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Abstract

In this paper, we investigate prime near — ringshwgeneralized 7)- n-
derivations satisfying certain differential idergg. Consequently, some well
known results have been generalized.
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1 Introduction

A right near — ring (resp. left near ring) is a $ettogether with two binary
operations (+) and (.) such that (i) (N,+) is augrdnot necessarily abelian). (ii)
(N,.) is a semi group. (iii) For all a,becN ; we have (a + b).c = a.c + b.c (resp.
a.(b + ¢c) =a.b + b.c. Throughout this paper, N ng a zero symmetric left near
—ring (i.e., a left near-ring N satisfying the pesty 0.x = O for all > N). We
will denote the product of any two elements x anoh W, i.e.; x.y by xy. The
symbol Z will denote the multiplicative centre of tdat is Z = {xe N, xy = yx for

all y e N}. For any x, ye N the symbol [x, y] = xy - yx and (X, y) = X + y%- Yy
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stand for multiplicative commutator and additivencoutator of x and y
respectively. Lets andt be two endomorphisms of N. For any x¢ N, set the
symbol [x, y]; . will denote x(y) - t(y)x, while the symbol (x o Y¥), will denote

xo(y) +1(y)x. N is called a prime near-ring if XNy £0} implies that either x =0
or y = 0. For terminologies concerning near-rings,refer to Pilz [9].

An additive endomorphisdiN —N is called a derivation fi(xy) = xd(y) +
d(x)y, (or equivalently d(xy) d(x)y + xd(y) for all x, y € N, as noted in [10,
proposition 1]. The concept of derivation has bgeneralized in several ways by
various authors. The notion of,f) derivation has been already introduced and
studied by Ashraf [1]. An additive endomorphigniN —N is said to be ac(t)
derivation ifd(xy) = o(x)d(y) + d(X)X(y), (or equivalently d(xy) = d(xjy) +
o(x)d(y) for all x,yeN, as noted in [1, Lemma 2.1].

The notions of symmetric bi(r) derivation and permuting tr&(r) derivation
have already been introduced and studied in nagsiiby Ceven [6] and Oztirk
[7], respectively.

Motivated by the concept of tri-derivation in rindark [8] introduced the notion
of permuting n-derivation in rings. Further, thehars introduced and studied the
notion of permuting n-derivation in near-rings (foeference see [2]). In [4]

Ashraf introduced the notion of generalized n-ceion in near-ring N and

investigate several identities involving generalizederivations of a prime near-
ring N which force N to be a commutative ring.

Inspired by these concepts, Ashraf [3] introduced){n-derivation in near-rings
and studied its various properties.

Let n be a fixed positive integer. An n-additivee(j additive in each argument)
mapping dN X N X...x N —N is called §,t)-n-derivation of N if there exist

. n—times .
outomorphisms, ©: N — N such that the equations

Ad(xX1X1 ) Xg) wory Xp) =0(Xq, X, s X )0 (%1 ) + 1(x)A(X; ) Xp) oor s Xpy)
d(Xq, XXy ) o, X)) =0(X; , X5, r, Xp)0(Xp ) + .t(xz)d(xl,xz', vy Xp)
d(X1, Xp) ey Xn Xy )=A(Xq, Xp, v, X )0 (Xp ) + r.(xn)d(xl, X2, s Xp )
hold for allx,,x;, X, X5 5 o) Xp, Xy, € N

Lemma 1.1 [5]Let N be a prime near-ring. If there exists a nenezelement z of
Z such that z + £Z, then (N, +) is abelian.

Lemma 1.2 [1]Let N be a prime near-ring and d be a nonzeror)-derivation
on N. Then xd(N) = {0} or d(N)x = {0}, implies x&
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Lemma 1.3 [3]Let N be a near-ring, then d is &,4)-n-derivation of N if and
only if

Ad(Xqy X1, X2, s Xp) = T1(x)A(Xy ) Xp, oo, X)) + 0(Xq, Xg, oo, X0 )0(%1)
d(Xq, XpXp 5 e, Xn)=T(%2)A(Xq , X5, oo, Xp) .+d(x1, Xg, ey Xp)G(X3')
d(Xq, Xz, ver s XpXn )= T(Xn)d(Xq, Xg, oors Xp ) + Xy, Xg, orr Xp)0 (X )
Lemma 1.4 [3]Let N be a near-ring and d be &4)-n-derivation of N, then
(d(Xq, Xz, o) Xp)o(%, ) + 1(x))A(X,, Xp) wor, X))y =

(dy, X5, ..., Xy)0(x1) Y + 1( x1)A(X1, Xg, oov, Xp)Y
(d(X1, Xz, o) Xp) (X2 ) +1(X2)d(X1, X3, oe) Xp))Y =

(&, Xz, o, Xp)0(X3) y+ 1(x)d(Xq, X3, o) Xp)Y
(A(Xq, Xz, o) Xp)0(Xp ) + T(Xp)d(Xq, X3, .. ,XI;'))y =

(dy,Xg, .o, Xn)0 (X ) Y+ T(Xp )A(Xy S X, ooy Xp )Y
hold for allx;,x;, X, X5 5 ., Xp, X5 Y € N.
Lemma 1.5 [3]Let N be a near-ring and d be &4)-n-derivation of N, then
(t( x)A(X1 ) X2, o) Xp) + A(Xq, Xg, oo, Xp)o (x4 ) )Y =

T(x)A(X; ) Xp, oor, Xp) Y+ O(Xq, Xp, oon, Xn)0 (X1 ) Y
(t(x5 )A(Xq, X5, oo, Xp) +0(Xq, X, e, Xp)O(X2 )Y =

T(x)d(%; , X5 5 oor) Xn)){ +d(Xq, X, e, Xp)0(Xp )Y
(t(xXq )A(X1,Xg, s X )+ A(Xq, Xp, ...,Xn)G().(n’) )y =

(X )A(X1, Xp) ooy X ) Y + Xy, Xp, v, Xn) 0 (X, )Y

hold for allxy, %, , X, X5 5 e, X, X5 Y € N.

