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1. Introduction

The classic Lotka-Volterra-type prey-predator system is an important population model
and has been studied by some authors (see [1-5]). It is assumed that each individual prey
admits the same risk to be attacked by predator. However, these assumptions provide only
an idealization of the natural world. In the natural world, there are many species who go
through two or more life stages while they proceed from birth to death. Different life
stages usually have different physical behaviors. Age-structured ecological models have
received much attention in recent years. This is not only because they are simpler than the
models governed by partial differential equations, but also they can exhibit phenomena
similar to those of partial differential models, and many important physiological parame-
ters can be incorporated (see [6]). Recently, papers [7—12] have studied the age-structured
population model with or without time delays. They study the effect of age structure on
the dynamical behavior of prey-predator system. In addition, a good overview on age-
structured models can be found in the recent book by Murdoch et al. [13, Chapter 5 in
particular].
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Motivated by recent works of Gourley and Kuang [9] and Zhang et al. [12], in this pa-
per, we consider the following plausible age-structured prey-predator interaction model:

de(t) _ ocx(t) _ )’xj(t) _ (xe—y'rx(t _ T),
% =ae Vx(t — 1) — wx(t) — mx*(t) — Px(t) y(¢), (1.1)
% = bpx(t—0)y(t — 0) — o y(t) — wy*(t),

where x;(t) and x(t) represent, respectively, the juvenile and adult prey densities at time
t; y(t) represents the predator density at time t. a, 1, y, p2, > 7, 0, m and w are positive
constants.

The model is derived under the following assumptions.

(A1) We first assume that the life history of prey species is divided into two stages:
juvenile and adult. The delay 7 denotes the time from birth to maturity of prey species.
We then assume that the juvenile prey reproduction rate is proportional to the existing
adult prey population with a proportionality constant «; y is the death rate of the juvenile
populations. Finally, we assume that the juvenile preys born at time ¢ — 7 that survive to
time ¢ exit from the the juvenile population and enter the the mature population at time
t. The term ae ?"x(t — 7) represents the the juvenile prey individuals who were born at
time t — 7 and still survive at time ¢, and represents the transformation of the juvenile
prey population to the adult prey population.

(A;) We assume that the adult prey species have death and intraspecific competition
rate constants 4 and m, respectively. y; and w are, respectively, death and intraspecific
competition rate constants of the predator, § is the predation coefficient, and b (0 < b <
1) is the coefficient in conversing prey into predator. It seems reasonable to assume that
the reproduction of predator after predating the prey will not be instantaneous, but medi-
ated by some discrete time delay required for gestation of predator (see 8, 14]). 0 (¢ >0)
is the time required for the gestation of the predator.

(A3) It seems reasonable for many species of mammals, where immature preys con-
cealed in the mountain cave are raised by their parents; they do not necessarily go out to
seek food, so they are not attacked by the predators and the rate at which the predators
attack can be ignored.

The initial conditions for system (1.1) take the form of

xj(0) =9;(0) =0, x(0)=¢(0)=0, y(0)=y(0)=0, 6¢c[-h0],

9;(0) >0, 9(0) >0, v(0) >0, (12)

where h = max{r,0}, ® = (¢;(0),9(0),y(0)) € C([~h,0],R3,), the Banach space of con-
tinuous functions mapping the interval [—h,0] into R3), where R}, = {(x},x,y) 1 x; >
0, x=0, y=0}.
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The first equation of system (1.1) with initial conditions (1.2) can be rewritten as
t
5= | aOxe)do, (13)
t—7

For continuity of the initial conditions, we further require x;(0) = f_ ae’?o(0)do.

Thus, x;(t) can be completely determined by x(t), y(t), respectively. Therefore, the
dynamics of system (1.1) are completely determined by the second and third equations.
In the rest of this paper, we will consider the following subsystem:

% =ae "x(t—1) —wix(t) — mx*(t) — Bx(t)y(1),
(1.4)
dy = bpx(t— ) y(t - 0) — pay(t) — wy*(1).

In this paper, we will perform a global analysis for the age-structured prey-predator
model (1.4) to show the combined effects of age structure for prey and delay due to the
gestation of the predator on the dynamics of the model.

The organization of this paper is as follows. In the next section, stability of boundary
equilibria of the system is discussed. In Section 3, the sufficient conditions for the perma-
nence of the system are obtained. In Section 4, global stability of the positive equilibrium
is also discussed. The paper ends with brief remarks.

