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1. Introduction

A time scale T is a nonempty closed subset of R. We make the blanket assumption that 0 and T
are points in T. By an interval (0, T), we always mean the intersection of the real interval (0, T)
with the given time scale, that is, (0,T) N T.

In this paper, we will be concerned with the existence of positive solutions of the p-
Laplacian dynamic equations on time scales:

(@2 +a(t) f(tu(t) =0, te(0,T), (1.1)
m=2 m=2

Gp 27 (0) = S aig, bV (&), u(0)=0, u(l)= > bu), (1.2)
i=1 i=1

where ¢, (s) is p-Laplacian operator; that is, ¢, (s) = [s|P%s, p > 1, qb;l =¢4 1/p+1/9=1,0<
&1 < <¢po<p(T),and

(Hy) a;,b; € [0,+00), i =1,2,...,satisfy 0 < 3" %a; <1 and 3X"%b; < 1;
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(Hp) a(t) € Ci4([0,T], [0,+00)) and there exists ty € (¢,,-2, T) such that a(ty) > 0;
(Hs) f € C([0,T] x [0, +00), [0, +0)).

We point out that the A-derivative and the V-derivative in (1.2) and the Cj; space in (H,) are
defined in Section 2.

Recently, there has been much attention paid to the existence of positive solutions for
third-order nonlinear boundary value problems of differential equations. For example, see
[1-10] and the listed references. Anderson [2] considered the following third-order nonlinear
problem:

x"(t) = f(t,x(t), t<t<ts, (13)

x(t1) =x'(t2) =0, yx(t3) + 6x"(t3) = 0. '
He used the Krasnoselskii and the Leggett and Williams fixed-point theorems to prove the
existence of solutions to the nonlinear problem (1.3). Li [6] considered the existence of single
and multiple positive solutions to the nonlinear singular third-order two-point boundary value
problem:

u"(t) + Xa(t) f(u(t)) =0, 0<t<1, (1.4)

u(0) =u'(0) = u"(1) = 0. '
Under various assumptions on a and f, they established intervals of the parameter A which
yield the existence of at least two and infinitely many positive solutions of the boundary value
problem by using Krasnoselski's fixed-point theorem of cone expansion-compression type. Liu
et al. [7] discussed the existence of at least one or two nondecreasing positive solutions for the
following singular nonlinear third-order differential equations:

x"(t) + da(t) f(t,x(t) =0, a<t<b, (15)

x(a) =x"(a) =x'(b) =0. '
Green'’s function and the fixed-point theorem of cone expansion-compression type are utilized
in their paper. In [8], Sun considered the following nonlinear singular third-order three-point
boundary value problem:

u"(t) - la(t)F(t,u(t)) =0, 0<t<l, (16)

u(0) =/'(n) =u"(1) = 0. '
He obtained various results on the existence of single and multiple positive solutions to the
boundary value problem (1.6) by using a fixed-point theorem of cone expansion-compression
type due to Krasnosel’skii. In [10], Zhou and Ma studied the existence and iteration of positive
solutions for the following third-order generalized right-focal boundary value problem with
p-Laplacian operator:

(Pp()'(#) = q(t) f(t,u(t)), 0<t<,
w(0) = Yau(), W =0, u'1)=>pu"6).
i=1

i=1

(1.7)
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They established a corresponding iterative scheme for (1.7) by using the monotone iterative
technique.

On the other hand, the existence of positive solutions for third-order nonlinear boundary
value problems of difference equations is also extensively studied by a number of authors (see
[1, 3,5, 9] and the listed references). The present work is motivated by a recent paper [4]. In
[4], Henderson and Yin considered the existence of solutions for a third-order boundary value
problem on a time-scale equation of the form

u® = f(tu,u®,ut?), teT, (1.8)

which is uniform for the third-order difference equation and the third-order differential
equation.

2. Preliminaries and lemmas

For convenience, we list the following definitions which can be found in [4, 11-15].

Definition 2.1. Let T be a time scale. For t < supT and r > inf T, define the forward jump
operator o and the backward jump operator p, respectively, by

o) =inf{reT|T>t} €T,

p(ry=sup{teT|T<r}eT (2.1)

forall t,r € T.If o(t) > ¢, t is said to be right-scattered, and if p(r) < r, r is said to be left-
scattered; if o(t) = t, t is said to be right-dense, and if p(r) = r, r is said to be left-dense. If
T has a right-scattered minimum m, define Ty = T — {m}; otherwise set Ty = T. If T has a
left-scattered maximum M, define TX = T — { M }; otherwise set TX = T.