Lemma 1.6 [3]Let N be a prime near-ring, d a nonzeegz)-n-derivation of N
and xe N.

() Ifd(N, N, ..., N)x ={0}, then x = 0.
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(i) If xd(N, N, . . ., N) ={0}, then x = 0.

In the present paper, we define generalized)--derivation in near-rings and
study some properties involved there, which givegeaeralization of o,t)-n-
derivation of near-rings.

2 Generalized 6,1)-n-Derivation on Prime Near-Rings

Definition 2.1 Let N be a near-ring and d be,{)-n-derivation of N. An n-
additive mapping & x N x...x N —N is called a right generalizeds,f)-n-

n—times

derivation associated witlo )-n-derivation d if the relations
f(x1X1 ) Xp, ey Xp) = F(Xq, X, oor, X))o (X1 ) + T( x)A(Xq 5 X3, o) Xp)
f(Xq,X2Xp 5 s Xp)= (X1, Xg, oo, X )0(Xp ) +T(X2)A(X1, X3 v, Xpy)

)

’

(X1, X, oo, XnXn )=F(X1, X, o, Xn )0 (X ) + T(Xp)A(Xq, X3, ..., Xy
hold for allx;, Xy, X2, X3, o) Xp, X € N.

Example 2.2Let n be a fixed positive integer and R be a corativaetring and S
be zero symmetric left near-ring which is not agrsuch that (S,+) is abelian, it
can be easily verified that the set M = R x S ige@lo symmetric left near-ring
with respect to component wise addition and mudion. Now suppose that

-(/(0,0) (xx")
N1 {<<o,0) @ ¥)

It can be easily seen that N is a hon commutatére symmetric left near-ring
with respect to matrix addition and matrix multgation.

)1 6o, (), (0.0) € M

Define d,f; : NixNix---xN—N; andoy, t1: N;7—N; such that

(010) (Xll Xl ,) (010) (XZI X2 ,) (0'0) (Xn' Xn,)
dl<((o,0) e ) 00 Gy (00 (yn,yn'))>

- <(0,0) Y1Y2 = Ynr 0))
(0,0) (0,0)

fl<((O,O) (xl,xl’)) ((0,0) (XZ,XZ’)) ((0,0) (xn,xn’))>
(010) (YIIYI,) , (010) (YZIYZ,) Y (0'0) (Yn'Yn,)

=((0,0) (0,0) )
0,00 (y1y2 -¥n0)
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{6 ) (65 G

. (((O,O) * x’))> (00 (=)

00 y)/) \©00) Gy)

It can be easily verified that @5 a ©1,71)-n-derivation of N and f is a right (but
not left) generalized{,t;)-n-derivation associated with;,dwherec; andrt; are

automorphisms.

Definition 2.3 Let N be a near-ring and d be,{)-n-derivation of N. An n-
additive mapping N X N X...x N — N is called a left generalizeds,f)-n-

n—times

derivation associated with(r)-n-derivation d if the relations
f(x1X1 ) Xp, ey Xp) = A(Xq, Xg, o, X )0(Xq ) + (X)) (X, X, o) Xp)
f(Xq, XX ) eor) Xp )= A(Xy, Xp, v, X )G(X5) +r.(x2)f(xl, Xy ) s Xp)
(X1, Xg, oo, XnXp )=0(X1, X3, .., Xp)o(Xp ) + r'(xn)f(xl,xz, e Xp )
hold for allx,,x;, X5, X5, .., Xp, X, € N.

Example 2.4Let M be a zero symmetric left near-ring as defimeBxample 2.2.
Now suppose that

N {(G) O)) 1, 0, 00 €

It can be easily seen that ¢ a non commutative zero symmetric left near-ring
with respect to matrix addition and matrix multgaltion.

Define d, f2 : NoxNox- - - xN—N» ando,, t2: No—N>, such that

(xux1) (oy1)) (Gzx2)  (y2,¥2) X Xn) (Yo Yn)
dz(( (}),ol) (10,01) )( (20,02) (20,02) )( 0,00 (0,0 ))

- <(0,0) (X1 Xy o Xy, 0))
(0,0) (0,0)

f<((X1:X1,) (Y1:Y1')) ((lele) (Yz’YZI)) ((Xn'Xn,) (Yn'Yn,))>
2\\ (0,0 (0,00 /’\ (0,0 (0,00 /77\ (0,0) (0,0)

- ((X1 X5 ...X,,0) (0,0)
< (0,0) (0,0))
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o (G %N () %oar)

(X' X,) (y1 y,) = (X' X,) (_y' _y,)
Tz(( 0,0) (0,0) )) ((0,0) (0,0) )
It can be easily verified that ds a ©2,12)-n-derivation of N and § is a left (but

not right) generalizedg,t,)-n-derivation associated with,dwherec, andt, are
automorphisms.

Definition 2.5 Let N be a near-ring and d be,{)-n-derivation of N. An n-

additive mapping ¥ x N x...Xx N —N is called a generalized,f)-n-derivation
n—times

associated with,z)-n-derivation d if it is both a right generalizef,7)-n-

derivation associated with{r)-n-derivation d as well as a left generalizeg)-n-

derivation associated withfr)-n-derivation d.

Example 2.6Let M be a zero symmetric left near-ring as defimeBxample 2.2.
Now suppose that

0,0 (x) »y)
N3 = (0,0) (010) (010) ) (x, x'), (Yf y,)’ (Z, Z,), (010) EM
(0,00 (0,00 (z2)

It can be easily seen thag ¢ a nhon commutative zero symmetric left near-ring
with respect to matrix addition and matrix multgation.