2. Stability of boundary equilibria

In this section, we first show the existence of equilibria and the local stability of boundary
equilibria for system (1.4).

Except for equilibrium E((0,0), system (1.4) has also equilibria E; (x°,0), E* (x*, y*),
where

wo e om L wlae o) + B o _ bBlae™™ — 1) —my

m mw + bp? ’ mw + bp?
(2.1)

The boundary equilibrium E; (x°,0) exists if ae™?* > y;, and the existence condition for
the positive equilibrium E* (x™*, y*) is b (ae™" — p1) > my,.

TaeorEM 2.1. (1) The equilibrium Ey of system (1.4) is stable if ae™" < yy and unstable if
ae VT > Uy,

(2) The equilibrium E, of system (1.4) is locally asymptotically stable if bf(ae™ " — ;) <
my, and unstable if bf(ae™ " — yy) > my,.

Proof. (1) The characteristic equation of the equilibrium E((0,0) is
A —ae "V 4y ) A+ uy) = 0. (2.2)

Clearly, A = —p» is a negative eigenvalue, while the other eigenvalue is given by the solu-
tions of A = ae™ V7T — ;. If we ™" > py, we claim that the solutions of A = ae~ V7 —
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have only negative real parts. Suppose that ReA = 0. By computing the real parts of A, we
get

Re) = ae Ve "R cos(7ImA) — p <ae ’T—u; <0, (2.3)

a contradiction. Thus we have ReA < 0.
If ae™" > py, we claim that A = ae~ (VtAT _ p1 has at least a positive solution. In fact,
set

fA) =1 —ae” V7 4y (2.4)

We have f(0) = y; —ae™?" <0and f(+0c0) = +00. Hence, f(A) has at least one positive
root and E, is unstable.
(2) The characteristic equation of the equilibrium E; (x°,0) is

GO L (A — ae e 4y + 2mx®) (A — bx%e ™ + py) = 0. (2.5)

Thus, all eigenvalues are given by the solutions A = ae "¢ — y; — 2mx® and A =
bBx"e 7 — uy, respectively. Similar to the above arguments, if bA(ae ™™ — ;) < mu,, we
obtain that all the roots for the equation G(1) have only negative real parts, and E; is
stable. Otherwise, E; is unstable. The proof is complete. O

Similar to the arguments of paper [10, 15], we have the following lemmas.

LEmMa 2.2. Let x(0), y(0) = 0, on —h < 0 <0, and x(0), y(0) > 0. Then solutions of system
(1.4) are positive for all t = 0.

LemMa 2.3. Consider the following equation:
x(t) = ax(t — 1) — bx(t) — cx?(t), (2.6)

where a,b,c,7 > 0; x(t) >0, for —7 <t < 0. One has the following.
(1) Ifa>b, thenlim;_. x(t) = (a — b)/c.
(ii) Ifa < b, then limy_.. x(¢) = 0.

LEMMA 2.4. Assume that b(ae ™" — yy) > myy. Then all solutions of system (1.4) with
initial conditions are bounded for all t > 0.

Proof. Noting that b(ae " — y;) > mu,, there exists an € such that b((ae ™" — p1)/m+
€) > . From the first equation of system (1.4), we have

dx(t)
dt

<ae Vx(t — 1) — px(t) — mx*(t). (2.7)
Since ae™?" > py, by Lemma 2.3 and comparison, we have lim;_ o x(t) < (ae™ " — 1)/

m. Thus, there exists a T, >0 such that x(t) < (ae™"" —p;)/m + € for t > T. From the
second equation of system (1.4), we obtain that for t > T + g,

dy H _bﬁ<ae il )y(t—a)—yzy(t)—wyz(t). (2.8)
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Since bB((ae™?" — u1)/m+€) > up, by Lemma 2.3 and comparison, it is easy to obtain that
limy_ 1 y(t) < (e — p1)/mw + €. The proof is complete. O

Similar to the arguments of Lemma 2.4, it is easy to obtain the following conclusion.

THEOREM 2.5. Assume that ae” " < yy. Then solutions of system (1.4) satisfy x(t) — 0,
y(t) = 0ast— oco.

Now we give the sufficient conditions for the global stability of the boundary equilib-
rium (x, y) = (x%,0). The biological meaning of the condition is obvious: if the predators
recruitment rate b at the peak of adult prey abundance is no more than their death rate
U2, then the predators face extinction.

