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We solve the inhomogeneous Chebyshev’s differential equation and apply this result for
approximating analytic functions by the Chebyshev functions.

1. Introduction

Let X be a normed space over a scalar field K, and let I C R be an open interval, where
K denotes either R or C. Assume that ag,a1,...,a, : I — K,and g : I — X are given
continuous functions and that y : I — X is an n times continuously differentiable function
satisfying the inequality

an®y " (B + @ Oy V@) 4+ aOY O+ @By + g0 <e (1D

forallt € I and for a given € > 0. If there exists an # times continuously differentiable function
yo : I — X satisfying

an()ys” (®) + ana Oy () + -+ @OV (1) + a0 B)yo(t) + g(t) = 0 (12)
and ||y (t) — yo(t)|| < K(¢) for any t € I, where K(¢) is an expression of ¢ with lim,_,oK(¢) =

0, then we say that the above differential equation has the Hyers-Ulam stability. For more
detailed definitions of the Hyers-Ulam stability, we refer the reader to [1-7].
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Obloza seems to be the first author who has investigated the Hyers-Ulam stability
of linear differential equations (see [8, 9]). Here, we will introduce a result of Alsina and
Ger [10]. They proved that if a differentiable function f : I — R satisfies the inequality
[y (t) — y(t)| < €, where I is an open subinterval of R, then there exists a constant ¢ such
that |f(t) — ce’| < 3¢ for any t € I. Their result was generalized by Takahasi et al. Indeed,
it was proved in [11] that the Hyers-Ulam stability holds true for the Banach space valued
differential equation y'(t) = Ay(t) (see also [12, 13]).

Moreover, Miura et al. [14] investigated the Hyers-Ulam stability of nth order linear
differential equation with complex coefficients. They [15] also proved the Hyers-Ulam
stability of linear differential equations of first order, v'(t) + g(t)y(t) = 0, where g(t) is a
continuous function.

Jung also proved the Hyers-Ulam stability of various linear differential equations of
first order [16-19]. Moreover, he applied the power series method to the study of the Hyers-
Ulam stability of Legendre’s differential equation (see [20, 21]). Recently, Jung and Kim tried
to prove the Hyers-Ulam stability of the Chebyshev’s differential equation

<1 - x2>y"(x) —xy'(x) + n*y(x) = 0 (1.3)

for all x € (-1,1). However, the obtained theorem unfortunately does not describe the Hyers-
Ulam stability of the Chebyshev’s differential equation in a strict sense (see [22]).

In Section 2 of this paper, by using the ideas from [20-26], we investigate the general
solution of the inhomogeneous Chebyshev’s differential equation of the form

<1 - x2>y"(x) - xy'(x) + n*y(x) = iamxm, (1.4)
m=0

where 7 is a given positive integer. Section 3 will be devoted to the investigation of the Hyers-
Ulam stability and an approximation property of the Chebyshev functions.

2. Inhomogeneous Chebyshev’s Equation

Every solution of the Chebyshev’s differential equation (1.3) is called a Chebyshev function.
The Chebyshev’s differential equation has regular singular points at -1, 1, and oo, and it plays
a great role in physics and engineering. In particular, this equation is most useful for treating
the boundary value problems exhibiting certain symmetries.

In this section, we set ¢y = ¢; = 0 and define, for all m € N,

1 m-1 a m-1 (2j)2_n2

2i
sz = . . . 4
2m 2+ 12,5272 +1)

(2.1)
1 S aa Yy (25 1)2 -
S 2m+142i+21 L (2j+1)(2j +2)

i j=i+l
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where we refer to (1.4) for the a,,’s and we follow the convention H;";,i[ --] = 1. We can
easily check that c,,’s satisfy the following relation:

(m+2)(m+1)cmen — (m2 - n2>cm =a,, (2.2)

foranym e {0,1,2,...}.

Theorem 2.1. Assume that n is a positive integer and the radius of convergence of the power series
S g amx™is p > 0. Let pp = min{1, p}. Then, every solution y : (—po, po) — C of the Chebyshev’s
differential equation (1.4) can be expressed by

y(x) = yn(x) + D cmx™, (2.3)

m=2

where yy(x) is a Chebyshev function and the c,,’s are given in (2.1).