Define @, f3:N3xN3x- - - xN—N3 andos, 13: N3—N3 such that
d3

((0.0) (1, 1) (yl.y{)> ((0.0) (22, %2) (yz.yé)> ((0.0) (¥ Xn) (ynl.yn’)>
(0,0 (00 (00 |,[©0 (0 (00 [, ...[00 (00) (0,0)
0,00  (00) (z,z)/ \(00) (0,0) (z,2) 00)  (00)  (znza)

(0,0) (0,0) (0,0)

(0,0) (x1x3 ...x,,0) (0,0)
B ((0,0) (0,0) (0,0))

fa

((0.0) (1, 1) (yl.y{)> ((0.0) (x2,%2) (yz.yé)> ((0.0) (¥ Xn) (ynl.yn’)>
(0,00 (00 (00 |,[©0 (0 (00 |, ...[00 (00) (0,0)
0,00 (00) (z,z)/ \(00) (0,0) (z,2) 00)  (00)  (znza)
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(0,0) (0,00 (0,0)
= (0,0) (0,0) (0,0
(0,0) (0,00 (0,0

(0,00 (0,0 (0,0)
(010) (0,0) (leZ:{)

(0,00 (0,0 (0,0)
(0,0) (010) (leZ:{)

O

[O¥)

((0,0) (%1, %1) ()ﬁd’i)) ((0,0) (x4, %1) (-)ﬁr)’i))

&

((0'0) (x4, x1) ()ﬁ;}’{)) ((0'0) (x4, x1) v y1) )
(0,00 (0,0 (0,0) = (0,00 (0,0 (0,0)
(0,00 (0,00 (z1,21) (0,00 (0,00 (—2z,—z)

It can be easily seen that & (o3, 13)-n-derivations of N andsfis a nonzero
generalized o3, t3)-n-derivations associated withs,dwhere 63 and 13 are
automorphisms of near-rings.N

If f = d then generalizeds(t)-n-derivation is justd,t)-n-derivation. If 6 =1t =1,
the identity map on N, then generalizeck)-n-derivation is simply a generalized
n-derivation. Ifc =t = 1 and d = f, then generalizes, 1)-n-derivation is an n-
derivation. Hence the class of generalized){n-derivations includes those of n-
derivations, generalized n-derivations aag)¢n-derivation.

Lemma 2.7Let N be a near-ring, then

(1) f is a right generalizedo(r)-n-derivation of N associated witks,€)-n-
derivation d if and only if

f(X1X1', Xg) oo s X)) =T(x0)A(Xy X, oo, Xn) + F(X1, X2, o) X)) O(X1 )
f(Xq, XpX5 ) veey Xp) = T(X2) (X, X5, ...,Xn)+f(.X1,X2, e X)) (X5 )
f(X1, Xg) ooy XpXp ) = T(Xn)d(X, X5, oo. Xn')+f.(X1,X2, e X)) (Xp )
for all x,,%;, X2, X, ey Xp, X € N.

(i) f is a left generalizeds(t)-n-derivation of N if and only if
f(X1X1', Xz, o) Xp) =T(Xe ) (X1 X oo, Xg) + A(Xq, X3, -on, X1 )0 (X7 )
f(xq, XX, ey Xp) = T(X ) (X1, X3, ooe xn)+d§x1,x2, e X)) (X5

f(Xq,Xg, e XXy ) = T(Xp ) (X1, Xg, oor), X )FA(X1, X3, on, X)) 0(Xy )
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for all x;,X;, X, X ) e, X, X € N,

Proof:

(i) By hypothesis, we get for al}, x;, X5, ..., x, € N.

f(x1(X1 +X1), X, s Xp)

= f(X1,Xp, 0, Xp)6(Xq +X1) +T(x)d(X; + X1, Xz, oe) Xy)

= f(X1,Xg, e, Xy)6(Xq ) + F(Xq, Xg) s Xp)0(Xq ) + T(X1 )A(X1 ) X2, ooe) Xp)

+1(x1)d(x1, X2, oo, Xp) (1)
And

f(xl(xl' + X1, Xg, ey Xp)
= f(x1X; + X1X1 ) Xp) eory Xp)
= f(X1X1, X2, 0, Xn) + f(X1X1, X2, o, Xp)
= f(X1,Xp, e, X)6(Xq ) + T(x1)d(x;1, Xg) oov) Xpy)
€6, Xz, ., Xn)0 (X1 ) + T1(x1)d(X1 ) X2, ooe, Xn) )

Comparing the two equations (1) and (2), we corehiat
f(X1, Xz o0 Xn)0(Xq ) 4 T(x0)A(X1 ', Xgy orr) Xp) =

(%)X, Xp, oo, X ) H (X1, Xz, s X)) (X )
for all x;,%;, X5, ..., Xy € N.

Similarly we can prove the remaining (n—1) relaio@onverse can be proved in
a similar manner.

(i) Use same arguments as used in the proof of (i)

Lemma 2.8Let N be a near-ring admitting a right generalizect)-n-derivation f
associated witho(z)-n-derivation d of N, then

(F(X1, Xz e, Xn)O(X1 ) + T1(X)A(Xy |, Xp, oov, X))y =

(K )X, 0, Xn)O(X1 )Y + (%) A(X1, Xg, e, Xn)Y
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(f(x1, %3, - ,Xn)G(XZ') +1(%)d(X1, X5 ) oo, Xp))Y =
(k1 Xz, - Xn)o(X2 )y + T(Xz).d(x1 /X2 ) s Xn)Y
(FCt1, % %)k ) + 20 )G X1 0 D) =
(K1, X, o, X0)O (% )Y + T(xn)A(K, X, e, X DY
hold for allx,, X, X3, X5 5 o) X, X Y € N.
Proof: for all x;,x;’,%; ", X5, ..., X, € N, we have
F((%1%1)Xq » Xz, e, Xp)
= f(XyX1, Xg) oo, X)0(X1 ) 4 T(X1%1 )X, ", Xg) oov) Xpy)
= (f(Xq, X, ) X)0(X1 ) + T(x)d(X; ) Xpy oon s Xp))0(X1 ) +