THEOREM 2.6. Assume that 0 < bB((a«e™"" — py)/m) < ya. Then the solutions of system (1.4)
satisfy x(t) — x°, y(t) = 0 ast — oo.

Proof. Noting that 0<bf((ae™?"—p;)/m)<ua, thus there exists an €’ such that b ((ae 7" —
pw1)/m+€’) < . It follows from the first equation of system (1.4) that

% <ae Vx(t— 1) — pix(t) — mx*(1). (2.9)
Since ae™?" > y;, by Lemma 2.3 and comparison, we have lim; ., x(t) = (ae™ 7" — y;)/m.
Thus, there exists Ter > 0 such that x(t) < (ae™" — yy)/m+€’, forall t > T > 0. Then for
t > T¢ + 0, we have

d ae V' — ,
e sb/s(—”‘ e )y(t—a)—yzy(t)—wyz(t). (2.10)
t m
Therefore, by Lemma 2.3 and comparison, we have y(t) — 0.
In the following, we will show that lim;_« x(¢) = x°, we consider two cases.

Case 1. x(t) is oscillatory about x°. Then for the bounded x(t), there must exist a sequence
{tx}, such that limy ., tx = oo, and x(#x) is a local maximum. That is, x(¢x) = 0, () < 0.
Let

%z}l{msup{x(tk)}. (2.11)

We have 0 < X < +o00 and limy_ supx(f) = X. We claim that X < (ae™?" — y;)/m. Other-
wise,

yr _
g% Tl (2.12)
m
From the first equation of system (1.4), we obtain that at f,
0=x(tx) = ae "x(tx — 1) — prx(tx) — mx*(tx) — P (t) y (t), (2.13)

Let X = limg_o sup{x(tx — 7)}.
We take a subsequence of {fx} and, without loss generality, rewrite {f;} such that
fis1 > e+ T, limy, — o x(#%) = X, limy,— 0 x(#x) = X. Thus, taking lim both sides of (2.13),
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and incorporating lim,_ y(t) = 0 and (2.12), we obtain that
0= (xe*VT?c—‘uch—m§<oce*VT(?c—JNc). (2.14)

Therefore, we have x > X. This is a contradiction to the definition of #, and (2.11). Hence,
we have X < (ae™"" — py)/m. That is, lim;_.. supx(t) < (we™?" — p1)/m. Similar to the
above arguments, we can obtain lim; . infx(t) = (ae™"" — y;)/m. Therefore, we have
lim;— o x(t) = (e ™" — p1)/m.

Case 2. x(t) is nonoscillatory. Then x(t) is eventually monotone. Thus for the bounded
x(t), there exists X, 0 < X < +o0, such that lim,_ . x(¢) = X. It follows from the first equa-
tion of the system that lim;..%(f) exists. As a consequence, [16] implies that
lim;_ x(t) = 0. Taking lim both sides of the first equation for system (1.4) and incor-
porating lim;_., y(t) = 0 give 0 = X(ae™ " — y; — mx). That is, x = (ae™V" — py )/m.

The proof is complete. O
By Theorems 2.1-2.6, we directly obtain the following corollaries.

CoROLLARY 2.7. The equilibrium Ey(0,0) of system (1.4) is globally asymptotically stable if
ae V" < yy holds true.

COROLLARY 2.8. The equilibrium E;(x°,0) of system (1.4) is globally asymptotically stable
if 0 < bf(ae™" — py) < myy holds true.

3. Permanence of system (1.4)

In this section, we will apply the permanent theory for infinite-dimensional system from
[17] to obtain the permanence of system (1.4).

LemMma 3.1 (see [17, page 392]). Suppose that T(t) satisfies (H,) and the following condi-
tions hold:
(i) thereis a ty = 0 such that T(t) is compact for t > to;
(ii) T(¢) is point dissipative in X;
(iii) Ap = Uxea, w(x) is isolated and has an acyclic covering M, where

M= {A}, Az, Ak (3.1)

(iv) WS(A) N Xo = ¢, fori=1,2,...,n. Then X, is a uniform repeller with respect to X°,
that is, there is an € > 0 such that for x € X°, liminf;_ o d(T(t)x,Xo) > €, where d
is the distance of T(t)x from X,.

THEOREM 3.2. Assume that b(ae™"" — uy) > my,. Then system (1.4) is permanent.

