[

Gen. Math. Notes, Vol. 6, No. 2, October 2011, pp.80-94
ISSN 2219-7184; Copyright (©ICSRS Publication, 2011
WWW. 1-CSTS. 0Tq

Awailable free online at http://www.geman.in

On Some New Almost Double Lacunary
A™-Sequence Spaces Defined by
Orlicz Functions
Vakeel A. Khan' and Sabiha Tabassum®

Department of Mathematics
A.M.U. Aligarh-202002 (INDIA)
'E-mail: vakhan@math.com
2E-mail: sabihatabassum@math.com

(Received: 12-9-11/ Accepted: 24-10-11)

Abstract
In this paper we introduce a new concept for almost double lacunary A™ -
sequence spaces defined by Orlicz function and give inclusion relations. The re-
sults here in proved are analogous to those by Ayhan Esi [General Mathematics
(2009),2(17) 53-66].
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tion,Strongly almost convergence.

1 Introduction

Let [.,c and ¢y be the spaces of bounded, convergent and null sequences
x = (xy), with complex terms, respectively, normed by ||z||s = sup |zx|, where
k

ke N.
A sequence x = (%) € ly is said to be almost convergent[15] if all Banach

limits of # = (z}) coincide. in [15], it was shown that

1 n
¢ = {x = (xg): lim — Zst exists, uniformly in 5}.

n—oo N
k=1
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In [16,17], Maddox defined a sequence x = (z},) to be strongly convergent to a
number L if

1 n
7}2{)10 - Z |z, — L| = 0, uniformly in s
k=1

By a lacunary sequence 6 = (k,), r=0,1,2,... where k, = 0, we mean an in-
creasing sequence of non negative integers h, = (k. — k,_1) — oo(r — o0).
The intervals determined by 6 are denoted by I, = (k,_1,k,| and ratio kfil
will be denoted by g,.
The space of lacunary strongly convergent sequence Ny was defined by Freed-
man et al.[3] as follows

.1
Ny = {x = (xg) : rlggoh_ Z |z, — L] = 0, for some L}.

" kel,

The double lacunary sequence was defined by E.Savas and R.F.Patterson[20]
as follows:

The double sequence 6, = {(k,,ls)} is called double lacunary if there exist
two increasing sequence of integers such that

ko=0,h, =k, —k,_1 >0 asr — o0

and

lo=0,h; =1l —1s-1 — 00 as s = o0.

The following intervals are determined by 6.

I, = {(k'r) chkeo1 <k < kr};ls = {(l) i<l ls}
]T,s - {(k?,l) : kr—l <k< kr and ls—l <l < ls},

q¢r = k’:’il,q; = lslil and ¢, = ¢rq; . We will denote the set of all lacunary

sequences by Ny, .

Let & = (xy;) be a double sequence that is a double infinite array of elements
xr- The space of double lacunary strongly convergent sequence is defined as
follows:

1
Ny, = {x = (z40) : lim Z |z — L| = 0 for some L}(see[20]).

r,8
"% (kl)Ely, s
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Double sequences have been studied by V.A.Khan(8,9,10,11], Moricz and
Rhoades[19] and many others.

In [12], Kizmaz defined the sequence spaces
Z(A) = {x = (ay) : (Axy) € Z} for Z = o, ¢, o, where Az = (Axy) =
(2 — xg11). After Et. and Colak [1] generalized the difference sequence spaces
to the sequence spaces Z(A™) = {x = (xy) : (A™xy) € Z} for Z = I, ¢, co,
where m € N, A%z = (zy),
Az = (x) — Tpy1), AT = (A™xy) = (A™ oy — A™ 12;44), and so that

ATy = vf}—nv (73) .

An Orlicz Function is a function M : [0, 00) — [0, c0) which is continuous,
nondecreasing and convex with M(0) = 0, M(z) > 0 for z > 0 and M (z) —
00, as T — 00.

An Orlicz function M satisfies the Ay — condition (M € A, for short ) if
there exist constant £ > 2 and ug > 0 such that

M(2u) < KM (u)

whenever |u| < ug.

An Orlicz function M can always be represented (see[13])in the integral
form

f q(t)dt, where ¢ known as the kernel of M, is right differentiable for
t>0 q( ) > 0 for t > 0, ¢ is non-decreasing and ¢(t) — oo as t — oo.