T(Xl)T(Xlr)d(Xl”' X2, et Xp)- 3
Also

f(x1(X1 X1 ), Xz, oer s Xp)

= f(Xq, Xp, oo, X )0(X1 X1 ) + T(%1 )d(Xy X1, X2, ore) Xp)

= f(Xq, Xy oves X )0(%1 )0(X1 ) + T(%1)A(Xy |, Xgy ore) X )0 (%1 ) +
T(x)1(x% )A(Xy ", X2, wov, Xp). (4)

Combining relations (3) and (4), we get

(F(t1, Xz, s Xn)0 (21 ) + 1) A (K, X, e, X0))O (1 ) = )
X1, Xz, s Xn)0(%1 )0 (%1 ) + T(Xq )AK1 ', Xg, e Xn)O (X1 )

for allx;,%;, %1, X, ..., X, € N. Sinces is an automorphism, putting y in place of
o(x; ), we find that

(F(X1, X2, s Xn) S (X1 )+ T(x1)A(X; ', X2, ooe, Xn))Y =
(£, X2, ) X)) (X1 )Y +T(x)A(X1 X e, Xp)Y-
for all x;,%;, X5, ..., Xy, ¥ € N.

Similarly other (n—1) relations can be proved.
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Lemma 2.9 Let N be a near-ring admitting a generalizeglz)-n-derivation f
associated witho(z)-n-derivation d of N, then

(d(x1, Xz, ) X)) (Xq ) + T(Xq (X1, Xg, oon) Xp))Y =
&y L Xg) s Xn)0(X1 )Y + T(x)F (X1 X2, e, Xn)Y,
(d(Xq, X, o, X)) G(Xs ) + T(X)F (X1, X5, orv) X))y =
&y, X2, s X))o (X2)Y + T(Xz).f (X1, X2, s Xn)Y
(d(X1, X, ..., xn)c(xn')+ (X)) f (X3, Xg, ..., xn')).y =
Xy, Xo, ..., xn)c(xn')y +1(X,) (X1, X2 oovy Xp )Y
hold for allxy, X1, X2, X5, o, Xp Xry Y € N.
Proof: for all X3, X;,X1", X5, ..., X, € N, we have
(X X1 )X, S X, o) Xn)
= f(X1Xq, Xg, s X))o (X1 ) + T(X1X1)A(X1", Xgs -.v, X
= (d(Xy, Xy, ...,xn)c(xl') + T(X)F(Xq, Xg oo, X ))O(Xg ) +

(X)) T(X1 (X1, Xp, ors Xn). )
Also

F(X2 (X1 X1"), X2, +ovs Xp)
= d(Xg, X2 s Xn) 0 (X X1 + (X1 (X1 X1, X, oov, Xp)

= d(Xq, X, ..., xn)c(xl')c(xl”) + (X)) (X1, X, ..., xn)c(xl”) +
(X)X )A(X1", X2, v s Xp).- (6)

Combining relations (5) and (6), we get
(d(Xl, X2y wees Xn)G(Xll) + t(xl)f(xllr X2, ey Xn))G(Xl”) =
(&, Xo, ..., xn)c(xlr)c(xl”) + (X)) (X1, X2, oov s Xp) 5 (X, D)

for all X1, X;, X1, X, .., Xp €N.
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Sincec is an automorphism, putting y in placecgk, "), In previous equation we
find that

(d(X1 , Xy, ..., xn)o(x1')+ (X1 ) (X1, Xgy oo, Xp))Y =

d(Xq , X, e, Xn)o (X DY + (X0 ) (X1, X, v, Xp)Y
for all X1, X, , X1, X9, .., Xp €N.

Similarly other (n—1) relations can be proved.

Lemma 2.10 Let N be a prime near-ring admitting a generalizégr)-n-
derivation f with associated nonzez)-n-derivation d of N andexN.

() IfFf(N, N, ..., N)x={0} then x = 0.
() If xf(N, N, ..., N)={0}, thenx =0

Proof:
(i) By our hypothesis we have
f(X1, X2, . . ., X)X =0, for all %, Xz,. . ., e N (7

Putting %X;' in place of x, where X' € N, in equation (7) and using Lemma 2.9
we get

d(X1, X2, . . ., %)o (X)X + T(X)f(X1', X2, . . ., %)X =0 for all %, X1, X2,. . ., % € N.
Using (7) again we get d{(xXz, . . ., %)o(x1)x =0 for all %, X1', X, . . ., % € N.

Sinceo is an automorphism, then we haveidgs, . . ., x)Nx = {0} for all x4, X,
.. %€ N. Since d£ 0, primeness of N implies that x = 0.

(i) It can be proved in a similar way.

3  Commutativity Results for Prime Near-Rings with
Generalized @,1)-n-Derivation

In [3, Theorem 3.1] M. Ashraf and M. A. Siddeequeved that if a prime near-
ring N admits a nonzer® fr)-n-derivation d such that d(N,N,...,/8 Z, then N is
a commutative ring. We have extended this resuthen setting of generalized
(o,7)-n-derivation f of N.

Theorem 3.1Let N be a prime near-ring admitting a nonzero gaheed @,7)-n-
derivation f with associated¢)-n-derivation d of N. If f(N,N,...,N¥&Z, then N is
a commutative ring.
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Proof: Since f(N,N,...,N)€ Z and f is a nonzero generalizegrt}-n-derivation,
there exist nonzero elementg Xy, . . ., % € N, such that f(x X, . . ., %) €
Z\{0}. We have f(x+ X1, X2, . . ., %) =f(Xq, X2, . . ., %) + f(X1, X2, . . ., %) €EZ. By
Lemma 1.1 we obtain that (N, +) is abelain. By hiesis we get

f(ys, o, . . o WY =YY, Yo, ..., W) forall y,yi, o, .. ., WEN.