Proof. We first begin by showing that the boundary planes of R2 = {(x,y): x>0, y > 0}
repel the positive solutions to system (1.4) uniformly. Let us define

Ci={(p,y) € C([-h,0L,RY) : 9(6) = 0, 6 € [~h,0]},

(3.2)
G = {(p,y) € C([ — 1,01, R) : 9(0) >0, y(6) =0, 0 € [~h,0]},
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where C([—h,0],R2) is the space of continuous functions mapping [—h,0] into R2. Set
Co=C1UGCy, X =C([-h,0],R2). Thus X° = IntC([-h,0],R2), Cy = 0X°.

We now verify that the conditions of Lemma 3.1 are satisfied.

By the definition of X, 0X°, and system (1.4), it is easy to see that X° and 90X are
invariant, hence (H;) is satisfied. System (1.4) possesses two constant solutions in Cy =
8X0 :Al S C], A2 S Cz with

A= {(g,9) € C([-7,0],R}) : 9(0) =y =0, 6 € [-1,0]},

3.3
Ay ={(p,¥) € C([ - 1,0],R2) : 9(6) = yw(0) =0, 6 € [-7,0]}. (-3

By Lemmas 2.2 and 2.4, conditions (i) and (ii) of Lemma 3.1 are clearly satisfied.

Consider condition (iii) of Lemma 3.1. We have () (pypec, =0, then we get
x()|(gyec, =0, for all £ = 0. Using the second equation of system (1.4), we have
YO lgprec, = —pay(t) — wy?(t) <0, hence all points in C; approach A, that is, C, =
W?*(A1). On the other hand, note that y(t)|(y,y)cc, = 0, and thus y(t)|(y,y)ec, = 0 for all
t > 0. Accordingly, we have x(t) [ (y,y)ec, = ae ™V x(t — 7) — p1.x(t) — mx?(t). By Lemma 2.3,
we have lim;_. x(¢) = (ae™?" — p;)/m. It is obvious that we have that all points in C, ap-
proach A,, that is, C; = W*(A;). Hence M= {A1,A,}, and clearly it is isolated. Noting
that C; N C, = ¢, it follows from these structural features that the flow in M is acyclic,
satisfying condition(iii) of Lemma 3.1. Now we show that WS(A;) n X° = ¢, i = 1,2.
Since Lemmas 2.2 and 2.4 indicate that W*(A;) N X° = ¢, we only need to prove that
W5 (A) N X0 = §.

Assume the contrary, that is, W*(A;) N X° # ¢, thus there exists a positive solution
(x(t), (1)) to system (1.4) with lim—. (x(t), y(t)) = (x°,0). Then for the sufficiently small
€ with (bB(ae™ " — py) — mu,)/ (b + w)mw > €, there exists a positive constant T = T'(€)
such that x(t) > (ae " —u;)/m — €, y(t) <€, for all t = T. By the second equation of
system (1.4), we have

e
% > bﬁ(% - e>y(t—a) () —w(), t=Tr. (3.4)

By Lemma 2.3 and comparison, we have lim;_., y(t) > u*, where

u* = bﬁ(ae*)”’ — .ulrzl; mbﬁe — M > €. (3.5)

This is a contradiction to y(t) < €. Therefore, the condition W*(A;) N X% = ¢, i = 1,2,
of Lemma 3.1 holds. Thus system (1.4) satisfies all conditions of Lemma 3.1. Accordingly,
system (1.4) is uniformly persistent, that is, there exist positive constants ¢ and T = T'(¢)
such that the solutions x(¢), y(t) of system (1.4) satisfy x(t), y(t) = € for all t > T. Fur-
thermore, Lemma 2.4 shows that (x(t), y(¢)) are ultimately bounded. That is, system (1.4)
is dissipative, and this proves the permanence of system (1.4). O
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4. Global stability of the positive equilibrium

In the following, we first discuss the local asymptotic stability of the positive equilibrium
E*(x*, y*) of system (1.4). Based on the permanence of solutions of system (1.4), we will
use the method of Lyapunov functionals.

