂﬁﬁ; j:|\1|+1'

where i=1,2,...,n

The H -function appearing in (16), introduced by Inayatds$ain ( [1], see also [14]) in
terms of Mellin-Barnes type contour integral, idided by,

N O - I A O LIRS (19)
where
I mm—@fuj{ra—q+qf»“
Y =3 — , (20)
{ra-b+geft [ r@-a¢)
=M+ j=N+

which contains fractional powers of some of fAtunctions. Here and throughout the paper

a(j=1 ,P) andff F 1. X are complex parameters.
a, O( .. P B=20(j= 1. ,Q(not all zero simultaneously) and the exponents
A(j =1..,N) andB( j= M+ 1..,Q can take on non-integer values. The contour in

(19) is imaginary axiR(&)=0. It is suitably indented in order to avoie singularities
of the /-functions and to keep these singularities on appate sides. Again, for
A].(j = 1,...,N) not an integer, the poles of thefunctions of the numerator in (16) are
converted to branch points. However, as long asetl& no coincidence of poles from any
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Fb,-B¢), (= 1..Mand & praé §§ 1. M par the branch cuts can be
chosen so that the path of integration can be distbin the usual manner.

For the sake of brevity

P

M N Q
T=) BIFY AG-Y 1BA Y a> 0 @)

= = =ML =N +1

4  Relationship between n-Dimensional H-Transformsin
Terms of n-Dimensional Saigo Operator of Weyl Type

To prove the theorem in this section, we need tileviing n-dimensionalH -transform
@ (PP, ) Of F(x, %, %) defined by,

_ 00 o0 oo n al_l
-5 1 ---I/]nu[(pm)
_M2N ’ G AN G F Naap @Btk

(%)

Tre2@ra ™ AP § 1 PR Mg
F (X X5 %, ) dX dX,... dX, (22)

i =1,2,...,nand other conditions on the parameters, in whicllitathal parameters
a, B,y wherei=1,2,...,r included correspond to those in (11).

Theorem 1 Let (q(pl,p2 g) be given by definition (14) then

for R(a;) > 04 >0,k > Owhere i= 1,2,...n there holds the formula

rj{agfy} (Nt lp) /W (T T (23)

provided thatg (p,,p, ..., . exists and belong ta,u

Proof: Let R(a;) >0, where i=1,2,...,r then in view of (11) and (18), we find that
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AN

n{pm }[cﬂ(plpz ----- Q)H_Mr(a)}

o0 00 (00] 1 q ﬁ + _ p
I --Jgn{@ )" {a Ry a rtﬂ (14.1) .ot

or

ﬁ[r(a)}: :Z Iq1ﬂ{(‘; —p)* 1'§ aﬁ21(a+,3 -y .q 1—?}}

4 ("’\ 44 "
1l 19 .Jm,mi,(ﬁ TR
F (%)X 0%, ) d ... dx} didit, ... (24)

On interchanging the order of integration which permissible and on evaluating the
t. wherei=1,2,...,nintegrals through the integral formula

@9 AhNG 4 heap
STLRVISE R VETe

(a Q; A])lN(rj\ ‘H\Iﬂ,PW T ,K), [tv—w ,K)
(1.0, -0, B) b £ hasg

j UMY u-xp1 J(r,a)y UJ HoN (aulf

(25)

_T)gM#2N
=k HP+2,Q {(ax)k

k(l-a)
where,R (v)>0, R|u+v+ p I'l> ¢
j

k(1-a ) 1
R|utv-r-w+ o J >0,|argz|< 5 Tr (T is givenin (2:

j

(23) can be established by means of the followargtila [2, p.399].

b Lo ypl ey dy = LT T v+ p-a-p)
Jo X0 T R B e a0 (26)
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for R(y) > 0, Rp)> 0, Rg+p-a-8)> (

by using the formula, left hand side of (24) beceme

_ (e0] 00 %_
Iy fy oAy [l
N |Gy @ § yap OR (OO
) tx) |
P+2.Q+ (tx) (B4 § § 1w 0 f Mg

F(X X5, X, ) dX dX,... dX

R %) i0u@an, Pups )
P+2.Q+ 2;RF 2Q¢2 .. 2Q2
:¢1(p1’p2'"-’p1)‘

ANy 2 :
As far as the n- dimensional Weyl type operatﬂs{.] preserves the class,ut

follows that ¢1(p1,p2,...,p1 )also belongs tou

It is interesting to note that the statement ofdrken 1 can easily be extended for arbitrary
real a, wherei=1, 2,...,nby using the definition (12) for the generalized WMgpe fractional
calculus operators and differentiating under tigasiof the integrals.

