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The lower bounds of the functional defined as the difference of the right-hand and the left-hand
side of the Jensen inequality are studied. Refinements of some previously known results are given

by applying results from the theory of majorization. Furthermore, some interesting special cases
are considered.

1. Introduction
The classical Jensen inequality states (see e.g., [1]).

Theorem 1.1 (see [2]). Let I be an interval in R, and let f : I — R be a convex function. Let n > 2,
X = (x1,...,%,) € I", and let p = (p1,...,pa) be a positive n-tuple, that is, such that p; > 0 for
i=1,...,n, then

f<PiZPixi> < Pinif(xi), 1.1)
=1 ni=1

where P, = 3.1, pi. If f is strictly convex, then inequality (1.1) is strict unless x1 = - -+ = xy,.
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In this work, the functional

J(xp. f) = Pin;Pif(xi) _f<PlZPixi> (1.2)

=1

defined as the difference of the right-hand and the left-hand sides of the Jensen inequality
is studied. More precisely, its lower bounds are investigated, together with various sets of
assumptions under which they hold.

The lower bounds of J(x, p, f) were the topic of interest in many papers. For example,
the following results were proved in [3] (see also [1, page 717]). In what follows, I is an
interval in R.

Theorem 1.2. Let f : I — R be a convex function, x € I", and let p be a positive n-tuple, then

P, J(xp, f) > max {P;f(x;) +pef () = (pj +Pk)f<w>} >0, (13)

1<j<ksn pj + Pk

Theorem 1.3. Let f : I — R be a convex function and x € I". Let p and r be positive n-tuples such
that p >, thatis, p; > r;, i=1,...,n, then

P, J(xp f) >Ry J(x1,f) 20, (1.4)

where P, = >, piand R, = Y1 1.

Further, in [4], the following theorem was given. An alternative proof of the same
result was given in [5].

Theorem 1.4. Let f : I — R be a convex function, n > 2, and x € I". Let p and q be positive
n-tuples such that 3\ pi = >ty gi = 1, then

max{ﬁ}](x,q,f) > J(x,p,f) > min
j j

1<j<n | gj T Igj<n

{Q}](x,q,f) >0. (15)
qi

For more related results, see [6-8]. The motivation for the research in this work were
the following results presented in [9].

Lemma 1.5. Let f be a convex function on I, p a positive n-tuple such that P, = Y. pi = 1
and x1,%2,...,%, € I, n > 3 such that x; < xp < -+ < xy,. For fixed xj,xjs1,...,%Xn, where
j=2,3,...,n—1, the Jensen functional J(x,p, f) defined in (1.2) is minimal when x; = x, = -+ - =
Xj-1 = Xj, that is,

J0op, ) 2 Pif () + 3 pif (e —f<ij]'+ imxi>, (16)

i=j+1 i=j+1
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where
j
P] =Zpi, j=1,...,7’l. (17)
i=1

Lemma 1.6. Let f be a convex function on I, p a positive n-tuple such that P, = Y,/ p; = 1 and
X1,%X2,...,Xn €1, n>3suchthat x; < xp < -+ < xy. For fixed x1,x2, ..., xx, wherek =2,3,...,n—

1, the Jensen functional J(x, p, f) defined in (1.2) is minimal when xi = Xj41 = -+ = Xy_1 = Xy, that
is,
k-1 k-1
J(xp f) 2 ;Pif(xi) + Qx f (xx) = f<izzlpixi + Qkxk>/ (1.8)
where
Qk=;nkp,~, k=1,...,n. (1.9)

Theorem 1.7. Let f be a convex function on I, p a positive n-tuple such that P, = >, p; = 1 and
X1,%X2,..., %Xy € I, n >3 such that x; < xp < -+ < x,. For fixed xj and xy, where 1 < j < k < n, the
Jensen functional ] (x,p, f) defined in (1.2) is minimal when

X1 =X ==X, Xje = X4l =+ = Xy,
il 1.10
Xjo1 = Xjor = oo = g = O (110)

P+ Qx

that is,
Pixj + Qrxk
](XIp/f)ijf(xj)+Qkf(xk)_(Pj+Qk)f<]p],+—Qk>, )
j

where P; are as in (1.7) and Qy. are as in (1.9).