THEOREM 4.1. The positive equilibrium E* of system (1.4) is locally asymptotically stable
provided that (H,): 6, >0, 6, >0, where

*
0, = be* {2mx* — ae " r[4ae” V" + 2m+ P)x*| — Pox*[2ae V" + (b +m)x* ]},

01 = o +2wy* —ae VbBy* T —bBo{[2ae 7+ (m+2B+ bP)x* |y +2x* (2fx* + wy*)}.
(4.1)

Proof. Let us linearize system (1.4) at E*(x*, y*). Setting x = x™ +w, y = y* +z, where
w and z are small, and linearizing give

w(t) = Aw(t — 1)+ Ayw(t) +Bz(t),

(4.2)
z(t) = Cw(t — o)+ Dz(t — 0) + D1 z(t),
where
A=qae ", Ay = —p —2mx* = By*, B=—px*,
C="0bpy*, D = bBx*, Dy = —p; — 2wy*. (43)
The first equation of (4.2) can be rewritten as
t
w(t) = (A+A;)w(t)+Bz(t) — A [Aw(u— 1)+ Ayw(u) + Bz(u) | du. (4.4)
t—1
Set
Vi (t) = wi(t). (4.5)

Calculating the derivation of V;(t) along solutions of (4.2), and using the inequality
2ab < (a* + b?), we have

Vii(t) <2(A+A)w?(t) +2Bw(t)z(t) + A(A — A, — B)Tw(t)

t 4.6
+A N [Aw?(u— 1) — Ayw?(u) — Bz*(u)|du. (46)
Set
Vialt) = A f f [Aw? (1 — 7) — Ay w2 (u) — B2 (u) | dudy. (4.7)
t—1Jv
It follows from (4.6) and (4.7) that
d(V“(t)dt Via9) 2(A+A)wWA(t) +2Bw(t)z(t) + A(A— A; — B)1 (45)

X w2 (t) + AT[Aw?(t — T) — Ayw?(t) — BZ*(t) |du.
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Set
Vi(t) = Vi () + Via () + Vis(2),

where
t
Vi = AZTJ w?(u)du.

t—1

It follows from (4.8) and (4.10) that

Vi(t) < [2(A+A;) +A(2A - 2A, — B)t|w*(t) — ABtz*(t) + 2Bw(t)z(t).

Similarly, the second equation of (4.2) can be written as

2(t) = (D+Dy)z(t)+Cw(t) - C t [Aw(u—1)+A1w(u) + Bz(u)]du
t—o
-D t [Cw(u—0)+Dz(u—0)+Diz(u)]du.

t—o

Set

Vo (t) = 22(t).

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

Then along the solutions of system (4.2), using the inequality 2ab < a? + b?, we have

Vo (t) <2(D+Dy)z%(t) + 2Cw(t)z(t) + C(A — A, — B)oZ%(1)

+D(C+D-Dy)oZ(1) +Cﬁ (AW (u=1) = Aiw?(w) = BZ2(w)]du (4 1)

+D t [Cw?(u—0)+Dz*(u—0) — D12*(u)]du.

t—o

Set

Vin(f) = CJ:_ Jt [Aw? (1 — 7) — Ay w2 (u) — B2 (u) | dudy

t t
+DJ J [Cw?*(u—0)+Dz*(u—0) — D12*(u)|dudv.

It follows from (4.14) and (4.15) that

d(Var(t) + Vaa(t))
dt

<2(D+Dy)Z*(t) +2Cw(t)z(t) + C(A— A — B)
x 0z*(t)+D(C+D — D;)oz*(t)
+Co[Aw*(t — ) — Ayw?(t) — BZ*(t)]
+Do[Cw?(t — o) + Dw?(t — o) — Diw?(1)].

(4.15)

(4.16)
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Set
Va(t) = Var () + Vi () + Vs (1), (4.17)
where
Vis(£) = ACth wz(u)du+D0Jt [Cw?(w) + D2 (w) ] dus (4.18)
t—1 t—o

Then it follows from (4.16), (4.17), and (4.18) that

Vo (t) < 2(D+D1)Z*(t) +2Cw(t)z(t) + C(A — A, — 2B)az*(t)

(4.19)
+D(C+2D —2D;)oz*(t)+ Ca(D+A — A))w?(1).
Set
C

V(t) = —EVl(t) + Va(t). (4.20)

Then it follows from (4.11), (4.19), and (4.20) that

Vi(t) < —%{[2(A+A1) +A(2A —2A, — B)t|w*(t) — ABtz*(t) + 2Bw(t)z(t)}

+2(D+Dy)z*(t) +2Cw(t)z(t) + C(A — A, — 2B)oz*(t) (421)

+D(C+2D —2D;)oz*(t)+ Co(D+A — A))w?(1)

=: —lez(t) — 92z2(t).