Proof. It is not difficult to see that, if j € N and |(2j)2 —-n?|>2j(2j +1), then

144/ 2 /82
j< L 81+8n < E;n (for 2j < n). (2.4)

Hence, we have 1 < j < n, with n, = [n/+/8]. If m > n,, then it follows from (2.1) that

.\ 2 2 .\ 2 2
ol < 2 5 J22l (1 | I I ]
Tam G2\ 1 22+ 1) s 21(27+1)

! Jay| T |(2j)2—n2'

21+1] L 2j(2j+1)

(2.5)

Z |ai] H 1 rf |ai]
S m 22t -l+121(2]+1) <2+ 1
1 7l Qi) (n? - 4)"7 L |asi]

2mlz(; (2n, + 1)! |a2il + = 211 + 1

<

_ Maxozizn, ((20)!/ (2ne + 1)1 (n? - 4)" ml

Z |azil.
2m i=0
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We now suppose 1 < m < n,. Then it holds true that n > 3, and we have

.\ 2
1 m= 21 m-1 |(2]) —712|
le2m] < _mZ 2i+1417
j=i+l ](2]+1)

1=

<Lm71 |a2i|m1 Tl2—4

=~ 2m 2l+11 52i(2j+1)

i=

(2.6)
1 Qi) (n? —4)"
2m-1)!

=5 |azi|
2m =
m—1-i m-1

. maxogiSm—l((Zi)!/(ZZZ_ DY (n? - 4) Z |azil.

Hence, we conclude from the above two inequalities that
M m-1
Com| € ==Y |ay 27
|2m|_2m§| 21| ( )

for all m € N, where we set

_ (2i)! 2 N\
Me = X, e+ 1)1 (m-4) " (2.8)

On the other hand, if j € Nand |(2j + 1)* = n2| > (2j + 1)(2j + 2), then

. 8n2+1-5 +8n?2-4
J= 8 ST 38

n 1
Z_Z : 29
<2 5 (for 2j +1 < n). (2.9)

Hence, we get 1 < j < n, with n, = [n/v/8 —1/2].If m > n,, then it follows from (2.1) that
. 2 . 2
| B 1 % gy In_D[ |(2]+1) —n2' ﬁ |(2]+1) —n2|
S a1 22\ LD (2+2) J\ Ak @ DR +2)

lasivi| T
" 2m+1i:ZnUZi+2H 2/ +1)(2 +2)

|azi| T 1 |azis1]
. 2m+1i221+2H(2]+1)(2]+2) 2m+1542i+2

j=i+l
S ) R mz @z
Tkm+14 (2n,+2)! U am+ 14 2m,+2

maxo<i<n, ((2i + 1)1/ (2n, + 2)! n2-9 To=i 131
< ozi<n, (( )"/ ( )( ) S .

= 2m+1 2. (210)
<
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If 1 <m < n,, then we have n > 5, and it follows from (2.1) that

|a21+1| |(2]+1) -n |
m+ S
[Camal 2m+1i221+21_[(2]+1)(2]+2)

j=i+l

Yz B
<
- 2m+11221+2n (2]+1)(2]+2)

j=i+l

since j < n, and hence 2j +1 < 2n/ v/8 < n. Furthermore, we have

1 "2 Qi+1)(n2-9)"
2m+ 14 (2m)!

lcom+1] < |azi|

< MaXosism- (20 + 1)1/ @m)Y) (2 - 9)" T

a»; .
2m+ 1 Z' 2i41]
i=0

Thus, we may conclude from the last two inequalities that

m—1

M,
|lcoma] < > lagial
2m+ 1<

for any m € N, where

~ (2i +1)! 0-i
MO - 0<1<?<no (22 + 2)' <1’l 9> ’

(2.11)

(2.12)

(2.13)

(2.14)

Let p; be an arbitrary positive number less than py. Then it follows from (2.7) and (2.13) that

(o)
< D leamllx*™ + Z |Camen [l
m=1 m=1
0 mm— 2m+1 m-1
<M Z ayi| + M, Z Z
> ~ - 21| 2m 114 | 21+1|

2 4 6 8 10

2 4 6 8 10
X X X X X
+ME'“2”"'2<%+%+%+%+%+'”>

2 4 6 8
X X X X X
=Me|ao|<"+"+"+"+" .. >
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4 6 8 10
X X X pe
+ Melaylxl ?*%*%*%*%*"')

+-
+ Mo|a||x| %+E+@+% |Ji|1 +>
+Mo|a3||x|3<%+¢+¥+%+%+m>
+Mo|a5||x|5<@+¥ %Jr%Jr% >
+-

Jcf
_ M, Z|a2m||x|2mz iyt Z|a2m+1||x|2m”22(m+l)+1

(2.15)
for any x € [-p1, p1].
Because of 0 < p; < po <1, we obtain
3k 1 3 x* 1 2.16)
< 2(m+1 2m+21_|x|2' 1:12(m+1)+1 2m+31_|x|2 ’
for all x € [-p1, p1]- Thus, we have
|a2mx |2 o |a2m+1x2m+l | |x|2
"< M, M
Zcmx Z 2m+2 1-|xP "mzzo 2m+3 11— |xP
(2.17)
X & |amx™|
<
- 61_|x|2% m+2

for all x € [-p1,p1]. Since p; is arbitrarily given with 0 < p; < po, inequality (2.17) holds
true for all x € (—po, po). Moreover, the power series >.,.-_; a,x™ is absolutely convergent on
(=p, p). Hence, we conclude that

(2.18)

[o.0)
S e
m=2

for all x € (—po, po). That is, the power series >, ¢, x™ is convergent for each x € (—po, po).