Note that an Orlicz function satisfies the inequality
M(A\z) < AM(z) for all A with 0 <\ <1,

since M is convex and M (0) = 0.
Lindesstrauss and Tzafriri [14] used the idea of Orlicz sequence space;

lM::{xew:ZM(@)<oo, for some p>0}

k=1 P

which is Banach space with the norm the norm

l2|lar = mf{p >0 ZM('po) < 1}.

k=1
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The space [ is closely related to the space [,, which is an Orlicz sequence
space with M(z) = aP for 1 < p < oo. Orlicz function has been studied by
V.A.Khan[4,5,6,7] and many others.

The purpose of this paper is to introduce and study a concept of lacunary
almost generalized A™—convergence function and to examine these new se-
quence spaces which also generalize the well known Orlicz sequence space [y,
and strongly summable sequence [C, 1, p], [C, 1, Py and [C, 1, p|(see[18]).

Let M be an Orlicz function and p = (px) be any bounded sequence of strictly
positive real numbers. Ayhan Esi[2] defined the following sequence spaces:

&, M, p](A™) = {x () : lim © i {M(‘Amx’”m - L’)}pk —0,

uniformly in m for some p > 0 and L > O}.

n

e tplo@m) = fo = o g 3 [ar(E2D) 7

uniformly in m, for some p > 0 }

1 Pk
(¢, M, ploo(A™) = {x: (x)) : sup — n[M( < o0, for somep>0}.
k=1

nm T

|Amxk+m|>
P

If x = (x) € [¢, M, p](A™), we say that x = (x}) is lacunary almost A”-
convergent to L with respect an Orlicz function M.

The folowing inequality will be used throughout the paper

|21t + Y [P < K (|2 [P A [yr] ) [1.1]

where z;; and gy, are complex numbers, K = max(1,2771) and H = suppy <
k)l
00.
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2 Main Results

In the following paper we introduce and examine the following spaces defined
by Orlicz function.

Definition 2.1. Let M be an Orlicz function and p = (pg;) be any bounded
sequence of strictly positive real numbers. We have

1 Am i — L Pkl
6, M, pl"(A™) = {x: (o) lm -2 3 {M(| Titmis |>} o,
"8 (ke P

8

uniformly in m and n, for some p > 0 and L > O}.

A . 1 Am m n Ph
(2, M, plg(A™) = {33 = (z) : lim h Z {M (M)} =0,

8
" (kD)€L P

uniformly in m and n, for some p > 0 }

Am m n Pkl
Z [M<M>} < 00, for somep>()}.

60, M, (A™) — {x _ (o) : sup
(k) els P

r,s,m,n r s

where
m m m—1 m—1 m—1 m—1
A"p = (A"x) = (A" o — A" w0 — A" g+ A™ T g 041)

(Alzy) = (Azy) = (T — Tripr — Thrtg + Thr1ir1),
Az = (z1,), forall k,l€ N,

and also this generalized difference double notion has the following binomial
representation:

Ay = i i(—l)”j <T> <T) Thetiitj

i=0 j=0

If v = (z1) € [é2, M,p]’(A™), we say that x = (z3;) is double lacunary
almost A™-convergent to L with respect an Orlicz function M.
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In this section we prove some results involving the double sequence spaces

(2, M, p)°(A™), [e2, M, p]§(A™) and [é2, M, p]3 (A™).

Theorem 2.1. Let M be an Orlicz function and p = (pg;) be a bounded se-
quence of strictly real numbers. Then [éy, M, p]®(A™), [¢a, M, p]d(A™) and [¢q, M, p]? (A™)
are linear spaces over the set of complex numbers C.