The key step in proving these results was the following lemma presented in the same
paper.

Lemma 1.8. Let f be a convex function on I, and let p1, po be nonnegative real numbers. If
ai, az, by, by € I are such that a1, a € [by, by] and

pia1 + p2ax = p1by + paby, (1.12)
then

pif(a1) + p2f (a2) < p1f(b1) + paf(b2). (1.13)
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Note that for a monotonic n-tuple x, Theorem 1.7 is an improvement of Theorem 1.2,
in a sense that (the maximum of) the right-hand side of (1.11) is greater than the middle
part of (1.3), which follows directly from the Jensen inequality. The aim of this work is to
give an improvement of Lemmas 1.5 and 1.6, and Theorem 1.7, in a sense that the condition
of monotonicity imposed on the n-tuple x will be relaxed. Several sets of conditions under
which (1.6), (1.8), and (1.11) hold shall be given. In our proofs, in addition to Lemma 1.8, the
following result from the theory of majorization is needed. It was obtained in [10].

Lemma 1.9. Let f be a convex function on I, p a positive n-tuple, and a,b € I" such that
k k n n
Zpiai < Zp,-b,- fork=1,2,...,n-1, Zpiai = Zpibi' (1.14)
i=1 i=1 i=1 i=1
If a is a decreasing n-tuple, then one has
2pif(a) < 3 pif (), (115)
i=1 i=1
while if b is an increasing n-tuple, then we have
2 pif ) < Ypif (@). (1.16)
i=1 i=1

If f is strictly convex and a#b, then (1.15) and (1.16) are strict.

Note that for n = 2, inequality (1.15) holds if a, < a; < b; and if (1.12) is valid, while
inequality (1.16) holds if a; < by < by and if (1.12) is valid.

2. Main Results

In what follows, J(x,p, f) is as in (1.2), P; are as in (1.7), and Q, as in (1.9). Without any
loss of generality, we assume that P, = 1, since for positive n-tuples such that P, #1 results
follow easily by substituting p; with p;/P,. Furthermore, for 1 < j < k < n, we introduce the
following notation:

Join 052, £) = min 1,0} () + f) -2 (274 )),

2.1)
k-1 k-1
Jik(xp, f) = Pif (x5) + D, pif (xi) + Q f (xk) —f<P,-x;- + D pixi+ Qkxk>-

i=j+1 i=j+1

Note that J1,(x,p, f) = J(x,p, f)-
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Theorem 2.1. Let f be a convex function on I and p a positive n-tuple such that P, =1, n > 2. Let
1<j<k<nandx;€l,i=1,..., k. If x;j is such that

Ji=1 i=j+1

14 1 [
szixi <x; < o < > pixi+ Qkxk> , (22)

i=j+1 Ji=1

1 k-1 1 j
or Qj+1 < Z pixi + Qkxk> <x; < szixil (2.3)

then one has

Jik(x,p, f) = Ji(x p, f)- (2.4)

Proof. The claim is that

j k-1 k-1
>pif(xi) - f<ZPixi + Qkxk> > Pif (x)) - f<ijj + D pixi + Qkxk>- (2.5)
i1 i=1

i=j+1

As a simple consequence of the Jensen inequality (1.1), we have

i j
leif(xi) > ij<Plj;Pixi>- (2.6)

Therefore, if we prove

j k-1 k-1
ﬂf(%Zm) +f <ij,~ + > pixi+ Qkxk> > Pif (xj) + f<Zpixi + Qkxk>, (2.7)
] i=1 i=j+1 i=1

the claim will follow. The idea is to apply Lemma 1.8 for p1 = P}, po = 1, a1 = xj, a» =
Zfz_ll pixi + Qrxy, by = (1/F;) 211':1 pixi, and by = Pjx; + Zglﬂ pixi + Qixg. Condition (1.12) is
obviously satisfied. In addition, we need to check that

1 j k-1
szixi <xj < Ppxj+ > pixi + Qexi,
i1 i1

(2.8)
1 j k-1 k-1
szixi < leixi + Qrxp < Pixj + Z pixi + Qi Xk.
i=

ji=1 i i=j+1

Easy calculation shows that both of these conditions are valid if (2.2) holds. Thus, the claim
follows from Lemma 1.8. Note that we could have takenp; =1, p> = P, a1 = Z{;‘f pixi+QxXk,
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ar = xj, by = Pixj + Z:lﬂ pixi + Qxxk, and by = (1/P;) Z{zl pix;, instead. In this case, the
necessary conditions would follow from (2.3). O

Theorem 2.2. Let the conditions of Theorem 2.1 hold. If x; is such that

1 j k-1
o DPixi S xj < 3 pixi + Qexi, (2.9)
T i=1 i=1
k-1 1 d
or Zpixi + Qrxp < x; < FZpixi, (2.10)
i=1 ] i=1

then inequality (2.4) holds.