By assumption (H;), we have 6, >0, 6, > 0. According to the Lyapunov theorem (see
[12]), we can derive that the zero solution of (4.2) is uniformly asymptotically stable.
Accordingly, the positive equilibrium E* of system (1.4) is uniformly asymptotically sta-
ble. O

Remark 4.2. From Theorem 4.1, it is easy to see that the positive instantaneous equi-
librium (i.e., when 7 = 0, 6 = 0) of the system (1.4) is locally uniformly asymptotically
stable. Then the local uniform asymptotic stability of E* for the delayed model (1.4) is
preserved for small 7 and o satisfying (H,).

Now we show the global attractivity of E* by using an iterative technique.

THEOREM 4.3. Assume that bfw(ae™ "™ — ) > mwp, > by, holds. Then solutions of sys-
tem (1.4) satisfy x(t) — x*, y(t) = y* ast — oo,

Proof. It follows from bfw(ae "™ — y) > mawp, >bf*u; that ae™™ — uy >0, S0 (maw)* (-
bﬁz)”‘k >0 (n=1,2,3,...) and the unique positive equilibrium (x*, y*) exists.

From the first equation of system (1.4), we obtain x(¢) < ae V"x(t — 7) — uix(t) —
mx?(t). Consider the following auxiliary equation:

% =ae ""u(t — 1) — pu(t) — mu(t), satisfying u(0) = y(0). (4.22)
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Let Py = m~'(ae™?" — yy). By Lemma 2.3, we have lim;_, u(t) = P;. By comparison,
there are a T}, > 0 and sufficiently small €; > 0 such that x(¢) < u(t) < Py + €5, t > T1;.
Thus, for t > Ty; + o, we have

(1) < bB(Pr+€1)y(t—0) —uy(t) — wy>(t). (4.23)
Let

Q = bﬁ(Pl +€1) — U _ bﬁ(oce‘)’f—‘ul) — miy + bﬂE] 0.

w mw w

(4.24)

By Lemma 2.3 and comparison, for the above €, there exists T5; > Ty, such that y(t) <
Qi + €1, t > T>;. Then we have

x(t) = ae " x(t — 1) — i x(t) — B(Q1 + €1)x(t) — mx>(¢). (4.25)
Let
p, e —m-pQte)
2 m
(mw —bB?) (ae™ " — 1) +mPus b +wpf (426)
- wm? o €1>0.

By Lemma 2.3 and comparison, for the above €, there is T, > T51, such that x(t) = P, —
€1, for t > T5,. Therefore, we obtain for t > T, + o that

§(8) = bB(P, = €1) y(t = 0) = pay(t) = wy?(1). (427)
Let
Q, = beel)_m
_ (mw—bp*) (bP(ae™” —p1) —mys)  bB(bP* +bp+mw) (4.28)

€, >0.
m2w? mw?

By Lemma 2.3 and comparison, for the above €;, there is T3, > Ty, such that y(t) =
Q, — €1, t > T5;. We obtain that for t > T5; + 71,

x(1) < ae V" x(t — 1) — px(t) — f(Qa — €1)x(t) — mx3(2). (4.29)
Let
p, =% =t —BQ +Ber
_ (mPe? - mn:vbﬂz +bp*) (OZ;ZZ_ p) + mPus (mw — bp?) (4.30)
L BOB +ma)bBra) o

m2w?
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By Lemma 2.3 and comparison, for the above €, there is T5, > T3, such that x(t) < Ps +
€1, for t > T3,. Thus, for t > T3, + 0, we have

§(t) < bB(Ps+€) y(t —0) — way(t) — wy(1)). (4.31)
Let
Q; = Wﬁ%‘fl)—#z
_ oo (mw) (= b)) (bp(ae T — ) — mps) (4.32)
- m3 w3
| BB+ Wb w4 fu b ma)]
m-w

By Lemma 2.3 and comparison, for the above €, there is T4, > T3;, such that y(t) <
Qs+ €1, t > Tyy. Then, for t > Ty + 7, we have

%(t) = ae Vx(t — 1) —wx(t) — f(Qs +€1)x(t) — mx>(t). (4.33)
Continuing this process and by induction, we obtain

x(t) < Pps_1 + €351

(e ) S (me)* (= 0B + iy S () (— )

- m2s—12s—2

+€x-1, fort>Th s
}’(t) = QZs—l +€és_1
(b (e ™ — 1) — mpn] Sy (mw)* (— bp?)

