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Abstract

The optimal distributed control problem for age-dependent population dif-
fusion system governed by integral partial differential equations is investigated
in this paper. As mew results, the existence and uniqueness of the optimal
distributed control are proposed and proved, a necessary and sufficient con-
ditions for the control to be optimal are obtained, and the optimality system
consisting of integro-partial differential equations and variational inequalities
are constructed in which the optimal controls can be determined. The applica-
tions of penalty shifting method for infinite dimensional systems to approximate
solutions of control problems for the population system are researched. An ap-
proximation program is structured, and the convergence of the approrimating
sequences in appropriate Hilbert spaces is deriwed. The results in this paper
may significantly provide theoretical reference for the practical research of the
control problem in population systems.

Keywords:population diffusion system, optimaldistributed control, neces-
sary and sufficient condition, optimality system, penalty shifting method.
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1 Introduction

We consider the foollowing age-dependent population diffusion system(P)Ref.1-
2; 10-11 ):

Lp=p. +p — kLDp+ p(rt,z)p =v(r, t,x), in Q=06 X,
A

p(0,t,x) = / B(r,t,z)p(r,t,x)dr, in Qp = (0,T) x Q,
0

p(r,0,2) = po(r,x), in Qy = (0,A4) x £,
p(r,t,x) =0, on X =0 x 09,

where p = p(r,t,z) is the population density of age r > 0 at time ¢ > 0 and
at spatial position x € Q, Q being a bounded domainin RY(1 < N < 3), p is
the death rate and [ is the fertility rate, 0 < r < A, A is the highest age
ever attained by individual of the population and then

p(r,t,z) =0 if r > A. (5)

k > 0 is the dispersal modulus. § = (0, A) x (0,T). po is an initial density. (4)
denotes that boundary 02 of domain 2 is supposed to be extremely in-
hospitable. In (1) v 1is the distributed control. The reference [3] proved
the controllability for the system (1)- (4) under the hypothesis p(r,t,z) = 0
and S(r,t, x)=0(r) without researches of the optimal control problem for the
system (1)-(4). In the present paper, the optimal control problem for the sys-
tem (1)-(4) with p=p(r,t,x) and f=p(r,t,x) is investigated. The existence
and uniqueness of the optimal control are proved. The necessary and suffi-
cient conditions for a control to be optimal are obtained. By means of the
penalty shifting principle, the approximate solution of the optimal control is
researched, an approximation program is structured, and the convergence of
the approximating sequence on appropriate Hilbert Space is derived.
The following assumptions are made throughout the paper:
(Aq) u(g,t,a:) is a measurable and u(r,t,x) >0, wu(-,t,z) € L0, A),

/ M(r7ta {L‘)d’l" = +00;
0 _
(A2) B isameasurable and 8 € L*(Q), 0 < f(r,t,z) < 8 <
400, a.e.on @
A
(As) po € L*(Q4), po(r,z) >0, /0 po(r, )dr < My < +00;

(Ay) k>0, 0N is smooth.
Let
U = closed, convex subset of L*(Q). (6)

Clearly p depends on v and hence we write p(r,t,z;v) or p(v).
With every control v € U, we associate the cost:

I(v) = p(. T, ;) = zal, I, +allvlly, >0, (7)

=~ [\
—_ — ~— ~—
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where z;4 is a given element in €24. Let

I llos =1 llzzays - lle =1+ llz2@)-
The control problem then is:

Find v e U satisfying I(u) = igg{](v). (8)

The problem (1)—(4), the cost function (7) and the minimization problem (8)
constitute the mathematical model of the optimal distributed control for age-
dependent population diffusion system. In (8) , elment u € U is termed the
optimal distributed control of the system (1)—(4).

2 Optimality Conditions and Optimality Sys-
tems

We state first the following existence and uniqueness theorem for the sys-
tem (1)—(4).
From Refs.3-5 we mat obtain the folloming Theorem 2.1.

Theorem 2.1. Assume that (A;)—(Ay4) hold. Then the system (1)—(4) ad-
mits a unique solution p € V = L?(0; H}()), and bilinear mapping (v, pg) —
p is a continuous mapping of L?*(Q) x L?*(Q4) — V.

From Theorem 2.1 and trace theorem (cf.Ref.3), we obtain:

Corollary 2.1. The mapping v — p (-, 7, ; v) is a continuous affine
map of L?(Q) — L*(Qa).