Proof. Proof is analogous to the proof of Theorem 2.1. Instead of Lemma 1.8, we apply
Lemma 19 for n = 2 and the same choice of weights and points, or their obvious
rearrangement. O

Theorem 2.3. Let f be a convex function on I and p a positive n-tuple such that P, =1, n > 2. Let
1<j<k<nandx;€l,i=j,..., n If xi is such that

1 k-1 1 n
m Pix;j + Z pixi | <xp < —Zp,-xi, (2.11)

n k-1
or Qinixi <xp < L <P]-x,- + Z pixi>, (2.12)
k< .

then one has
Jin(%,p, f) 2 Jik(x, p, f)- (2.13)

Proof. Similarly as in the proof of Theorem 2.1, after first applying the Jensen inequality to the
sum on the left-hand side, the claim will follow if we prove

n k-1
Qkf<&zpixi> +f<ijj + > pixi+ Qkxk>
ik

i=j+1
(2.14)
n
> Qk(xx) + f| Pixj+ Zpixi :
i=j+1
We can apply Lemma 1.8 for p; = 1, po = Qk, a1 = Pjx;j + Z;’:]-H piXi, az = xx, by = Pjxj +
Z;lﬂ pixi + Qrxk, and by = (1/Qx) i, pixi, since condition (1.12) is obviously satisfied
and (2.11) ensures that the rest of the necessary conditions are fulfilled, and thus the claim

is proved. After the obvious rearrangement, applying Lemma 1.8 with (2.12), the claim is
recaptured. O
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Theorem 2.4. Let the conditions of Theorem 2.3 hold. If x; is such that

Pix;j + Z pixi < Xk < —Zplxl, (2.15)
i=j+1 Q i=k
Zplxl < xk < Pixj + Z pixi, (2.16)
i=j+1

then inequality (2.13) holds.

Proof. It is analogous to the proof of Theorem 2.3. Instead of Lemma 1.8, we apply Lemma 1.9
for n = 2 and the same choice of weights and points, or their obvious rearrangement. O

Corollary 2.5. Let f be a convex function on I and p a positive n-tuple such that P, =1, n > 2. Let
x € I" be a real n-tupleand 1 < j < k < n.
If xy is such that

B 1Zp1xl <xp < —Zplxu (2.17)

1 ko
Zszz <xr < o p,xi, (2.18)
k-1%

and x;j is such that either (2.2) or (2.3) holds, then one has

](X/P/f)2]lk(x/p/f)Z]jk(xrp/f)* (219)
If x;j is such that
lz]: ix; < x; < ! zn: iXi (2.20)
Py 1p1 T Qjn i:j+1p1 ! .
or Z pixi <x; < —Zplxl, (2.21)
Q]+11 =j+1

and xy is such that either (2.11) or (2.12) holds, then one has
Jp, f) 2 Jin(x,p, ) = Jix(x,p, f)- (2.22)

Proof. The first inequality in (2.19) follows from Theorem 2.3 for j = 1, and the second
is a direct consequence of Theorem 2.1, while the first inequality in (2.22) follows from
Theorem 2.1 for k = n, and the second is a consequence of Theorem 2.3. O
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Corollary 2.6. Let the conditions of Corollary 2.5 hold.
If xy is such that

n 1 n
Zpixi <xk < @ZPixi/ (2.23)
i=1 i=k
1 n n
or @ZP:’xi S Xk < Zpixi/ (2.24)
i=k i=1

and x; is such that either (2.9) or (2.10) holds, then inequality (2.19) holds.
If x;j is such that

1d n
szixi <xj < Dpix;, (2.25)
=1 i=1
n 1d
or Zpixi <xj < szixi; (2.26)
i=1 =

and xy is such that either (2.15) or (2.16) holds, then inequality (2.22) holds.