5 Interesting Special Cases

Puttingy, =0 where i=1,2,...,nin theorem 1, we can easily prove Theorem 1(a).

Theorem 1(@). For R(a)>0,8 > O > Owherei= 1,2,..npand also let
o(p.:p,,---,p, )be given by (14) then there holds the followingrfola,

o [ ah.0
|‘MJ g }[¢(pl,pz,---.m]= ¢, (AR R (27)

provided that @,(p,,p..--,p,) exists and belongs to, where ¢,is represented by the
repeated integral,

_ o0} o0} al_
&5 (P1:Pz1--1,) I”l fﬂz JAn D{(nx)
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YR YW

(,Lf—q+1,|l<),(? 'fi'\/k ’ﬁb ijBijB M-ﬂ,q FOG X e )Y O

e

(28)

For Aj=1, the H-function reduces to Fox’s H-function [5], [6] anthen Theorem 1 (a)
reduces to,

n a’ﬁ
rﬂpm }w(plpz ..... A= 43R Rp) 29)

provided that ¢§3(pl,p2 ..... p,) exists and belongs to,uwhere ¢, is represented by the
repeated integral,

al Mﬂ,l\' lﬁ (a}p JP)@""@_%"'”()
Poreeer = H
AN )1 ”2 )nr| Bty g ©F) G410 )
F (X, Xy, %, ) dX dX,... dX (30)
On employing the identity
MNT @Y P (31)
P.,Q (bQ,l) P.,Q tfl. lb

we see that the n- dimensional H-transform redtcéke corresponding n- dimensional G-
transform@(p,,p,....,p, ) defined by

N N
AL )= Mlql % ”[ F&% %) @@ DB D
1 .....
. MN| o3 %
a-1 1 MN k |
—I I I Ex)! G (Px) F % X ) oxdx.. di (32)
PO  |b,..,
A h Q HJ '?gl

provided that &(p,,p,,...,.p,) exists and belongs to class, uvhere k are positive
integersA >0,P<Q,
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k| 1 *
largpl £ T
2 (33)
with

T =2N+2M-R-Q. (3)

M,N
where i:1,2,...,nGP Q [.], appealing in (31) and (32) represents Meijer'sfuBetion

whose detailed account is available from the moapgrof Mathai and Saxena [4].

Thus, we obtain the following Theorem 1 (b).

Theorem 1(b). For R(a;)>0,8 > 0k > Owhere i= 1,2,..r being positive integers
and also letd(p,,p,.,....p, )be given by (31) then the following formula

n

a.4.0
[J.[J g } 6@ PR )= 6 (R B )

holds, provided thalS’l(pl,p2 ..... p, ) exists and belongs to classfar other conditions on the

parameters, in which additional parameters,, andy whereE1,2,...,r included
correspond to those in (32). Here

I S LU R T AR
GF’i+2,l\‘ (Px) A(ki,,Bl—a}+1),A(lf ,;(—ia+1),tbi 6|

F (X0 Xy ey %, ) OX dX,... dX (36)
and the symbdll (n,a) represents the sequence of parameters

a a+l a+n-1

n n n

On takingy, =0,wherei=1,2,...,n, (36) becomes
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[ a,4.0
[MJ o } [O(R BRI 6y (R BB @37)

provided Hz(pl,pz,...,g) exists and belongs to class, where 6, is represented by the

integral

Opeup-n) =[] (K71, 0 1T {oxf™

M;+LN, k| % Ebl A (kg+4-a+1)

