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We prove that every Banach space containing an isomorphic copy of c0 fails to
have the fixed-point property for asymptotically nonexpansive mappings with
respect to some locally convex topology which is coarser than the weak topology.
If the copy of c0 is asymptotically isometric, this result can be improved, because
we can prove the failure of the fixed-point property for nonexpansive mappings.

1. Introduction

Let X be a Banach space and Σ a class of mappings defined from closed convex
bounded subsets of X into itself. We say that X has the fixed-point property
(FPP) for the class Σ if every mapping, belonging to Σ, has a fixed point. If the
Banach space is endowed with a topology τ, we say that X has the τ-FPP for
the class Σ if every mapping in Σ defined on a τ-compact convex set has a fixed
point.

In this paper, we consider the class of asymptotically nonexpansive mappings
and the class of nonexpansive mappings. Recall that a mapping T : C→ C is said
to be asymptotically nonexpansive, if there exists a real sequence {kn} such that
limn kn = 1, and ‖Tnx− Tny‖ ≤ kn‖x− y‖ for every x, y ∈ C. In particular, if
‖Tx−Ty‖ ≤ ‖x− y‖ for all x, y ∈ C, T is said to be nonexpansive.

It is well known that the existence of fixed points for nonexpansive, or asymp-
totically nonexpansive mappings, strongly depends on the geometrical proper-
ties of the Banach space X (see, e.g., [1, 3, 10, 11, 16, 17, 21, 22], and the ref-
erences therein). On the other hand, it is not difficult to check that the Banach
spaces c0 and �1 fail to have the FPP for nonexpansive mappings. However, it
is an open problem, if this failure can be extended to Banach spaces contain-
ing an isomorphic copy of either �1 or c0. A partial answer to this problem was
given in [7, 8], where the authors proved that if a Banach space contains an
asymptotically isometric copy of either �1 or c0, then it fails to have the FPP for
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nonexpansive mappings. With respect to the class of asymptotically nonexpan-
sive mappings, it has been recently proved [9] that every Banach space contain-
ing an isomorphic copy of c0 fails to have the FPP for this class of mappings. It
is unknown if the same holds for Banach spaces which contain an isomorphic
copy of �1.

It was proved by Maurey [19] that, when c0 is endowed with its weak topol-
ogy, c0 has the w-FPP for nonexpansive mappings. However, it seems to be an
open problem, if the same property holds for asymptotically nonexpansive map-
pings. From Maurey’s result, we can deduce that c0 has the τ-FPP for nonexpan-
sive mappings whenever τ is any topology finer than the weak topology. Thus,
the following question could be raised: if we consider c0 endowed with a locally
convex topology τ coarser than the weak topology, does c0 have the τ-FPP for
nonexpansive mappings? The answer to this question was given in a negative
way by Llorens-Fuster and Sims [18] who proved that c0 can be endowed with a
locally convex topology τ, which is slightly coarser than the weak topology, and
for which c0 fails to have the τ-FPP for nonexpansive mappings. This shows the
instability of the FPP with respect to the considered topology.

In this paper, we consider Banach spaces which contain a copy of c0, and we
extend the construction given in [18] to this class of spaces. Firstly, we prove that
every Banach space containing an isomorphic copy of c0 fails to have the FPP
for asymptotically nonexpansive mappings with respect to some locally convex
topology coarser than the weak topology. Secondly, if the Banach space contains
an asymptotically isometric copy of c0, we check that this result can be improved,
because we can prove the failure of the fixed-point property for nonexpansive
mappings. Notice that there exist some examples of Banach spaces containing
asymptotically isometric copies of c0 with different behaviour with respect to
the w-FPP for nonexpansive mappings. However, we prove that they always fail
to have the FPP for nonexpansive mappings with respect to some locally convex
topology which is slightly coarser than the weak topology. This fact answers in
a negative way to the question of whether the FPP for nonexpansive mappings
can be extended to locally convex topologies coarser than the weak topology for
this class of Banach spaces.