Theorem 2.2. Assume that (A;)—(Ay4) hold. Let v € U, and p(v) € V be
the solution of (1)—(4). Then there exists a unique element u € U such that

I(u) = inf I(v)

veld
and wu is characterized by
(p(T;v) = p(Tsu), p(Tiu) — z4)a, + p(u,v —u)g >0, Yoeld, (9)

where

(¢, )0, = /Q pudrdz, (p.0)q = /Q opdrdida.

In other words, a necessary and sufficient condition for v to be optimal control
is that u satisfies (9).
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Proof. We set
p(r, T, x;v) = p(T;v).

According to definitions of /(v) and definition (cf. Ref. 6) of Gateaue differen-
tiate I'(u,v — u) an easy calculation shows that

;],(u7v - u) = (p (T;U) -Pp (T; u),p (T’ U’) - Zd))QA +p (U — U u)Q' (10)

From Definition (7) and Corollary 2.1, we deduce that the functional v —
I(v) is continuous from L?(Q) to R and it is actually a functional which is
strictly convex. From the definition (7) of I(v), we have I(v) > pllv||?, so that
I(v) = 400 if |jv]|g — +oo. Consequently, according to Ref. 7 there exists
a unique element u € U such that I(u) = 11Lr€1£ I(v) and w is characterized by

1
uel, 5]’(u,v—u)20 Yvel. (11)

Form (11) and (10) we deduce (9). Thus, Theorem is proved.

We shall now transfrom (9) by utilizing the adjoint state. We define the
adjoint state ¢(u) by

0
'q=———— — kAg 4 pg — B(r,t,2)q(0,t,2) =0, in Q,

Let
t=T—t,r=A—7r", g0, t', x)=q(A—r, T—t, 1) (16)

Then the problem (12)—(15) becomes down to a problem (1)—(4). From
Theorem 2.1 and (16) we deduce that the problem (12)—(15) admits a unique
solution ¢ € V.

Multiplying (12) by (p(v) — p(u)), applying Green’s Formula and (1)-
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(4) and (13)-(15), and setting p(A;v) = p(A,t, x;v), we have:

0= (p(v) — p(u), L*q)q
= (L(p(v) — p(u)),q)q — /Q [(p(A;0) — p(A;u))q(A, t,x) — (p(0,t, x5 v)

—p(0,¢, 25u))q(0, ¢, z; U)]gtdx - /QA[(p(T; v) = p(T;u))q(r, T, z) — (p(r,0, z;v)
= p(r,0,2;u))q(r, 0, z)|drdz + /E(p(v) - p(U))gf* dx — /anay(p(v) — p(u))dy
([ 800t 2l 50 = plr, ) 0,1, 2))e

= (0~ wa)g ~ 0+ ([ (plr,t.2:0) = p(rst, )0, 1,2, 0(0. 1, 750)),

= (T ) = (T ), p(T50) = 20)a, +0+ 0= ([ 5(6(0) = p()dr, 40, 6,2))e,
= (v—=u,9)q = ((T;v) = p(T; ), p(T; 1) = 2a)a, + 0,

that is
(p(T50) = p(T;u), p(T5 u) = 2a)a, = (v —u,q)q- (17)
Thus, it follows from (17) that (9) becomes

/Q (q(u) + pu)(v — uw)dQ >0, Vv eU. (18)
Then we obtained:

Theorem 2.3. Assume that the state of the system (P) is defined by (1)—(4). Then
the optimal control u to corresponding to cost functional (7) is determined
by the optimality system consisting of the equation (1)—(4) (where v = u)
and the adjoint equation (12)—(15) with the variation inequality (18).

3 Penalty Shifting Method for Numerical Ap-
proximation

The optimal control problem (8) can be written as the minimization problem

(P1):
with respect to (p(v),v) under constraints (1) — (4) and
v €U, find u € U satisfying the equality (19)
ll)Ielzg I(p(v),v) = I(p(u),u), where I(p(v),v) = I(v) in (7).

We research the application of penalty shifting method that Di Pillo state-

mented for infinte dimensional systems (cf. Refs. 8, 9) to the approximate

solution of the problem (P;). We shall approximate the solution (p(u),u) of

the constrained minimization problem (P;) by a family {(pg,us)} of solution
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of the non-constrained minimization problem in which p and v become the
independent variables.
We introduce the set

Y={plpeV,p=0, Lpe L*(Q), (Bp)(-, ) € L*(Qr)},  (20)
where N
(Bp)(t,x) = p(0,t,x) —/0 B(r,t,x)p(r,t, z)dr.