Abstract and Applied Analysis 7
We will now prove that >, c,x™ satisfies the inhomogeneous Chebyshev’s

differential equation (1.4) for all x € (—po, po). If we substitute o, c;uX™ = 300 Comx®™ +
S0 1 Comnx?™ ! for y(x) in (1.4), then it follows from (2.2) that

(1 - x2>y"(x) - xy'(x) + n*y(x)

= D' (2m +2)(2m + 1)comenx™ + Z (2m + 3) (2m + 2) Coppazx® ™!
m=0 m=0

- ZZm(Zm 1)Comx®™ Z (2m + 1) (2m) Coppaq x*™H

m=1 m=1

- Zchzmx Z (2m + 1) Copaq x>™H

m=1 m=1
(e o) (o)
+ Z 712C2mx2m + Z n202m+1 x2m+1
m=1 m=1

=2cy + 603X + i [(Zm +2)2m + 1) copmen + <n2 - (2m)2>ch]x2m

m=1

+ i [(Zm +3)(2m + 2)comas + (nz - (2m+ 1)2>02m+1]x2"’+1
m=1

[e'e] [ee]
=2cp + 603x + Zagmxzm + Za2m+1x2m+1

m=1 m=1

(2.19)

for all x € (—po,po). That is, >, c;ux™ is a particular solution of the inhomogeneous
Chebyshev’s differential equation (1.4), and hence every solution v : (-po, po) — C of (1.4)
can be expressed by

y(x) = yn(x) + Zcmxm, (2.20)
m=2
where yj,(x) is a Chebyshev function. O

3. Approximate Chebyshev Differential Equation

In this section, let K > 0 and p > 0 be constants. We denote by Cx the set of all functions
y : (=p,p) — C with the following properties:

(a) y(x) is expressible by a power series >, b, x™ whose radius of convergence is at
least p;
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(b) Ximp lamx™| < K| Xop-g amx™| for any x € (—p, p), where
A = (M +2) (1 + 1)br — (m2 - n2>bm (3.1)

for all m € Ny and set by = by = 0.

We now investigate the (local) Hyers-Ulam stability problem of the Chebyshev
differential equation. More precisely, we try to answer the question, whether there exists a
Chebyshev function near any approximate Chebyshev function.

Theorem 3.1. Let n be a positive integer, and assume that a function y € Ck satisfies the differential
inequality

|<1 - x2>y"(x) - xy'(x) + nzy(x)| <e (3.2)

for all x € (-p, p) and for some € > 0. Let pg = min{1, p}. Then there exists a Chebyshev function
Yn : (=po,po) — C such that

KM, x?

ly() -y (0] < — — (3.3)
forall x € (—po, po), where the constant M, is defined in (2.8).
Proof. It follows from (a) and (b) that

<1 - x2>y”(x) - xy (x) + n*y(x) = Zamxm (3.4)
m=0

for all x € (—p, p) (cf. (2.19)). Moreover, by using (b) and (3.2), we get

> lamx™| < K| D anx™| < Ke (3.5)

m=0 m=0

for any x € (-p, p).

According to Theorem 2.1 and (3.4), y(x) can be written as vy, (x) + >, _5 Cpnx™ for all
x € (—=po, po), where y;, is some Chebyshev function and ¢,,’s are given in (2.1). It moreover
follows from (2.17) and (3.5) that

x2 Ks
1-x22

[ee]
S

m=2

<M.

ly(x) = yn(x)| = (3.6)

for all x € (—po, po)- O

If p is assumed to be less than 1, then py = p < 1 and Theorem 3.1 implies the Hyers-
Ulam stability of the Chebyshev’s differential equation (1.3).
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Table 1
n Te 1o M, M,
1 0 -1 1 -0
2 0 0 1 1/2
3 1 0 1 1/2
4 1 0 2 1/2
5 1 1 7/2 2/3
6 2 1 128/15 9/8

Remark 3.2. We give some values for n,, n,, M., and M, in Table 1.

Corollary 3.3. Let n be a positive integer, and assume that a function y € Cg satisfies the differential
inequality (3.2) for all x € (—p,p) and for some € > 0. Let pg = min{1,p}. Then there exists a
Chebyshev function yy, : (=po, po) — C such that

ly(x) ()] = O(x?) (37)

asx — 0.
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