2. Preliminaries

James [14] proved that if a Banach space X contains a subspace which is isomor-
phic to c0, then it contains almost isometric copies of c0, that is, for every ε > 0
there exists a sequence {xn} ⊂ X , so that

(1− ε)sup
n

∣∣tn∣∣≤
∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥≤ sup
n

∣∣tn∣∣ (2.1)

for every {tn} ∈ c0.
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It is very well known that the Banach space c0 fails to have the FPP for non-
expansive mappings [15], which implies that every Banach space containing an
isometric copy of c0 also fails to have this property. James’ result [14] induces
to think that Banach spaces containing a copy of c0 could also fail to have the
FPP for nonexpansive mappings. However, this problem is still open. In [8] the
authors give a partial answer showing that when the Banach space X contains a
copy of c0, which is a good copy, X does fail to have the FPP for nonexpansive
mappings. These copies of c0 are good in the following sense.

Definition 2.1. A Banach space X is said to contain an asymptotically isometric
copy of c0 if there exists a null sequence {εn} ∈ (0,1) and a sequence {xn} ⊂ X ,
so that

sup
n

(
1− εn

)∣∣tn∣∣≤
∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥≤ sup
n

∣∣tn∣∣ (2.2)

for every {tn} ∈ c0.

It is clear that a Banach space containing an asymptotically isometric copy of
c0, also contains an isomorphic copy of c0. However, the converse is not true;
there exist renormings of c0 which contain no asymptotically isometric copy of
c0 [6].

On the other hand, with respect to asymptotically nonexpansive mappings,
it has been proved [9] that a Banach space containing an isomorphic copy of c0

fails to have the FPP for this class of mappings. In order to do that, the authors
improve James’ result and obtained the following theorem.

Theorem 2.2. A Banach space contains an isomorphic copy of c0 if and only if
there exist a null sequence {εn} in (0,1) and a sequence {xn} in X , so that

sup
n≥k

∣∣tn∣∣≤
∥∥∥∥∥
∞∑
n=k

tnxn

∥∥∥∥∥≤ (1 + εk
)

sup
n≥k

∣∣tn∣∣ (2.3)

for all {tn}n ∈ c0 and for all k ∈N.

3. Banach spaces containing an isomorphic copy of c0

In this section, we consider a Banach space X containing an isomorphic copy of
c0, and we prove that there exists a locally convex topology τ on X , coarser than
the weak topology, and such that X fails to have the τ-FPP for asymptotically
nonexpansive mappings.

We begin by defining the locally convex topology, for which we are going to
prove the main result in this section.

Let {en} denote the canonical basis of c0 and {dn} the summing basis of c0,
that is, dn := e1 + e2 + ···+ en for every n∈N.



186 The fixed-point property

Let {xn} be the sequence in X satisfying Theorem 2.2 and define

wn := x1 + x2 + ···+ xn (3.1)

for every n∈N. Thus, {wn} is a basic sequence equivalent to the summing basis
of c0.

Let Y be the closed subspace of X spanned by the sequence {xn}, and let H be
the isomorphism from c0 into X (and onto Y) which maps en to xn for every n∈
N. Since the sequence {dn} is σ(�∞, �1) convergent to the vector d̂ = (1,1,1, . . .)∈
�∞ \ c0, the sequence {wn} is σ(X��,X�) convergent to ŵ = H��(d̂) ∈ X��,
since H�� is w�-to w�-continuous. Moreover, since H��(�∞)⊂ Y⊥⊥, it follows
that H��(�∞)∩X = Y =H(c0). Thus ŵ /∈ X .

Using [12, Lemma 1.1.11], we deduce that the subspace

� := ker{ŵ} = {x� ∈ X� : ŵ(x�)= 0
}

(3.2)

is a norming space for X and consequently � separates points of X . Thus, we can
endow X with the topology σ(X,�), which is the weakest locally convex linear
topology on X making continuous all the elements of �. This topology is slightly
coarser than the weak topology since it is induced by a norming codimension-
one subspace of X�.

The main result of this section is the following theorem.