Proof. Let z = (x1),y = (yu) € [é2, M, pl§(A™) and a, 3 € C. Then there
exists positive p; and py such that

1 [ A™ mutn
M(’ Thtm,l+ ’
P1

lim

T?‘S h

7 Pkl
) = 0, uniformly in m and n
" (kDeEls - -

and

. 1 ’Amyk—i—m l—&-n’ 17 . .
lim Z M| ———————— = 0, uniformly in m and n
T, hr,s (eDyelns b P2 ]

Let p3 = max(2|a|p1, 2|5|p2). Since M is non decreasing convex function, by
using equation [1.1], we have

Pkl
1 |Amamk+m,l+n+5yk+m,l+n‘
h Z [M ( P3

T8

" (k)ET s

_ 1 Z [M(’Ama$k+m,l+n| + |6Am(yk+m,l+n)|):|pkl

hr,s (kD)Elrs P3 P3

1 1 |Am$k+m,l+n| 1 1 ’Am (yk+m,l+n) ’ PH
I e e S

(keI s "5 (ke

SK}% > [M(Mﬂﬂ(hi 3 {M(|Am(ykp+2m,z+n)|>r“

"5 (kd)elr.s 1 TS (k)elrs

— 0 as r, s — oo uniformly in m and n.

So ax + By € [éy, M, pl4(A™). Hence [¢y, M, p]§(A™) is a linear space.
The proof for the cases [é, M, p]?(A™) and [éy, M, p]? (A™) are similar to the
above proof.

Theorem 2.2. For any Orlicz function M on a bounded double sequence
p = (pw) of strictly positive real numbers, [¢o, M, p]J(A™) is a topological lin-
ear space paranormed by

1
1 N T PEIN T
h(xy) = sup |z |+sup |2y |+inf {pkal : <h_ Z lM(M)] ) < 1}
" : ™S ()l P
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where H = max(1,sup py) < oo.
k.l

Proof. Clearly h(xy) >0, for all x = (z) € [¢, M, p](A™)

Since M(0) = 0, we get h(0) =0

h(—(zx)) = W)

Let (z11), (yn) € [é2, M, pl§(A™). Then there exist p; > 0 and py > 0 such that

1 |Am$k+m l+n| Pkl %
Ml — <1
(hr,s Z [ < P -

(k,DEL s

m Pkl
hos p
(R DELs

for each r, s, m and n.
Let p = p1 + p2. Then we have,

Pkl
1 |Amxk+m,l+n+yk+7n,l+n|
(h‘T«S Z |:M ( r
(kDElrs

1
< <h1 Z M(‘Amxk+m,l+n‘ + ‘Amyk+m,l+n|)rkl) "
r,S (k)Elr.s P1 + P2

§<1 Z 2! M<|Am$k+m,z+n|)

7,8 (k,l)elr,s _pl + P2 ,01
+ P2 M ( |Amyk+m,l+n‘ ) :| Pkl)
p1+ P2 P2
By Minkowski’s Inequality

S( p1 )(hi Z [M(IAml'k+m,l+n|):|pkl)H
P1+ P2 TS (kD elns P1
m Pkl %
(i) e I pr(Bee)]) <
P1 + P2 hr,s ( P2

k)ET s

and

|~

=

|-

Since p; and py are non negative, so we have

=

) PuL 1 Amx + y Pkl
h(Tr+Yr) = sSup |Tp +Yer|[+sup |24y, | +Hnf {P i (— Z {M (M)} < 11
k l r,8 (kD)Elr.s 1% J
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1
1 A™ PN\ 7
Ssup|xk1|—I—sup|xu|+inf{p1if“:< E M(‘ xkl‘)} ) §1}
k !

TS (k)€

1
) 1 A™ P\ H
+sup |Yp1| + sup |y + inf {pgpfkfl : < Z {M(' ykl')} ) < 1}
k 1 Iy s (hDetss P2

= h(xw) + y(u)

This implies that

h(r + yu) < h@w) + y(u)-
Finally, we prove that the scalar multiplication is continuous. Let A be any
complex number. By definition

. Pkl 1 |AmAl‘k+m l+n| it
h(Mxy)) = sgp |)\(Ik1)‘+81;.p |A(z1;)|+inf ¢ pH - P Z M P : <1
"% (ke s

> [u(Ereee]) <)

(keI s

T~

1
= |\|sup |zg1|+|A| sup |y |+inf {(|)\|t)%“ : (—
k l TS

where t = £

A
This complets the proof of the theorem.
Theorem 2.3. Let M be an Orlicz function. If sup[M (z)]P* < oo for all fixed

k.l
z > 0 then

(62, M, plg(A™) C [é2, M, plS (A™).