Now replacing yby iy, ", where y' €N, in previous equation we have
A Yo, - - Wo(y,) +oy)fly, s o - - W)Y =

y(dyyz, . .., Woly,) +ydily, s Yz - . ., W)
forally, vi, y1', ¥2, . . ., WEN. (8)
Puttingt(y,) for y in (8) and using Lemma 2.9 we get
d(ys, Y2, - - -, Woy, dn(ys) +t(yDfly, s Yo - - ., Wt(yw)

"#y)d(ys, Y2, - . - Wol(y,) + () t(y)fy, Yo - - -0 W)

forally, yi, yi', Vo, . . ., WEN.
By using hypothesis again the preceding equatiduaes to
d(ys, Y2, - - -, Wo(y, )t(yr) = t(y)d(yn, Yz - - - Wo(y;)
for all y1,y1',y2, . . ., W €N.

Replacingyl' by yl'x, where X€ N, in previous equation and using it again we

getd(\, Yo, . . ., y.)c(yl')[r(yl), o(x)] = 0 for all X,\3,y1',¥2, . . ..\wE N. Sinceo is
an auotomorphism we conclude that

d(ys, ¥z, - - -, WN[t(y1), o(x)] = {0} for all X,y1,Y2, - - ., % € N. Primeness of N
implies that for eachy€ N either [(y1), o(x)] = 0 for all X€ N or d(\, Vo, . . .,
yn)=0forally, ..., wEN.

If d(y1, Y2, . . ., W) =0 for all y, . . .,y €N, then equation (8) takes the formlf(y
Yo, - . o YWNIY, 1(y1)] = {0}. Since f# 0, primeness of N implies that [¥(y1)] =
{0} for all y € N. Butt is an automorphism, we conclude thaEyZ. On the
other hand if §(y1), o(x)] = 0 for all x€ N, then again & Z, hence we find that
N = Z, and N is a commutative ring.
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Corollary 3.1 [4, Theorem 3.1]Let N be a prime near-ring and f a nonzero
generalized n-derivation with associated n-derieatd of N. If f(N,N,...,N}¥Z,
then N is a commutative ring.

Corollary 3.2 [3, Theorem 3.1]Let N be a prime near-ring and d a nonzero
(0,7)-n-derivation d of N. If d(N,N,...,N&Z, then N is a commutative ring.

Theorem 3.2 Let N be a prime near-ring and &nd § be any two generalized
(o,7)-n-derivations with associated nonzeegr)-n-derivations d, d, respectively.
If[f1(N, N, ..., N),AN, N, ..., N)] ={0}, then (N,+) is abelian.

Proof: Assume that [N, N, ..., N),$N, N, ..., N)] ={0}. If bothzand z + z

commute element wise with(N, N, . . ., N), then for allx X, . . ., % € N we

have

zfa(X1, X2, « .« ., %) = fa(X1, X2, . . ., %)Z (9)
and

(Z + 2)h(X1, X2, .+« . %) = FalXe, Xo, . ., )(Z + 2) (10)

Substituting x+ x;' instead of xin (10) we get

(z + 2)B(X1+ X', X2, . . ., %) =fo(X1 + X', X2, . . ., %)(z + 2) for all % ,Xz,...,%, € N.
From (9) and (10) the previous equation can beaedto

Zfo(X1 + X1'- X1- X1, X2, . . ., %) =0 for all %, X1" ,X2,...,Xn € N.

Which means that

zfo((X1, X1), X2, . . ., %) =0 for all %, X1',X2,...,Xn € N.

Putting z = {(y1, V2, - . ., W), In previous equation, we get

fi(ys, Yo, - - ., Wfa((X1, X1), X2, .. ., %) =0

for all X1, X1" ,X2,..., X0, Y1, Y2, - - -, Yo € N.

By Lemma 2.10 (i) we conclude that

fa((X1, X1, X2, . . ., %) =0 forall %, X;" ,Xz,...,X, € N. (11)
Since we know that for each &N, w(xy, X1) = WX + X1'- X3- X1') = wxg + WXq'-

Wxi- WX;' = (Wxg, wx1) which is again an additive commutator, puttimfx; ,
x1") instead of (x, x;") in (11) we get
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fa(w(X1, X1'), X2, . . ., %) = 0 for all %, X1' ,X2,...,X,,W € N.
Therefore
da(w, X2, . . ., ¥)o(X1, X') + t(W)f2((X1, X1), X2, . . ., %) = 0O for all x, x;'

X2y X, W € N.

Using (11) in previous equation yields

do(w, X, . . ., ¥)o(X1, Xi') = 0 for all %, X' ,X,...,Xx,W € N. Sinceoc is an
automorphism, using Lemma 1.6 (i) we conclude (kat x;") = 0. Hence (N, +)
is abelain.

Corollary 3.3 [4, Theorem 3.16]Let N be a prime near-ring angd&nd § be any
two generalized n-derivations with associated nomze-derivations d , d;
respectively such thati[N, N, . . ., N) ,4AN, N, . . ., N)] = {0}. Then (N,+) is
abelian.

Corollary 3.4 [3, Theorem 3.2 et N be a prime near-ring and dnd @ be any
two nonzerod,z)-n-derivations. If [d(N, N, . . ., N), &N, N, . . ., N)] = {0} then
(N,+) is abelian.