Proof. The first inequality in (2.19) follows from Theorem 2.3 for j = 1, and the second
is a direct consequence of Theorem 2.1, while the first inequality in (2.22) follows from
Theorem 2.1 for k = n, and the second is a consequence of Theorem 2.3. O

Theorem 2.7. Let f be a convex function on I and p a positive n-tuple such that P, =1, n > 2. Let
x € I" be a real n-tuple, and let 1 < j < k < n. If xj and xy. are such that

j n n
lZPixi <x; < Zpixi <xg < LZPN@'/ (2.27)
P i=1 Qe
or
1 n n 1 ]
_Zpixi <Xk < Zpixi <x; < _Zpixi/ (2.28)
Q& i=1 P
then one has
J(x P, f) 2 Jjx(x, P, f)- (2.29)

Proof. The claim is that

j n n
> pif(xi) + kaif(xi) -f <Zpixi>
i=1 i= i=1
(2.30)
k-1
> Pif(x) + Qif(x) - f <ij;’ + > pixi+ Qkxk> :

i=j+1
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After applying the Jensen inequality to the two sums on the left-hand side, we need to prove

n k-1 j
Qkf LZPW +f Pixj+ > pixi+ Qx| + Pif ;me
Qi P

i=j+1
(2.31)

> Qk f (xx) + f<ipixz'> + P f (x))-

Setpr = Q, p2 =1,ps = Pj, a1 = xp,a2 = ZiLy pixi, az = xj, by = (1/Qx) Ziy pixi, br = Py +
Zf;lﬂ pixi + Qxxx, and bz = (1/P;) Zle pixi. Assumption (2.27) ensures that the necessary
conditions of Lemma 1.9 for n = 3 are fulfilled, and so (2.31) follows from (1.15). By obvious
rearrangement, utilizing (2.28), the inequality is recaptured. O

Remark 2.8. Note that conditions (2.9) and (2.23) combined together give a condition

1 ] k-1 n 1 n
ﬁzpixi <xj < Zpixi + QX < Zpixi S xk < _Zpixi/ (2.32)
ji= i=1 i=1 Qe

while (2.15) and (2.25) combined together give

1 j n n 1 &
szixi < x]- < Zpixi < P]'x]' + Z pixi <xk < —Zpixi, (233)
Ji=1 i=1 i=j+1 Qe

both of which are more restricting than (2.27). The same is true for combining conditions
(2.10) and (2.24), or (2.16) and (2.26), and comparing the result with (2.28).

Theorem 2.9. Let f be a convex function on I and p a positive n-tuple such that P, =1, n > 2. Let
1<j<k<nandx;el,i=j, ..., k, then one has

Pix; + Qpx
P]' + Qk

Jic(x,p, f) 2 Pif (xj) + Qi f (xi) = (Pj + Qk)f<
(2.34)

2 ]min(x/prf) > 0.

Proof. The first inequality is an immediate consequence of the Jensen inequality. The other
two follow immediately from (1.4). O

Remark 2.10. Inequalities (2.19), (2.22), and (2.34) recapture results from Lemmas 1.5 and 1.6,
and Theorem 1.7 as special cases, since an increasing n-tuple x fulfils conditions (2.2) and
(2.17), that is, (2.11) and (2.20). A decreasing n-tuple x, on the other hand, fulfills conditions
(2.3) and (2.18), that is, (2.12) and (2.21). The proofs of Theorem 2.9 and Corollary 2.5, that
is, Theorems 2.1 and 2.3, are in fact analogous to the proofs of Theorem 1.7, Lemmas 1.5 and
1.6 from [9].
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3. Some Special Cases

In this section, we consider some special cases of the presented results. The same special cases
were considered in [9], but here we obtain them under more relaxed conditions on the n-tuple
x. More precisely, Corollaries 2.5 and 2.6, or Theorem 2.7, after applying Theorem 2.9, yield

Pix;: + Qkxk
TP, f) 2 Pif () + Quf (o) = (P + Q) f 55— )- (3.1)
P] + Qk
Corollary 3.1. Let the conditions of Corollaries 2.5 and 2.6, or Theorem 2.7 hold, then
Zpla, Ha > Pya; + Qeai — (P + Qi) 77 g2/ 709 (32)
Proof. This follows from (3.1) for f(x) = e*, using notation a; = e*'. O