Definition 2.2. For f : T>R and t € TX, the delta derivative of f at the point ¢ is defined to
be the number f2(t) (provided that it exists), with the property that for each € > 0 there is a
neighborhood U of t such that

[f(a() = f(s) = FA(BD(0(t) — 8)| < ela(t) ~ ] (22)

forall s e U.

For f : T>R and t € Tk, the nabla derivative of f at t is denoted by fV (t) (provided that
it exists), with the property that for each e > 0 there is a neighborhood U of t such that

If(p(5) = f(5) = FY (B (p(t) — 5)| < elp(t) — 5] (2.3)

forall s € U.

Definition 2.3. A function f is left-dense continuous (i.e., Id-continuous) if f is continuous at
each left-dense point in T, and its right-sided limit exists at each right-dense point in T.
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Definition 2.4. If ¢ (t) = f(t), then one defines the delta integral by
b
[ roat=4e - gt 24)
If FY(t) = f(t), then one defines the nabla integral by

b
f F(HVE = F(b) - F(a). 25)

To prove the main results in this paper, we will employ several lemmas. These lemmas
are based on the linear BVP

(@, ®¥)" +h(t) =0, te(0,T), (2.6)
m-2 m-2

@27 (0) = S aig, bV (@), ut0)=0,  w(T)= > bul). 2.7)
i=1 i=1

Lemma 2.5. If 37"} 2a;#1and > ’bi#1, then for h € C14[0,T] the BVP (2.6)-(2.7) has the unique
solution

t s
u(t) = —fo(t -5), (foh(T)VT - A> Vs+C, (2.8)
where
_ Zz 1 Qi Oh(T)
) 1- 302 al. (2.9)
¢ = Lo = )9y ([T VT — A)Vs - S bify (& = )pa(foh(T)VT = A)Vs
1- Zm b, '

Proof. (i) Let u be a solution, then we will show that (2.8) holds. By taking the nabla integral of
problem (2.6) on (0, t), we have

b (Y (1)) = —f h(r)VT + A (2.10)
0

then

ubV(t) = < J h( T)VT+A> =~y <Jt (T)VT - A) (2.11)

By taking the nabla integral of (2.11) on (0,¢), we can get

At) = —f %(js (7)Vr - A) Vs +B. (2.12)
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By taking the delta integral of (2.12) on (0, t), we can get

u(t) = —j;(t -8), (th(T)VT - A> Vs+ Bt +C.

(2.13)

Similarly, let t = 0 on (2.10), then we have ¢, (u u”V(0)) = A; lett = ¢; on (2.10), then we have

&i
$p(utY (&) = _Io h(T)VT + A.

Lett =0 on (2.12), then we have

Lett =T on (2.13), then we have

u(T) = —IZ(T -5), <JZh(T)VT - A) Vs+ BT +C.

Similarly, let t = ¢; on (2.13), then we have

u(¢;) = —f -5)d, (f h(t)VT - A) Vs+ B¢ + C.

By the boundary condition (2.7), we can get

Solving (2.19), we get

ZI 1 ai 0h(T)VT
1- Zl 1 ai

A=-—

By the boundary condition (2.7), we can obtain

—T =8)gg( | H(r)VT-A)Vs+C= Zb ’ =8)¢q( | H(T)VT-A)Vs+C|.
J, -ot([poe=) ([ o)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Substituting (2.20) in the above expression, one has

[o (T = 8)pg([Sh(T)VT = A)Vs — S22 bif5 (& — )y ([Sh(T) VT — A) Vs

C:
1- Z"‘zb

(2.22)

(ii) We show that the function u given in (2.8) is a solution.
Let u be as in (2.8). By [12, Theorem 2.10(iii)] and taking the delta derivative of (2.8), we
have

ub(t) = —I qbq(r (T)VT - A) Vs; (2.23)

moreover, we get

ubV(t) = ~¢g <I;h(T)VT - A>,

(2.24)
t
(i)p(uAV) = —<J h(t)VT - A>.
0
Taking the nabla derivative of this expression yields ((;b,g(u”))V = —h(t). Also, routine
calculation verifies that u satisfies the boundary value conditions in (2.7) so that u given in
(2.8) is a solution of (2.6) and (2.7). The proof is complete. O