Theorem 3.3 Let N be a prime near-ring and &nd § be any two generalized
(o,7)-n-derivations with associated nonzeegr)-n-derivations ¢, d, respectively.
If fa(xe, X, - - WfalYa, Yoo - oo W)+ Fa(Xas %, - - W)Fa(YL, Yo, - - W) = O for all
X1, X2, - %Y1, Y2, .- 0 € N, then (N,+) is abelian.
Proof: By our hypothesis we have,
f1(X1, X2, « « o %Y1, Vo, -+ o W) + Fa(Xe, Xo, - K)Fa(Y1, Yo, .-, W) =0
for all X1,X2,...,%n, Y1,Y2,---,¥n € N. (12)
Substituting y+ y;' instead of yin (12) we get
f1(X1, X2, « .« o oR)fayr+ ity Yo, - - W) Ho(Xe, X2, - L R fayr Y, Ve, .o, W) =0
for all X1 ,X2,...,%n, Y1, Y1 ,Y2,...,Yn € N. SO we get
f1(X1, X2, -« o, %)Y, You - - W)+ Fi(Xa, X2, - o )2y, Yo, - W)

$(X1, X2, - oY1, Yo, - - W) F To(X1, X2, - L R)Fa(YE Y2y -, W) =0
for all X1,X2,..., %, Y1.Y1', ¥2,---,Yn € N.

Using (12) again in last equation we get
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fixe,Xz, o )fa(Yn Yo, - v W)+ aXe, X, o oR)a(Ye Yo, W)

ik X, Ry Yo W) (X, X - (Y Y W) =0
for all X3 ,X2,...,%n, Y1, Y1’ ¥2,...,¥n € N. Thus, we get
fi(X1, X2, . . -, %)f2((Y1, Y1), Y2, - - ., W) = 0 for all x,Xa,...,%n,Y1,Y1's ¥2,---,¥n € N.
By Lemma 2.10 (i) we obtain
fal(yn, Y1), Yo, - - ., ) =0 forall v, yi', yz,...,yn € N.

Now pitting w(y, Yyi1') instead of (yy1'), where we N, in previous equation and
using it again we get

(W, y2, . . ., Wo(y, y1') = 0 for all w, % ,Xa,..., %, Y1, Y1', Y2,...,¥n € N, uUsing
Lemma 1.6 (i); as used in the Theorem 3.2, we cmiecthat (N, +) is abelain.

Corollary 3.5Let N be a prime near-ring angd &nd  be any two generalized n-
derivations with associated nonzero n-derivationsdd respectively.

If f1(X1, X2, - . oo)fa(Ye, Yor - o o W) + fo(Xe, X2, oo o)fa(Ye, Yo .o, ) =0
for all X1 ,X2,...,%n , Y1,Y2,-..,¥n € N, then (N,+) is abelian.

Corollary 3.6 [3, Theorem 3.3Let N be a prime near-ring and dnd @ be any
two nonzerod,z)-n-derivations.

If di(Xe, X2, -+ s %)2(Y1, Y2, - - o W) + B(Xa, X2, + - R)Ca(Y1, Y2, - - W) =0
for all X1 ,%2,...,%, V1,¥2,...,¥h € N, then (N,+) is abelian.

Theorem 3.4 Let N be a prime near-ring, let &ind § be any two generalized
(o,7)-n-derivations with associated nonzeeor)-n-derivations d, d, respectively.

If f1(X1, X2, . . ., ¥)ofa(yr, Yo, - - -, W) +2fa(X1, X2, -« o, %)Y, V2 - ., ) =0

for all X1,X2,...,Xn,Y1,Y2,-..,Yn € N, then (N,+) is abelian.

Proof: By our hypothesis we have,

f1(X1, X2, - - ., %)o(fa(y1, Vo, - - o W) + t(f2(Xe, X2+« o X))FL(Y1, V2o o . 0 Y) =0

for all X1,X2,...,%n, Y1,Y2,---,¥n € N. (13)

Substituting y+ y1’, where y' € N, for y; in (13) we get
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fi(x1, X2, . . R)o(falyr+ yi's Yo, .o W) +
t(fa(X1, X0 - @)yt v, Yo, o ) =0
for all X3 ,%2,...,%n, Y1, ¥1',¥2,...,¥n € N. Thus, we get
fi(Xe,X2,. - %)o(fa(yr,Y2,- - W) + fu(Xe X, . %)o(fa(ya Y2, - - W) +
t(fa(X. X2, . )falyr Yz, - - ) +t(fa(XaXz, - o %))fa(ye' Y2, . ) =0

for all X1 ,X2,...,%n, Y1, ¥1',¥Y2,...,¥n € N.
Using (13) in previous equation implies
fi(xu,Xz, . . op)o(fa(ynyz - - W) + (X Xa,. . %)o(fa(yr e, - - W) +

f(xux2, - %)o(fa(-Y1 Y2, - o) + Fi(XaXa,. - )o(fa(-ya', Y2, - - ) =0
for all g ,X2,...,%n, Y1, Y1',¥2,-..,Yn € N.
which means that
fa(x1, X2, . . ., )o(fa((yr, Y1), Y2, - . . W) =0
for all xq,X2,...,%n, Y1, Y1',¥2,-..,Yn € N.
Now using Lemma 2.10, in previous equation, we katethat
o(f2((yr1, Y1), Y2, . . ., W) = 0 for all v, vi'\y2,....¥a € N.Sinceo is an
automorphism of N, we conclude that(y1, y1), ¥2, . . ., W) = 0 for all y,
y1',¥2,...,¥n € N. Now putting w(y, y1') instead of (y, y1"), where we N in last

eqguation and using it again, we get

do(W, Y2, . . ., Wol(ys, ¥1') = 0 for all v, v1',¥2,...,Yn,W € N. Using Lemma 12.6 (i)
as used in the Theorem 3.2, we conclude that (i abelain.

Corollary 3.7 Let N be a prime near-ring, let &nd $ be any two generalized n-
derivations with associated nonzero n-derivationsdd respectively.

If f1(X1, X2, - . o o)fa(Yn Yo, - o W) + Fo(Xe, X2, - o ¥)Fays, Yo, - o) =0
for all X1 ,X2,...,%n, Y1,Y2,.--,¥n € N, then (N,+) is abelian.

Corollary 3.8 [3, Theorem 3.4]Let N be a prime near-ring, let énd @ be any
two nonzerod,z)-n-derivations.