Endowed with the norm

lplly = (el + ILpllg + | Bplla,)"?, (21)

Y is a closed convex subset in a Hilbert space,where || - ||g = || - ||r2), £ =
Q, 07,04, 2.

Now let ¢ > 0,& = (\,n,¢) with A € L*(Q),n € L*(Qr),( € L*(Q4), and
define augmented Lagrangian:

J(p,v,e,€) = I(p,v) + ¢ (|| Lp = vl[§ + 1 Bplg, + [lp(- .0, ) = pollg, ]+ (A, Lp —v)q
+ (777 Bp)QT + (Cv p('a 0, ) - pO)QA
(22)
on the set Y X U, where ( -, -)g denotes the scalar product in L?(E). In
‘](p7 v, ¢, €>a
p and v are independent variables.
We state first the following result:

Theorem 3.1 For ang given £ and ¢ > 0, the minimization problem(Ps)

inf_ J(p,v,c¢) (23)

peY, veld

admits a unique solution (p, 0) € Y x U.

proof. Set
w=(p,v), weW=Y xU. (24)

Then we have J(w, ¢,&) = J(p, v, ¢,§). Thus,the minimization problem (3.5) comes
down to a problem

inf J(w,c,€). (25)

Clearly, W is a closed convex subset of a Hilbert space. We prove first that
J(w, ¢, ) is radially unbounded on W. We proceed by contradiction. Assume
that there exists a sequence {(pm, Um, ¢,€)} such that (||pml|E + |lvalE)"? —
+oo and  J(pm, Um, ¢, €) — | < +00. It can be easily verified that this implies:

[omlle < Cry llpm (0, )lax < Co, [|Lpm = vmlle < Cs, [[BPmllay < Ci.
(26)
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Hence, in particular, by(3.8);, (3.8)3, we have:
[Lpmlle < Cs. (27)

Taking into account the continuity of the map (v, Bp, pg) — p defined by
Theorem 2.1, we have by (26) and (27):

Then, from (28), (27), (26), we get a contradiction with the original assump-
tion. This proves that J(w, ¢, ) is radially unbounded on W. Moreover, from
the definition (22), (24) of J , it can be easily verified that J is also strictly
convex and continuous; then from Ref. 7 (Remark 1.2, Chapter 1, p.8), we
deduce that there exists a unique element w = (p, 0) in Y x U = W such
that J(w, ¢, §) = u}g‘fv J(w,c, &) e J(p, v, ¢,€) = inf uJ(p,v,c,f). Thus

peY, ve
, the theorem 3.1 is proved.

Lemma 3.1. Let arbitrary point (p,v) be given in Y x Y. Then for any
given ¢ and ¢ > 0, we have

J(p,U,C, 5) - J(@@Q 5) + Hp<7T7 ) _ﬁ('7T7 )HS%A + IO||U - @HQQ

+c[ | Lp—p) — (v =)l + 1 Blp = D)1, + Ip(-,0,-) = B(-, 0,)[I3,,]

+J/(]3,?7,C,£,p—p,'l)—1_})7 VPGY, Yvelu.

Proof. According to definitions (22) and (7) of J and I and by noting
that

lyllE = 19l = ly — 9ll% +2(y — 7, 9k, (30)

we have:

J(pa v, ¢, 6) - J(ﬁ? v, ¢, f)
= lp = plg, + pllv = 0[E + e[ IL(p — ) — (v = 0)[I3 + [|B(p — D)l

+p(-0,) =p(,0.9)IE,]  +{2(p — PP — 2d)a, +2p(v — 1, 0)g

+ 2C[(L(p - ﬁ) - (U - @)7 Lﬁ - E)Q + (B(p - ﬁ)v Bﬁ)QT

+ (p(" 0, ) - ﬁ(’ 0, ')715(" 0, ) - pO)QA] + (/\7 L(p - ﬁ) - (U - @))Q

+(U»B(p—f?))m+(§,p(‘aoa‘) _p('voa'))ﬂA}‘ (3 )

1

In order to prove (29), it suffices to prove that the part {...} in (31) is equal
to J'(p,v,¢,&,p— p,v— v). From the definition of Gateaue differentiation and
(30), we have:

J(p,0,¢,&p = pv—10) = elgmfw(m@(ﬁ—p),m@(v = 0),6,8) = J(p,0,¢.8)]

o+ 6
= lim < {p+ 6 — ) — zalls, + ol + 6w — D)+ 1L+ 6p )
(00— ) + 1B+ 00— P, + 15+ 00— 5)(-0.) ~ pol3,]

(29)



80 Jun Fu et al.

+ O L@+ 0= 1) = (0400 = D)) + (. BE + 80 — D))o

(¢ 0+ 06— 5)(0,7) — po)a, — [P — zalls, — plloly — el | Lp - ol

+ 1Bl + 15(,0,) = polle,] = O L5 = D) — (1, B)ay — (C,5(0,) — po)a }
= {0420 pp— o + 042900~ 0.0)g - 0 +2Llp—7) — (v 7).

Lo~ 0lg-+0+ 2B(p ~ ). Bplay +0-+ 2(p =p)-.0..5(:0.) = )

£ O Llp =)= (0 =0+ (1,50~ Plon + (o~ Py

Lemma 3.1 is now proved.

Lemma 3.2. Let w = (p,u) be the minimizing point of J(w,c,&) =

J(p,v,¢,§) in
W =Y xU. Then, for any given ¢ and ¢ > 0, we have

J(p,?), C, 5) > J(ﬁ7ﬂ7 ¢, 5) + ”p(aTa ) - }5(? T7 )H?)A + pHU - a”é + C[HL(p - }3)
(0= )5+ 1B — D), + Ip(0.) = 5,03, VpeY. voeu.
(32)
Proof. By setting p=pand v =@ in (31), It follows from the necessary
optimality condition in Ref. 7 (Theorem 1.3, Chapter 1, p.10) that

J (w,c,6,w—w)=J(p,a,c,&,p—p,v—1u) >0 Yw=(pv)eY xU=W.
(33)
From (31) and (33), we arrive at (32). Lemma 3.2 is proved.

Lemma 3.3. Let (p,u) be the optimal solution of the problem (P;), where p =
p(r,t,z;u). Then there exists £ = (A, 7,() such that

J(p7 v, 07 é) > I(ﬁa U’) + “p(a T7 ) _ﬁ(7 T7 )H?ZA —l—pHU _u||2Q v<p7 U) €Y xu.
(34)
Proof. Let q(u) be the adjoint state given equations (22)—(25) (where p(u) =
p(u)) and assume:

A=—-2¢ inQ, 7=-2¢0,t,x) onQp, =—2q(r,0,z) onQu. (35)
Making use of the integration by parts and the Green's formula in Ref. 7 yields:
/Q qLpd@Q = /Q pL7qd@Q + /Q [pa(A,t, ) — (pg) (0, ¢, x)]dtdx
T

+ [ 1 ><7~Ta:> (pa)(a, 0, ))drda (36)

—q dZ—i—/ Bp)(r,t,x)q(0,t,2)dQ

“hf g,

By applying (36) and noting that g(u) satisfies (22)—(25) and p(u) satisfies
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(1)—(4), we have:

(¢, L(p =P = (L*q,p = Plo + (¢(A,,-), (0 = P)(A, -, )y
- (Q(Ov K ')7 (p - ﬁ)( » " ))QT + (Q<'>T> ')7 (p - ﬁ)(? T, ))QA
- (Q('v O’ ')7 (p - ﬁ)(? 07 '))QA + (Q(07t7 x)? (5(]9 - ﬁ)) T, tw’r))Q
= (ﬁ('vT, ) — Zd, \P _ﬁ)("Ta : )QA - ( ("07 )a (p _ﬁ)(WO? ) Qa
- ( (07 " ')a (Bp)(o, K ) - (Bﬁ)(ov ) ))QA'

From (36) (set p=p, v =u), (22)( set c=0), (35), (18) (30) and (37),
we have:

J/(ﬁaua()?é;p _ﬁav - U)
= J<p7v707£)~_<]<ﬁ7u707€) Hp< ) ( y Ly ||2 _pHU—UHQ

)
,0,) =p ) — I(p,u) + (A, Lp — u)q

= I(p,v) + (\, Lp = v)q + (7, Bp)a, + (, (.
- (ﬁ? Bﬁ)QT - (C?ﬁ(7 ) p0>QA Hp( - ) ﬁ( )HQA - pHU - UHQ