m2s—12s—1
’
+ €y 15 for t > Tos1>To—1s

2s—2—k

-x(t) = P25 — €25

(ae7" — 1) S50 (mw)* (= bF2)" " + mpyy S (ma) (—bp?)™
m2s2s—1

— €y, fort>Tyo>Th1,

o [bBlae T — ) — mun] SE L () (- bp2) >
y(t) = st N EZS - stwZSO

— €5, fort>Thio1>Tosr (s=2,3,4,...),

(4.34)

where

B(mw +bmp) zi_:%) (mw)* (b/32)5727k

mhh—1

€n = €1+er (n=2s—1, 2s),

(4.35)
o _ bmB(SHog (me)* (682) ™ + B S (mw)* (587) )

" w"m?

€11+ €1.
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Therefore, we obtain

Pas — €25 < x(t) < Pps—1 + €251, ‘ . 36
’ / or t > Iog41 25-1. .
Qa5 — € = )’(t) < Q-1 t€x-1> s

By direct calculation, we obtain

le Py
1 ( ae yT_.“l)Zk 5 mw ( bﬁ2)2572 k+m,8//lZZZS 3 mw)k(_bﬁ2)2573fk
== W22 pp2s-1
~ lim w(ae*)"f 7#1)[(7’}’!(0)2371 _ (7 bﬂZ)ZS—l] +mw‘u2ﬂ[(mw)2572 _ ( . bﬁz)Zs—Z]
s—+oo w2~ yp2s—1 (mw + bﬁZ)
i ©@lae =) (g% = 1)+ mawp(~ b (g2~ 1)
s—+o0 q25—1 (mw+ bﬁz)
w(oe™ " — 1) + Py mw
= ma+ b’ <|q‘_Tﬂ2>l>
le €251
. maw+bmp) S22 (mw)* (bp2) > 7F
= lim (ﬁ( ﬁ)bzf_}om(zs_l) (b8%) €1+€1)
_ B(mn+0bp)
= w(ma) — bIBZ) €1 t+€;q.
(4.37)
Similarly, we have
—
hm P25: w(‘xe ‘ul)+ﬁ‘u2)
s=+oo mw + bf?
B( bR (4.38)
. mw +
mlll}rlwezs = WGI + €.
Hence, we obtain
. w(oe V" — +
tl—l»l;rgox(t) - ( mw -|—‘L;71ﬁ)2 /3‘”2 =x*. (4-39)
By similar calculations, we can obtain
bB(ae " — ) —m
tljl}goy(t) : mw +[;71ﬂ2 £ y* (4.40)
The proof is complete. 0

By Theorems 4.1-4.3, we directly obtain the following corollary.
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CoROLLARY 4.4. Let (H;) hold. Then the equilibrium E* (x*, y*) of system (1.4) is globally
asymptotically stable provided that bfw(ae ™ — 1) > mwps > b2 p,.

5. Concluding remarks

In this paper, by introducing the duration times of immature individuals into the clas-
sical Lotka-Volterra prey-predator model [1], we have performed a global analysis of
age-structured prey-predator system (1.4). By using the persistence theory for infinite-
dimensional systems, the sufficient conditions for the permanence of the system are ob-
tained. By constructing suitable Lyapunov functions and using an iterative technique,
verifiable sufficient conditions are also obtained for the global asymptotic stability of the
positive equilibrium of the model. Our results (Corollaries 2.7-2.8) extend the classi-
cal Lotka-Volterra prey-predator model [1], which suggests that system (1.4) has simi-
lar asymptotic behavior to those of the model [1]. Therefore, there is a good continuity
between the age-structured system (1.4) and the classical Lotka-Volterra prey-predator
model [1]. Our results also show the negative effect of age structure on the permanence
of species: suppose b (e ?" — 1) > my; holds (i.e., the unique positive equilibrium E*
exists). Then Theorem 3.2 shows that all the populations in (1.4) can coexist. Now if we
enlarge the degree of age structure d (d def y7) of the prey species gradually while keep-
ing all the other coefficients fixed, we will find that once d reaches large enough values,
conditions of Corollary 2.8 will be satisfied. This shows that a sufficient increase of the
degree of age structure for the prey species will lead to the predator’s extinction.

Here, we will point out that we are unable to show that system (1.4) admits periodic
solutions (or limit cycles) when the delays change. This is known to be true for the delayed
system (see [5, 13, 18]). We leave this for future investigations.
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