If di(Xs, X2, - - ., %)o(da(Y1, Y2, - - - W) +T(da(X1, X2, - - -, 8))da(Y1, Y2, - -, ) =0
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for all X3 ,X2,...,%n, Y1,Y2,...,Yn € N, then (N,+) is abelian.
Theorem 3.5Let N be a prime near-ring, let be a generalizeds(r)-n-derivation

with associated nonzere,f)-n-derivation dand $ be a generalized n-derivation
with associated nonzero n-derivatidp

() 1 falxe, Xo, - - - R)o(falyr, Yor - - o W)FT(falXe, Xo, - -y ¥))falYe, Yo, .. )=10
for all X1 ,X2,...,%n, Y1,¥2,...,¥n € N, then (N,+) is abelian.
(i) 1 fo(Xq, X2, - - -, R)o(falyrs Yoo - - o W) FT(fa(X, X2, - - oy %)f2(Yes Y2, - - - W) =0
for all x3,X2,...,Xn,Y1,Y2,-.-,¥n € N, then (N,+) is abelian.
Proof: (i) By our hypothesis we have,
fi(x1, X2, . . R)o(falyr, Yo, - o W) + t(fo(Xe, X2, o ¥))fa(Ye, Vo, oo ) =0
for all X3 ,%2,...,%n, Y1,Y2,...,Yn € N. (14)
Substituting y+ yi', where y' € N, for y; in (14) we get
fi(xa, Xz, . . op)o(fayr+ W1’y Yo, .. o W) +
t(fa(Xe, X2, - o @))falyr+ yi's Yo, .., W) =0

for all xq,X2,...,Xn,Y1,¥1',Y2,--.,Yn € N.
So we have
fi(Xe,X2,. - %)o(fa(yr,Yz,- - - W) + fulXeXa,. - %)o(falyr’, Yo, - - W) +

t(fa(Xe, X0 - MDY Y2, - W) H(fa(XaXo, - o 8)fa(Ya' Y2, - )0) =0
for all x3,X2,...,Xn,Y1,Y1',¥2,-..,¥n € N.
Using (14) in previous equation implies
fi(x1, X2,. .y ¥)o(falyr Yz, - - o W) + falXeXa, - . %)o(fa(yn' Yz, - W) +

f(x1,%2, - %)o(fa(-y1,Y2, - - W) + fi(Xe Xz, - 6)o(fa(-ya' Y2, - W) = 0
for all x3,X2,...,%n,Y1,Y1,Y2,-.-,¥n € N. Thus, we get
fa(x1, X2, . . ., )o(fa((yr, Y1), Y2, - . . W) =0

fOI’ a” Xl ,X2,..-,Xna yl! le1 y2!"'lyn € N
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Now, using Lemma 2.10 we conclude th&f((y1,y1),Y2,.- - .,\) = 0 for all
Yl'YII,YZ,---,yn e N.

Sinceo is an automorphism of N, we conclude that

fa((yr, 1), Yo, . . ., ) =0 for all \i, yi', Vo,...,¥n € N. Treating $ as generalized
(I,)-n-derivation of N and g as (l,1)-n-derivation, where | is the identity
automorphism of N and arguing on similar linesrasase of Theorem 3.2; we
conclude that (N, +) is an abelain group.

(i) Use same arguments as used in the proof of (i)

Corollary 3.9 Let N be a prime near-ring, let,de a nonzeros(z)-n-derivation
and @ be a nonzero n-derivation.

(1) If da(X1, X2, « « -, ¥)o(da(Y1, Yo, - - -, W) +T(da(X1, X2, - - o, X))D1(Y1, V2r - - o W)
=0 for all x ,X2,...,%Xn, Y1,Y2,...,Yn € N, then (N,+) is abelian.

(i) I do(Xa, X2, - - 5 R)o(dalY1s Yoo - - o W) +T(0a(Xe, X, -+ oy %))2Y1, Yo, - - s W)
=0 for all % ,X2,...,%n, Y1.,Y2,-.-,¥n € N, then (N,+) is abelian.

Theorem 3.6 Let N be a semiprime near-ring. Let f be a geneedli 6,7)-n-
derivation associated with the,f)-n-derivation d,

If t(X)f(y1, Yo, . - ., W) = (X1, X2, . . ., X)o(y1) for all X; ,X,...,.%n, V1,Y2,...,¥Yn € N,
then d = 0.

Proof: By our hypothesis we have,

T(X)f(ys Vo, - - -, W) = (X1, X2, . . ., %)o(y1) for all X1 ,X2,...,%n, Y1,Y2,-..,¥n € N.
(13)

Substituting zx; for x; in (13), where ze N, and using Lemma 2.11 we get
YzX)f(yn Yo, - - W) = f(zaXa, %o, - - -, 0)0(Ya)
=d(Zo, . . ., ¥)o(X)o(y1) + t(z)f(X1, X2, . . ., %)o(Y1)
for all X1,21,X2,...,%n Y1,Y2,...,Yn € N.
Using (13) in previous equation we get
YZX)f(Ys, Yo - - W) =d(@, X, - - . %)o(X)o(yr) + 1(za)t(X)f(Yw Yo, - - 0 W)
=d(zo, . . ., %)o(X)o(yr) + t(zx)f(ys Yo, - - 0 W)

for all X3,21,X2,...,%n, Y1,Y2,---,¥n € N. This yields that
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d(z, X2, . . ., ¥)o(x1)o(yr) = 0 for all x,z3,X2,...,%,Y1,Y2,...,¥n € N. Sincec is an
automorphism of N, we get

d(z1, X2, . . ., Y)uv = 0 for all z,xy,...,%n,U,ve N. Now replacing v by dz X, . . .,
Xpn) IN previous equation we get

d(z, X2, . . ., %)Nd(z1, X2, . . ., %) = {0} for all z1,Xz,...,% € N.

Semiprimeness of N implies that d = 0.