Proof. Let © = (xy) € [¢2, M,pl5(A™). Then there exists some positive p;
such that

. 1 |Aml‘k+m l+n| Pr . .
lim E M| ———— = 0, uniformly in m and n
P1

Define p = 2p;. Since M is non decreasing and convex, by using (1) we have

Am Pkl
sup = > [M(—' “’“;m’“”')]

s

rs;mn 0 (k)E

L M(|Amxk+m,l+n - L+ L|)}pkl
)

= sup

r,s,mMm,n T8 (k,l)elr,s
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<K su 1 Z 1 v |A™ T gan — L\ T
o rsn?n Dkl 01

UL N =3 A
1 |L‘ Pkl
o o 30 (B
e 7 (kELR s
iy LS [ e )]
r,s,m,n Irs (k1) Elrs P1
L Pkl
+K sup . Z {M<u>} <1
r,s,m,n ir g (kD)Elr.s P1

Hence z = (zy;) € [¢a, M, p]? (A™).
This complets the proof.

Theorem 2.4. Let 0 < infpy; = h < py; = H < oo and M, M, be Orlicz func-

tions satisfying A,-condition, then we have [éy, My, pl(A™) C [¢2, Mo My, pl§(A™), [é2, My, p)?(A™) C
[Ca, Mo My, p)’(A™) and [éy, My, plS, (A™) C [éa, MoMy, plS (A™).

Proof. Let z = (z;) € [é2, MoMy, p)§(A™). Then we have

lim
7,8—00 hr

Am moltn Pkl
E {Ml (M>} = 0, uniformly in m and n.
s P
S (k)€ s

Let € > 0 and choose § with 0 < § < 1 such that M(t) < e for 0 <t <.
Let y; = M, (Amm’“+m’l+”l) for k,I,m,n e N
We can write

1

[M (yr)]P + 1 >

7,8
(kvl)EIT,svyk,l>§

> M = (M (g )

h
"8 (k)€

2.

(kD)€ s, yk,1<5

>

e (k7l)€lr,57yk,z§5

! 2.1]

[M (yr) | < e

since M is continuous and M (t) < e for ¢t < 0.
For yi; > 0 we use the fact that

Ykl

o o

Since M is non decreasing and convex, it follows that

Ykl

Yk, < <14

2 2
M (yrg) < M(1+ 6 yy) = M(§ + 55_1yk,l)
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1 1
< 5M(2)+ §M<25_1yk,l)

Since M satisfies Ag-condition, there is a constant K > 2 such that
1
M (267 yy,) < 5K(S—lyk,lM@)

Hence

LS i <me (1 (KA L S e

T8 (k)L s yp,1>6 (k) ELr s, yn,1 >0

—0asr,s— o0 [2.2]

By [2.1] and [2.2] we have = = (zy; € [é2, MMy, pl(A™).

Similarly we can prove that

[527M17P]9(Am) C [627M0M1,p]9(ﬁm) and [62,M17P]20(Am) C [62,M0M17p]go(Am)-
This complets the proof.

Taking M, (x) in above theorem we have the following result.

Corollary 2.5. Let 0 < infpy; = h < pp; = H < oo and M be Orlicz function
satisfying Ay-condition, then we have [éy, p]§(A™) C [¢2, M, pl§(A™), and [é9, p]? (A™) C
[627 M7 p]go<Am)

Theorem 2.6. Let M be an Orlicz function. Then the following statements
are euivalent:

(1) [e2, pIS(A™) C [e2, M, o, (A™).
(ii) [C2, plG(A™) C [é2, M, pJS,(A™).

Pkl
(iii) sup )Z [M (%)} < oo (t,p>0).
EIT,S

rs % (k)

Proof. (1) = (ii): It is obvious, since [é, p|§(A™) C [z, p]% (A™).