Corollary 3.2. Let the conditions of Corollaries 2.5 and 2.6, or Theorem 2.7 hold, and let in addition
x;>0,i=1,...,n, then

P.
S piXi 1 [P+ Qx|
= 7 Qk ’ (3.3)

| | ERE AP P+ Qxk
Proof. Follows from (3.1) for f(x) = -Inx. O

Corollary 3.3. Let the conditions of Corollaries 2.5 and 2.6, or Theorem 2.7 hold, and let in addition
x;>0,i=1,...,n, then

n P _ . 2
Pi_ 5 _PQ(oe = x)” (3.4)
Jxi Yiipixi xjxr(Pixj + Qrxk)
Proof. This follows from (3.1) for f(x) = 1/x. O

In [9], additional bounds of J(x,p, f), lower than those obtained in the previous
corollaries, were derived for the case f(x) = e* and f(x) = 1/x. Now, note that from
Theorem 2.9, under conditions of Corollaries 2.5 and 2.6, or Theorem 2.7, we have

JOo P, f) 2 Jmin(x, p, f) 2 0. (3.5)

Next, we compare estimates obtained from (3.5) with those obtained in [9].

Case 1. For f(x) = €*, using notation a; = €%, inequality (3.5) takes the form

ipiai - ﬁafi > min{Pj,Qk}<\/ﬂ - \/Ej>2. (3.6)
i1 i=1



Abstract and Applied Analysis 11

In [9], under the assumption that a is an increasing n-tuple, the following inequality was
obtained

Stpias- [T} > C(vai - yay) . @)
i=1 i=1

where
2P;
]—le P] < Qk/
Qk, P; > Q.

Note that when P; > Q, (3.6) recaptures this result. However, when P; < Q, the constant C
is better, since ZPJ-Qk/(PI- +Qk) 2 P

Case 2. For f(x) =1/xand x; >0, i =1,...,n, inequality (3.5) takes the form

n _ _2
Zp >min{Pj,Qk}—(xk %) . (3.9)

x_ l 1 piXi XjXk (x]' + xk)

In [9], under the assumption that x is an increasing n-tuple such that x; > 0, the following
inequality was obtained:

iﬁ— 1 sc (*/’T_\/Tf)z, (3.10)
=X X pixi XjX
where
Py, P; < 3Qk,
C= % P, > 30k (3.11)

In order to compare these two estimates, first assume that P; < Q. Since

p e (v )

! xjxe (xj + xk) XXk

o (VEeyE) ryem,  OD

it follows that the estimate in (3.9) is better than the one in (3.10).
Next, assume that Qx < P; < 2Qy. First, observe that

A+ V) (3.13)

Xk + Xj

Qu (VR + VT 2 P+ x;) = P < Qu
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Simple calculation reveals that

Lo W)

xk+x]-

(3.14)

7

and so we conclude that the estimate in (3.9) is better than the one in (3.10) when Qx < P; <

Qi ((v/xk + /%) / (xi +x;)), while when Qi ((v/Xk + /%7)*/ (x +x})) < P; < 2Q, the estimate
in (3.10) is better than the one in (3.9).

Further, assume that 2Qy < P; < 3Qk. In this case, the estimate in (3.10) is better than
the one in (3.9), that is,

Py (i + ;) 2 Qv + ;) - (3.15)
Namely,

Py (i + x7) 2 2Qk (i + x7),
(3.16)
2 2
2Qe(xic+ x7) 2 Qe(VE + /%) = (VA - /%) 20.

Finally, if 3Qx < P;, the estimate in (3.10) is again better than the one in (3.9), that is,

4P,Q; 2
% ) o
This is equivalent to
2
Pj<3x]- + 33, — 24 /7x]-xk> > Qk<wﬁxk T ﬁx,-) . (3.18)

In this case, we have
P (3x; + 3xi = 24/ ) 2 Qi (3x; + i — 24/%j% ), (3.19)
and since
2 2
Qi (3x) + 3 2/ ) 2 Qi (Vo + /7)== (VAk - V/A;]) 20, (3.20)

the claim follows.
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