= Q(p(-,T, ) _ﬁ('vT7 ')7 ﬁ(',T, ) - Zd)QA 2(])( ) Zd, p(-,T, ) —p(-,T, '))QA
+2(Q('707')7 p(-,(),-)—ﬁ(-,() )) ( >Q+2p(v_u u) _2<Q('7O")vp('70")

—(0,-))a, + (2¢,u)q — 2(q, B(p p))QT +2(q, B(p — p))aa
=2(q¢+ pu,v—u)g >0, VelU,

that is )
J/(ﬁ7u,0,£,p—ﬁ,U—U)ZO Vv el. (38)

On the other hand, since (p,u) is a solution of the problem (1)—(4), the
following equality holds:

J(B,u,0,€) = I(p,u). (39)

From (29) ( where c=0, p=p, o =u), and (39), we have

J(p,U,O,é) - I(ﬁa U) + Hp(J T7 ) _ﬁ('7T7 )H?ZA + pHU - UHE}
+J(p,u,0,&,p—p,v—u). VpeY, Yvel.

Thus, (34) follows from (38), (40). Lemma 3.3 is proved.
Let now (ppm, um) be the minimizing point of J(p, v, c,§) and consider the
sequence {(pm,umn)} obtained by employing the following multiplier adjust-

ment rule:
Ami1 = Am + ac(Lpy, — uy)  in Q,
{ Dma1l = Dm + acBp,, on Qp, (41)
Cm+1 = Cm + OzC(pm(', 0, ) - pO) on €2,
where 0 < o < 2 and & = (X, 70, (o) is any given initial value in L?(Q) x
L*(Qr) x L*(92).
Then we can prove the following result:

(40)
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Theorem 3.2.  The sequence {(pg,un)} converges strongly in Y X
L*(Q) to the optimal solution (p,u) of the problem (P;), where p = p(u).

Proof. Let £ = (5\,77,5) be the multiplier introduced in the proof of
Lemma 3.3,
i.e. (35), in order to write in pithy style, £ be still denoted by € = (X, n,¢). we
have from (41) that

H/\m - )‘H?;) = ||/\m+1 - /\||2Q - O‘2CQ||me - um”é - QQC()‘m - )‘a me - um)Q7
17m = 18 = Ims1 = 1l — (| Bpmllay, — 20¢(0m — 1, Bom)ar, (42)
[Gm = €l = Gms1 — ClIE, — a®llpm(-,0,-) = polld,

- QO‘C(Cm - gpm('a 0, ) - pO)QA‘

From Lemma 3.2 and (39), let p = p(u), v = u, p = p, & = Uy, ( =
Cm in (32), we get:

I(p, 1) 2 (Pt €Em) + 10 = Pl + pllu — timG + e[ IL(p = pm) = (1= tm) g
+ 1B = pm)llo, + (- 0,) = pm(-, 0, )l ] (43)

From Lemma 3.3 and let p = p,, v = Uy, p=p(u), u=uin (34), we get:

T (s m, 0,8) = I(p,w) + Ip( T, ) = P, Ty ), + pllu — umllg- (44)

Adding (43) to (44) and noting Lp = u, Bplq, = 0, we obtain:

J(pmyuma 075) > J(pma Um, C, €m> + 2||p(7T7 ) - pm('aTv )H?ZA + 2;0”“ - um”é
+ e[ 1Lpm — uml[§ + | Bpml[S, + 12 0,) = pm(, 0, )[15,,]-

Noting the definition (22) of .J, we obtain from (45) that

](pma um) + ()\7 me - um)@ + (na Bpm)QT + (Capm('7 07 ) - pO)QA
> I(pm, wm) + el Lpm — gy + 1Bpmlld, + [IPm (- 0,-) = polld,
+(77m7 Bpm)QT + (Cmvpm(a 07 ) - pO)QA + 2||p(7 T7 ) - pm('aTa )

0

Rearranging terms and noting that ||p(-,7,) — pm(-, T, )|la, >0 in (46) we
obtain:

(Aa me - um)Q + (77, Bpm)QT + (C?pm(a 07 ) - pO)QA
> (>\m7 me - um)Q + (nma Bpm)QT + (Capm('a 07 ) - pO)QA + 20[ ||me - um“é
1 Bpmlld,] + ¢l 1p(-0,) = pim (-0, )18, + lPm (- 0, ) = polld, ] + 20llu — um |3
(47)
Recalling that 0 < a < 2, and hence —2ac? < —a?c?.
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Thus, we have from (41) that

[ A — )‘H?;) > [ Amt1 — )‘”2@ —2ac?|| Lpym — um”?,} — 2ac(Amy Lpm — um)q
+ 2ac(N, Lpy, — um) o,
Hnm - 77||522T > ||77m+1 - 77||?2T - 20[62||Bpm||£2)T - 2a0(77m7 Bpm)QT + 2040(77, Bpm)QTv
1Gn = CllE, = NGnrr — ClIE, — 2a¢?(|pa(-, 0, 2) = polld,, — 2ae(Gns (-, 0, ) — Po)a,
+ 2050(C7pm<'7 07 ) - pO)QA'
(48)
From (48), (47), we obtain:

[Am = IS + 11m = nllé,. + 1[G — €13,

> [ Amsr = MG+ [0mr1 = 0lld, + 1Gnr1 = CllE, — 20| Lpn — unll
— 200¢( A, Lpm — ) + 20c¢(N, Lpyy — ) — 20 || Bpp ||,
— 20¢(Nm, Bpm)ar + 2ac(n, Bpm)r — 206 ||pm(-, 0, ) — ol
- 2aC<Cm7pm('v 0, ) - pO)QA + 2ac(§,pm(-, 0, ) - pO)QA

> 2ac[(Ams Lpm — tm)q + (Mmy, Bpm)ar + (Cns P+ 0, +) — po)a,]
+4ac [|Lpn — |y + | Bomllé,] + 2a¢?([[p(+, 0, ) = pu(-, 0, )|,

+ pm(+, 0, ) = pollé,] + dpacllu — wnllg + 1 Amss = AlG + 01 — g,
+ Gt = ClIG, — 20| Lpm — unl§ — 20¢(Am, Lpm — um)q — 20¢2|| Bpn [,
- 2ac(77ma Bpm)QT o 2acQHpm(-, 0, ) _pOH?ZA o 2aC<Cm7pm('7 0, ) - pO)QA
= [ Ams1 = MG + 1ms1 = 0l + [Gnar = ClIG, + 20| Lpm — uml[)
+ 200 Bppl[?, + 20¢2(lpm (-0, ) = p(-, 0,-) 1§, + dpac]u — [
that is

”)‘m - )‘HQQ + Hnm - 77“?)T + HCm - C”?ZA
> [[Amr1 = AlIG + [0 = 1llé, + [Gnr — ClIG, + 20| Lpm — winl[3)
+2ac?(| Bp |, + 2a¢?|[pm(-,0,-) = (- 0,)|I5, + 4pacllu — uwn [
(49)
From it follows that the sequence {[|Am — Allg) + |7m — 1ll&, + |G — Cl1&, } 18
nonincreasing and therefore it admits a limit. This implies: as m — 400,

[um—ullg = 0, | Lpm—tumll = 0, | Bpmllé. — 0, [Ipm(-,0,-)=p(-,0,-)[la, — O.

(50)
Since Lp = wand ||L (pn—p)llq < || Lpm—tmllq+/|um—ullq, from (50)1, (50)2 we
deduce: as m — +o0,

1L (pm — P)ll@ — 0. (51)
According to (Bp)(t,z) = 0, it follows from (50)3 that as m — +o0,
1B (Pm = p)llor = [ Bpmllar = 0. (52)

Taking into account the continuity of the solution of equations (1) — (4) with
respect to (v, Bp,py) in Theorem 2.1, from (50) and (52) it can be easily deduce
that {(pm,um)} converges strongly in Y XU to (p,u) as m — +oo. Theo-
rem 3.2 is proved.
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4 Conclusions

In this paper, we investigate the optimal distributed control problem for age-
dependent population diffusion system. For the cost as a quadratic functional,
the existence and uniqueness of the optimal control for the system is proved,
and the necessary and sufficient condition for a control to be optimal is ob-
tained. The optimality system determining the optimal control is deduced.
The application of penalty shifting method to the approximate solution of the
control problem for the population system is researched, and the convergence
of method in appropriate Hilbert spaces is derived. These results may signif-
icantly provide theoretical reference for the practical research of the control
problem in population systems.
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