G (px) !
Pi+1"\l| A(ki ,,Bl—a}+1),tbi IBQI
F (X Xy ey X%, ) dX dX,... DX (38)
6  Special Case
(i)  Converting our Theorem 1, 1(a) and 1(b) for i=1,%8 find the known result defined
by Chaurasia and jain [19]
(i)  Converting our Theorem 1, 1(a) and 1(b) for i=W2; find the known result defined
by Chaurasia and Shrivastava [18],if we td¢k= N' =0.
(i) Taking A=B;j=1, then Theorem 1, 1(a) and 1(b) for i=1,2; el the known result
defined by Saigo, Saxena and Ram [13].
References

[1]

[2]
[3]

[4]

[5]
[6]
[7]

A.A. Inayat-Hussain, New properties of hypergesric series derivable from
Feynman integrals: Il, A generalization of the Hhdtion, J. Phys. A: Math. Gen
20(1987), 4119-4128.

A. Erdélyi, W. Magnus, F. Oberhettinger and F.Gicomi, Tables of Integral
Transforms, (Vol.2)McGraw-Hill, New York-Toronto-London, (1954).

A.K. Arora, R.K. Raina and C.L. Koul, On the davdimensional Weyl fractional
calculus associated with the Laplace transfoR,. Acad. Bulg. S¢i38(1985), 179-
182.

A.M. Mathai and R.K. Saxena, Generalized hypgermetric functions with
applications in statistics and physical sciencescture Notes in Mathematics
Springer, Berlin-Heidelberg-New York, (1973).

A.M. Mathai and R.K. Saxendahe H-function with Applications in Statistics and
Other DisciplinesHalsted Press, New York-London-Sydney-Toront87@).

C. Fox, The G and H-functions as symmetricalfi@r kernels,Trans. Amer. Math.
Soc, 98(1961), 395-429.

H.M. Srivastava, A contour integral involvingo¥s H-function, Indian J. Math,
14(1972), 1-6.



72 V.B.L. Chaurasia&t al.

[8] K.S. Miller, The Weyl fractional calculus, fracnal calculus and its applications,
Lecture Notes in MathSpringer, Berlin-Heidelberg- New York, 457(18,/80-89.

[9] M. Saigo, A remark on integral operators involy the Gauss hypergeometric
functions,Math. Rep. Colleg&eneral Ed. Kyushu Uniy11(1978), 135-143.

[10] M. Saigo, Certain boundary value problem foe tEuler-Darboux equatiomath.
Japan 24(1979), 377-385.

[11] M. Saigo and R.K. Raina, Fractional calculpem@tors associated with a general class
of polynomials,Fukuoka Univ. Sci. Repl8(1988), 15-22.

[12] M. Saigo, R.K. Raina and J. Ram, On the faawl calculus operator associated with
the H-functionsGanita Sandesi6(1992), 36-47.

[13] M. Saigo, R.K. Saxena and J. Ram, On the tmmedsional generalized Weyl
fractional calculus associated with two dimension#itransforms, Journal of
Fractional Calculus (ISSN 0918-5402Descartes Pres8,(1995), 63-73.

[14] R.G.Buschman and H.M. SrivastavaPhys. A.: Math. Gen23(1990), 4707-4710.

[15] R.K. Saxena and J. Ram, On the two-dimensiMihlttaker transformSERDICA
Bulg. Math. Publ16(1990), 27-30.

[16] R.K. Saxena, O.P. Gupta and R.K. Kumbhat, l@ntivo-dimensional Weyl fractional
calculus,C.R. Acad. Bulg. S¢i42(1989), 11-14.

[17] R.K. Saxena and V.S. Kiryakova, On the two-éisional H-transforms in terms of
Erdélyi-Kober operatorsviath. Balkanica6(1992), 133-140.

[18] V.B.L. Chaurasia and Amber Srivasta¥amkang. J. Mati37(3) (2006).

[19] V.B.L. Chaurasia and Monika Jaifhree dimensional generalized Weyl fractional

calculus pertaining to three-dimensiortl- transformsChile, SCIENTIA Series A:
Mathematical Science20(2009), 37-43