Corollary 3.10 Let N be a semiprime near-ring, let f be a genesli n-
derivation associated with the n-derivationlfdf(ys, vz, . . ., ¥) = (X1, X%, . . .,

Xn) Y1 for all X3 ,%o,.... %, Y1,Y2,...,h€ N. Thend = 0.

Corollary 3.11 [3, Theorem 3.8Let N be a semiprime near-ring, let d besa)¢
n-derivation,

If t(X)d(y1, V2, - - -, W) = d(, X2, . . ., %)o (o) for all X;,Xz,...,%n, Y1,Y2,.--,¥n €
N. Thend = 0.

Example 3.1Let S be a zero-symmetric left near-ring. Let Ushde
0 x vy

N = {(O 0 8),x,y € S} is zero symmetric near-ring with regard to matrix
0 O

addition and matrix multiplication .

Define fi,f5, di, db: N X N X...x N —N such that

n—times

0 X ¥\ /0 X vV, 0 X vy, 0 X X..%X, O
fi{lo o o),{0 o o0},.-,|0O 0O 0] | =|(0O 0 0

0O 0 O 0O 0 O 0O 0 O 0 0

0 X1 y]_ 0 X2 y2 0 Xn yn 0 0 y1y2 yn
d{{o o of,lO O O0)--,|O O O ={0 O 0

0O 0 0o/ N0 O O 0O 0 O 0 0 0

0 x vy, 0 % v, 0 X vy, 0 0 wyy,..y,
f{lo o o).{0 0 0).-,|0O O O] ]=(0 0 0

0O 0 O 0O 0 O 0O 0 O 0 0 0

0 X1 y;\ /0 X2 v, 0 X, Y, 0 X X..X, O
d|{{o o of,l0 O O0)--,|O O O ={0 0 0

0O 0 0o/ N0 O O 0O 0 O 0 0

Now we defines,7: N— N by
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0 x vy 0 v x
T (0 0 0) = <0 0 0)
0 0 O 0 0 O

It can be easily seenare automorphism of near-rings N which is not geime,
having d, d; as a nonzere( t)-n-derivations and;fand $ are nonzero generalized
(o, 1)-n-derivations associated with the, (t)-n-derivations ¢, d, respectively
whereo = |, the identity outomorphism of N. We also have

@) fi(N,N,...N) &z

(i) [Fa(N, N, .., N) , 8(N, N, ..., N)] = {0},

(i) f1(Xa, X2, . . @2y, Yo, - - o W) = - (X1, X2, « . o, X)Fa(Ya, Vo, - - ., W) or all
X1,X2y ey Xny Y1,Y2,-+-,Yn € N,

(V) fa(Xa, X2, - . %)o(fa(y, Yo, - W) +2(fa(Xe, X2, - o )Y, Yo, o W) =
0 for all X ,X2,...,%n, Y1,Y2,---,¥n € N. However (N, +) is non abelain.

(V) t(XD)f1(ys Yo, -+ . W) = fulXe, X2, .+ . ., %)o(ya) for all X ,Xz,...,%n, Y1,Y2,...,¥n €
N. However d# 0.

Theorem 3.7 Let N be a prime near-ring, let f be a generalited)-n-derivation
associated with thes{r)-n-derivation d,

IfK={aeN|[f(N, N, ..., N)z(a)] ={0}, then ac K implies either d(a, % . . .,
Xn) = 0 for all %,...,X, € N or ac Z.

Proof: Assume that a K, we have
f(X1, X2, . . ., ¥)t(a) =1(@)f(X1, X2, . . ., %) fOr all x; ,%2,...,%, € N. 14
Putting ax in place of x in (14) and using Lemma 2.9 we get
d(a, %, - . ., xo(x)t(@) +r(@)f(xy, X2, . . ., %)t(a) =

t(@)d(a, %, . . ., %)o(X1) + t@y(@)f(xay, X2, . . ., %)
for all X1 ,X2,...,%, € N. Using (14) in previous equation we get
d@@, %, . . ., po(x)t(a) =t(a)d(a, %, . . ., %)o(xy) for all x; ,Xz,...,X, € N (15)
Putting xy1, where y € N, for x.in (15) and using it again

d(a, %, . . ., @)o(x1)[o(ys) , 1(a)] = 0. Sinces is an automorphism, we get
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d(a, %, . . ., %)N[o(yy),=(a)] = {0} for all X1 ,Xs,...,X» € N. Sincec andt are
automorphisms, primeness of N yields either dfa, x., %) = 0 for all %,...,X, €
N or ae Z.

Theorem 3.8Let N be a prime near-ring, let f be a generalited)-n-derivation
associated with thes{r)-n-derivation d.

If [f{(N, N, ..., N), a},. = {0}, then eitherd(a, % . . ., %) = O forall %,...,x, € N
or ae Z.

Proof: For all X, Xa,..., X, € N we have
f(X1, X2, . . ., ¥)o(a) =t(a)f(xy, Xz, . . ., ). (16)
Putting ax in place of x in (16) and using Lemma 2.9 we get
d@a, », . . ., mo(xy)o(a) +t(@)f(xsy, X2, . . ., )o(a) =
@d(@, %, - - ., p)o(xa) + (@@, Xz, . . ., %)
for all xa, Xo,..., X, € N. Using (16) in previous equation we get
d@ %, - . ., ¥)o(x))o(a) =t(a)d(a, %, . . ., ¥)o(x1) (17)
Putting xy;, where y € N, for x.in (17) and using it again
d(a, %, . . ., %)o(Xy)[o(yr) ,o(a)] = 0. Sinces is an automorphism, we have
d(@ %, . .., %N [o(y1) , o(@)] = {0}.

Sinceo is an automorphisms, Primeness of N yields eitlj@r %, . . ., %) = 0 for
all xg,...,.Xn € N or ae Z.

Acknowledgements: The author is thankful to the referee for his vhlea
suggestions.
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