Lemma 2.6. Assume (Hy) holds. For h € Ci4[0,T] and h > 0, the unique solution u of (2.6) and (2.7)
satisfies

u(t) >0 forte[0,T]. (2.25)
Proof. Let
$o(s) %(f h(t)Vr - A) (2.26)
Since
fsh(T)VT— A = Ish(T)VT mr* aifoh(r)Vr >0, (2.27)
0 0 1-3m%a

then ¢y(s) > 0.
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According to Lemma 2.5, we get
w(0) = C = 10T =(5)Vs = S B (6= (o) Vs
1- 372
N [o(T = $)po(s) Vs — S 2 bif5(T = s)¢po(s) Vs
B 1-3"%b;

Jo(T=9)po(5)Vs = S bi([ (T = $)po() Vs = [ (T = $)go(s) V's)
B 1-372b;

T hoie bifTi(T - 8)¢po(s)Vs
- [ @ omiervs s T 2

(2.28)
T
u(T) = —jo (T = s)po(s)Vs+C

(T Jo (T = $)po(s)V's = 377 bif (4 = 5)po(5)V's
= —fo (T =s)po(s)Vs + T Z:’Sz b

T IOT(T - 8)po(s)Vs - X2 bijgi (T - 8)¢po(s)Vs
> @ -s(e)vs + oy

S bif (T = 8)go(s) Vs .
1-31%b;
Ift € (0,T), we have

¢ 1 T m-2 i
u(t) = —L(t -+ UO (T - )go(s) Vs - ;b"fo & - s)%(sWs]

T 1 T m-2 &
| (- S - “Su| (- v
>—f @ S)"’O(S)V“l_zgzh“g“ ()7~ 3 [T~ 5)p0cs s]

1 m=2 T T m— &
=g, S, [— <1 - ;bi> IO (T—s)‘l’o(s)Vs+IO (T—s)(l)o(s)Vs—gbif0 (T—s)(po(s)vs]
1 m-2 T
= Tmébif‘;ﬂ - 8)po(s)Vs > 0.
(2.29)
Sou(t) >0, te[0,T]. -

Lemma 2.7. Assume (Hy) holds. If h € C14[0,T] and h > 0, then the unique solution u of (2.6) and
(2.7) satisfies

i > 2.30
Jnf u(t) 2 y|ul, (230)
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where
S bi(T - &)
Y=g llull = maxju)l. (2.31)
T35 bigi tel0T]
Proof. It is easy to check that u®(t) = —fg(po(s)Vs < 0; this implies that
lll = (0),  min u(t) = u(T). (2.32)

It is easy to see that u®(t) < u®(t;) for any t;,t, € [0,T] with t; < to. Hence, u®(t) is a
decreasing function on [0, T]. This means that the graph of u(t) is concave down on (0,T).
For eachie€ {1,2,...,m -2}, we have

u(T) —u(0) _ u(T) — ul&)

T=0 2 T-§ (2.33)
that is,
Tu(é) - &iu(T) 2 (T - &)u(0), (2.34)
so that
m-2 m-2 m-2
T bu(E) — D bidiu(T) > D bi(T - &)u(0). (2.35)
i=1 i=1 i=1
With the boundary condition u(T) = ZZ{zbiu(gi), we have
M2 bi(T - &
u(T) > %u(m. (2.36)
T -2 bisi
This completes the proof. O

Let the norm on C4[0, T] be the maximum norm. Then, the C;4[0, T] is a Banach space.
It is easy to see that BVP (1.1)-(1.2) has a solution u = u(t) if and only if u is a fixed point of the
operator

(Au)(t) = —fo(t = 5)¢q qoa(r) f(r,u(r))Vr - A> Vs+C, (2.37)
where
A= _Zfﬁ{z aiféia(T)f(T,u(T))VT
1- Zzn:liz ai ’
&S0 T ~9)by(Ja(r)f (v, u(m) Vr - ) Vs 52 biff (5 = )by () (x,u(x)) V7 - A) Vs
1- 312 b,

(2.38)

Denote
K={ulueCal0T], u(t) 20, inf ut)2ylul}, (2.39)

where v is the same as in Lemma 2.7. It is obvious that K is a cone in Cj4[0,T]. By Lemma 2.7,
A(K) c K. So by applying Arzela-Ascoli theorem on time scales [16], we can obtain that A(K)
is relatively compact. In view of Lebesgue’s dominated convergence theorem on time scales
[13], it is easy to prove that A is continuous. Hence, A : K—K is completely continuous.
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Lemma 2.8. A : K—K is completely continuous.