Theorem 3.1. Let X be a Banach space containing a copy of c0. Endow X with the
topology σ(X,�). Then X fails to have the σ(X,�)-FPP for asymptotically nonex-
pansive mappings.

Proof. Define the set

C :=
{ ∞∑

n=1

tnwn : 0≤ tn ≤ 1,
∞∑
n=1

tn ≤ 1

}
, (3.3)

and the mapping T : C→ C by

T

( ∞∑
n=1

tnwn

)
=
(

1−
∞∑
n=1

tn

)
w1 +

∞∑
n=1

tnwn+1. (3.4)

We are going to prove that C is a convex bounded σ(X,�)-compact subset of X ,
and that T is a fixed-point free asymptotically nonexpansive mapping.

(a) The set C is a convex bounded σ(X,�)-compact subset of X .
It is clear that C is a convex bounded subset of X . We prove that C is σ(X,�)-

compact. Fix {yα}α a net in C. We can write

yα =
∞∑
n=1

t(α)
n wn, (3.5)

where 0≤ t(α)
n ≤ 1 and

∑∞
n=1 t

(α)
n ≤ 1 for all α.
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Define t(α) = {t(α)
n }n≥1 ∈ �1. In fact, {t(α)}α is a net in the closed unit ball of

�1, which is σ(�1, c0) compact by Banach-Alaoglu theorem. Thus, without loss of
generality, we can assume that {t(α)}α itself converges with respect to the σ(�1, c0)
topology (which coincides with the topology of coordinatewise convergence on
the unit ball of �1) to some λ= {λn}n≥1 ∈ �1. Moreover, it follows that λn ≥ 0 for
all n≥ 1, and by the σ(�1, c0)-lower semicontinuity of the norm, we deduce

∞∑
n=1

λn ≤ liminf
α

∞∑
n=1

t(α)
n ≤ 1. (3.6)

Define

y :=
∞∑
n=1

λnwn (3.7)

which belongs to C. We prove that {yα}α is σ(X,�)-convergent to y.
Fix x� ∈ �, so that ŵ(x�) = 0. Recall that H maps c0 into X , Y = H(c0),

and H(en)= xn, for all n≥ 1. Let {y�m}m≥1 be the basic sequence of linear func-
tionals in Y� dual to {xn}n≥1; that is, y�m(xn) = δm,n. Note that each ‖y�m‖ ≤ 1.
For each m, let x�m be a Hahn-Banach extension of y�m to X�, and note that
H� maps X� onto �1. Now, we define sn := x�(xn) for all n ≥ 1. It is easy to
directly check that s := {sn}n≥1 is an element of �1. Thus we may define y� :=∑

m≥1 smx
�
m ∈ X�; while a simple calculation shows that H�(y�) = s. Next, de-

fine y⊥ := x� − y� ∈ X�. By the definition of s = {sn}n≥1, we have y⊥ ∈ Y⊥.
But ŵ ∈H��(�∞) ⊂ Y⊥⊥, and so ŵ(y⊥) = 0, consequently, ŵ(y�) = 0. Finally,
0= ŵ(y�)= (H��(d̂))(y�)= d̂(H�(y�))= d̂(s)=∑n≥1 sn. Thus, the sequence
{∑n

i=1 si}n≥1 belongs to c0.
On the other hand, notice the following

x�
(
yα
)= y�

(
yα
)=H�y�

(
H−1yα

)= ∞∑
n=1

t(α)
n

[ n∑
i=1

si

]
,

x�(y)= y�(y)=H�y�
(
H−1y

)= ∞∑
n=1

λn

[ n∑
i=1

si

]
.

(3.8)

Since {t(α)}α tends to λ = {λn}n in the σ(�1, c0) topology, we have that x�(yα)
tends to x�(y) and C is σ(X,�)-compact.

(b) The mapping T is a fixed-point free asymptotically nonexpansive map-
ping.

It is clear that T maps C into C and T is fixed-point free. Indeed, if x =∑∞
n=1 tnwn ∈ C satisfies Tx = x, then tn = tm for every n,m ∈ N, which implies

that tn = 0 for every n∈N. But the equality Tx = x also implies that
∑∞

n=1 tn = 1
which is a contradiction.