[e.9]

(ii) = (iii): Let [¢q, p]§(A™) C [e9, M, pl° (A™).
Suppose that (iii) doesnot hold. Then for some t,p > 0

1 t Pkl
sup . Z lM(—)] = 00.
TS TS (k)Elr.s 1Y
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and therefore we can find a subinterval I, ;) of the set of interval I, , such

that
S B

hr(i),s(j) (kD€L (3),s(5)

Pkt
> ij 2.3]

Define the double sequence x = () by

(i) (k1) € L)

Amxler?n,l«HL =
0 (k. 1) & Lo(iy.s0)-

for all m,n € N

Then z = (x1;) € [é2, pS(A™) but by equation [2.3] & = (zx;) & [Ca, M, p]? (A™).
Which contradicts (ii). Hence (iii) must hold.

(iii) = (i): Let (iii) hold and = = (zy;) € [é2, p]% (A™).

Suppose that @ = (z) & [é2, M, p]? (A™). Then

1 A™ mln Pri
sup - Z []\/[ (M>] =00 [2.4]
r,s,m,n s (kD)Elrs P

Let t = |[A™Zgymiin| for each k,l and fixed m,n then by equation [2.4]

> PG -~

(k,D)EIrs

Which contradicts (iii). Hence (i) must hold.

sup

r,s,m,n Iy s

Theorem 2.7. Let 1 < py; < sup pi; < oo and M be an Orlicz function. Then
the following statements are equivalent:

(1) [é2, M, pIg(A™) C [é, pI(A™).

(i) [e2, M, pJg(A™) C [e2, pl3(A™).

(iii) inf YO [M(%)]W >0 (t,p>0)

() Y= .

Proof. (i) = (ii): It is obvious.
(ii) = (iii): Let (ii) hold. Suppose (iii) doesnot hold. Then
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1;}8fh1 > [M(f)rkl:o (t,p>0)

"8 (k)el P

So we can find a subinterval I, s;) of the set of interval I, ; such that

e, MG

P iy, s() (kDETL(3),5(j)

Pkt

< (ij)~" [2.5]

Define the double sequence x = (xy;) by

(i)~ (k,1) € Lgiys()
0 (k‘, l) ¢ ]r(i),s(j)~

for all m,n € N

Thus by equation [2.5], z = (x) € [é, M,pl5(A™) but by equation [2.3]
x = (1) ¢ [C2, p)% (A™). Which contradicts (ii). Hence (iii) must hold.
(iii) = (i): Let (iii) hold and suppose that x = (z) € [éa, M, p]§(A™), that is

m
A Lk+m,l+n = {

7,8—00 h'7"75 p

. 1 |Amxk+m l+n PH . .
lim Z M| ——— = 0 uniformly in m and, for some p > 0.
(k1)El s

[2.6]
Again suppose that = = (x1;) € [¢, p]§(A™). Then for some € > 0 and a subin-
terval I,;) ;) of the set interval I, ,, we have |A"™ &y 1n| > € for all k,l € N
and some i > ig,J > jo. Then, from the properties of the Orlicz function, we

can write
M ( | A" T i ) Pt > M (E) Pt
P P

and cosequently by equation [2.6]

1 Z t Pkl
lim {M (—)} =0
rs=00 Ny () () p

(kD€L (3,5(5)

Which contradicts (iii). Hence (i) must hold.

Theorem 2.8. Let 0 < pi; < qg; for all k£,1 € N and (%) be bounded.
Then,
[62, M, g (A™) C [&, p)(A™).
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Proof. Let z € [éy, M, q]?(A™)
Pk

Write
Am mln Pkl
tes = [M( Lhtm,l+ )}
p
qk,1

Since 0 < pg; < gy, therefore 0 < Ay, < 1.
Take 0 < A < )\k:,l~

and )\k,l =

Define
7% lpy > 1
Ukl =
0 th < 1.
0 lpy > 1
Vgl =
tk,l th < 1.

So tey = Upy + Uky and
Akl Ak Ak,
bl = U, + U

N/\ow it follows that R
U < g < trg and vyt <oy
Therfore

1 N 1 1 A
D SIS DIV Pl DI
, T8 , "8 (kD)elr s

Hence x € [é9, M, p]?(A™).

By using above theorem it is easy to prove the following result.

Corollary 2.9(i). If 0 < inf py; < pg; <1 for all k,1 € N then,
[2, M, p]’(A™) C [é2,p]"(A™).

. (ii). If 0 < pgy < suppg; < oo for all k,1 € N then,

[62, M]Q(Am) C [62, M, p]G(Am)
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