We prove that T is an asymptotically nonexpansive mapping.
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Fix k ∈N and x =∑∞
n=1 tnwn ∈ C. It is not difficult to check that

Tk(x)=
(

1−
∞∑
n=1

tn

)
wk +

∞∑
n=1

tnwn+k = x1 + ···+ xk +
∞∑
n=1

[ ∞∑
i=n

ti

]
xn+k. (3.9)

Now let x, y be two elements in C, x =∑∞
n=1 tnwn, y =∑∞

n=1 snwn

∥∥Tkx−Tk y
∥∥=

∥∥∥∥∥
∞∑
n=1

[ ∞∑
i=n

(
ti− si

)]
xn+k

∥∥∥∥∥

≤ (1 + εk+1
)

sup
n≥1

∣∣∣∣∣
∞∑
i=n

(
ti− si

)∣∣∣∣∣

≤ (1 + εk+1
)∥∥∥∥∥

∞∑
n=1

[ ∞∑
i=n

(
ti− si

)]
xn

∥∥∥∥∥

= (1 + εk+1
)∥∥∥∥∥

∞∑
n=1

(
tn− sn

)
wn

∥∥∥∥∥
= (1 + εk+1

)‖x− y‖.

(3.10)

Since 1 + εk+1 → 1 as k →∞, this shows that T is an asymptotically nonex-
pansive mapping, and the proof of the theorem is complete. �

Remark 3.2. It is an open question if the assertion of Theorem 3.1 holds when
the weak topology is considered. In fact, it is unknown if c0 itself, or some Banach
space containing a copy of c0, satisfies the w-FPP for asymptotically nonexpan-
sive mappings.

Remark 3.3. Notice that the subset C is also σ(X,�)-sequentially compact. This
can be shown using the same arguments since the unit ball of �1 is σ(�1, c0)-
sequentially compact. Therefore, we see that X also fails to have the fixed-point
property for asymptotically nonexpansive mappings with respect to σ(X,�) for
domains which are convex bounded and σ(X,�)-sequentially compact (see
[4]).

4. Banach spaces containing an asymptotically isometric copy of c0

In this section, we consider Banach spaces containing an asymptotically isomet-
ric copy of c0. In this case, we prove that Theorem 3.1 can be improved in the
setting of nonexpansive mappings.

We begin by defining the locally convex topology, for which we later prove
that X fails to have the FPP for nonexpansive mappings.
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Let X be a Banach space containing an asymptotically isometric copy of c0,
and let {xn} be the sequence in X such that

sup
n

(
1− εn

)∣∣tn∣∣≤
∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥≤ sup
n

∣∣tn∣∣ (4.1)

for all {tn} ∈ c0, being {εn} a null sequence in (0,1) and each εn < 1/2. Taking a
subsequence we can assume that

∑∞
n=1 εn < +∞, and so

∏∞
n=1(1− 2εn) ∈ (0,1).

Defining λn+1 = (1 − 2εn)λn with λ1 > 1/
∏∞

n=1(1 − 2εn) we have a sequence
{λn} ⊂ (1,+∞) such that λn+1 < (1− εn)λn for every n∈N.

Define yn := λnxn and let {wn} be the sequence given by

wn := y1 + y2 + ···+ yn (4.2)

for all n∈N. Notice that {wn} is also a basic sequence.
Let H : c0 → X be the isomorphism between c0 and the closed subspace Y

spanned by {xn}. Using the same arguments as in Section 3, we can check that
{wn} is σ(X��,X�)-convergent to ŵ = T��(d̂) ∈ X�� \X where d̂ = {λn}n ∈
�∞. Now we can deduce that the subspace

�= ker(ŵ)= {x� ∈ X� : ŵ(x�)= 0
}

(4.3)

is a norming space of X�, and the topology σ(X,�) is a locally convex topology
on X , which is coarser than the weak topology.

With respect to σ(X,�) we have the main result of this section.

Theorem 4.1. Let X be a Banach space containing an asymptotically isometric
copy of c0. Endow X with the σ(X,�) topology defined above. Then X fails to have
the σ(X,�)-FPP for nonexpansive mappings.

Proof. As in the proof of Theorem 3.1 we define

C :=
{ ∞∑

n=1

tnwn : 0≤ tn ≤ 1,
∞∑
n=1

tn ≤ 1

}
, (4.4)

and T : C→ C given by

T

( ∞∑
n=1

tnwn

)
=
(

1−
∞∑
n=1

tn

)
w1 +

∞∑
n=1

tnwn+1. (4.5)

Using the same arguments as in the proof of Theorem 3.1, it can be proved
that C is a convex bounded σ(X,�)-compact set of X , and that T is a fixed-
point free mapping. We prove that T is nonexpansive (in fact T is going to be
contractive).
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Fix x, y ∈ C with x 
= y, x =∑∞
n=1 tnwn, y =∑∞

n=1 snwn. Then we have

‖Tx−Ty‖ =
∥∥∥∥∥
∞∑
n=1

[ ∞∑
i=n

(
si− ti

)]
yn+1

∥∥∥∥∥
=
∥∥∥∥∥
∞∑
n=1

[ ∞∑
i=n

(
si− ti

)]
λn+1xn+1

∥∥∥∥∥≤ sup
n≥1

∣∣∣∣∣
∞∑
i=n

(
si− ti

)
λn+1

∣∣∣∣∣
< sup

n≥1

(
1− εn

)∣∣∣∣∣
∞∑
i=n

(
si− ti

)
λn

∣∣∣∣∣≤
∥∥∥∥∥
∞∑
n=1

[ ∞∑
i=n

(
si− ti

)]
λnxn

∥∥∥∥∥
=
∥∥∥∥∥
∞∑
n=1

[ ∞∑
i=n

(
si− ti

)]
yn

∥∥∥∥∥= ‖x− y‖.

(4.6)

This completes the proof. �

Remark 4.2. Notice that Theorem 4.1 does not hold for the weak topology. In
fact, we can find examples of Banach spaces containing an isometric copy of
c0, and having different behaviour with respect to the w-FPP for nonexpansive
mappings. Indeed, the Banach space c0 itself has the w-FPP for nonexpansive
mappings [19]. However, consider now the Banach space X = c0 ⊕1 L1([0,1]).
This space has an isometric copy of c0 and also an isometric copy of L1([0,1]).
Using Alspach’s result [2] we deduce that X fails to have the w-FPP for nonex-
pansive mappings.

Remark 4.3. Theorem 4.1 extends the construction given in [18] for c0 to more
general Banach spaces. For instance, c0 is a particular example of a Banach space
which is M-embedded. In general, M-embedded Banach spaces (also called M-
ideals in their bidual) are those Banach spaces X for which the decomposition
X��� = X� ⊕1 X⊥ holds (see [13, Chapter III] for more examples and a wide
study of this class of Banach spaces). It is proved that every nonreflexive M-
embedded Banach space contains an asymptotically isometric copy of c0 [20].
Therefore, by Theorem 4.1, every M-embedded Banach space fails to have the
FPP for nonexpansive mappings, with respect to some linear topology coarser
than the weak topology. In general, it is unknown if M-embedded Banach spaces
have the w-FPP for nonexpansive mappings.

Remark 4.4. It is an open problem if convex weakly compact subsets of c0 can be
characterized as the unique convex closed bounded subsets of c0, which have the
generic fixed-point property for nonexpansive mappings (see [18]). In [5] the
authors prove that this characterization is possible if we use the class of affine
uniformly Lipschitzian mappings. By [18, Section 3] which Theorem 4.1 gener-
alizes, we see that the question raised in [18] and the results given in [5] cannot
be extended to arbitrary locally convex topology coarser than the weak topology,
because the mapping T given in [18, Section 3] is also affine.
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1080 Sevilla, Spain

E-mail address: japon@us.es

mailto:japon@us.es