Proof. First, we show that A maps bounded set into bounded set.
Assume ¢ > 0 is a constant and u € K. = {u € K : |lu|]| < c}. Note that the continuity of f
guarantees that there is ¢’ > 0 such that f(t, u(t)) < ¢,(c’) for t € [0,T]. So

|Aul| = max|Au(t)| < C
te[0,T]

o (T = 9)¢y([3a(r) f (z,u(r)) V7~ A)Vs

¢ [o(T = 8)pg([a(r)VT + 302 aifSa(t) Ve /(1 - S2 a;) Vs
1-3%b '

That is, AK, is uniformly bounded.
In addition, notice that for any t1,t, € [0, T], we have

|Au(t1) — Au(t)]

- U:(tz—t1)¢q<f;a(7)f(7,u(T))VT—ﬁ>Vs+ iz(tz—s)¢q <f2a(7)f(7,u(7))vT_g> Vs

<t -t UZ‘qu (I:a(T)VT + Zznllzalzol 1(2VT>VS

" alf‘;’a(T)VT>] .

+T max ¢, <Isa(T)VT + s
0 — =1 4i

s€[0,T]
(2.41)

So, by applying Arzela-Ascoli theorem on time scales [16], we obtain that AK, is relatively
compact.

Finally, we prove that A : K.—K is continuous. Suppose that {u,},; C K. and
uy () converges to u*(t) uniformly on [0,T]. Hence, { Au,(t)},-; is uniformly bounded and
equicontinuous on [0, T]. The Arzela-Ascoli theorem on time scales [16] tells us that there
exists uniformly convergent subsequence in { Au,(t)},.;. Let { Attym)(t)};._, be a subsequence
which converges to v(t) uniformly on [0, T]. In addition,

c'fo (T = 8)¢g([5a(m) VT + I152 aif§a(r)Vr/ (1 - 3257 a) Vs

0< Au,(t) <
) s,

(2.42)

Observe the expression of { Auy, ) (t)}, and then letting m—oo, we obtain

t s ~ -
o(t) =—| (t-95)P, <I a(t) f(t,u* (7)) VT - A*> Vs+C*, (2.43)
0 0
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where

> a,fé’ a(t) f( T,u (T))VT
1 Zz 1 ai

C* = #’C‘{zbl [J‘o (T - 5)¢, (f a(t) f(T,u*(T))VT - A*)Vs (2.44)

- rgbiﬁi (éi = s)dy (J‘:(l(T)f(T, u*(1))Vr - A*) Vs] .

A* =~

Here, we have used the Lebesgue dominated convergence theorem on time scales [13]. From
the definition of A, we know that v(t) = Au*(t) on [0, T]. This shows that each subsequence
of {Au,(t)},2; uniformly converges to Au*(t). Therefore, the sequence {Au,(t)};.; uniformly
converges to Au*(t). This means that A is continuous at u* € K.. So, A is continuous on K,
since u* is arbitrary. Thus, A is completely continuous. This proof is complete. O

Lemma 2.9. Let
¢(s) = qsqq a(t) f(T,u(T))vT-A’>. (2.45)

For¢ (i=1,...,m-2),

di &
j (&i—9s)p(s)Vs < = J (T - s)p(s)Vs. (2.46)
0
Proof. Since
" afé’a(’r (T u(t))Vr

1- Zl Za; (2.47)

fsa(T)f(T,u(T))VT—A j a(t)f(t,u(t))Vt +
0
0,

v

then ¢(s) > 0. For all t € (0, T], we have

t t t
< folt - s)ttp(s)Vs>V _ top(s)Vs _t;{(%g —99EIVs o, (2.48)

In fact, let ¢s(t) = tff)(p(s)Vs - fg(t - 5)p(s) Vs; taking the nabla derivative of this expression, we
have

t

t
¢ (t) = f p(s)Vs +tp(t) —I p(s)Vs = tp(t) > 0. (2.49)
0 0
Hence, ¢ (t) is a nondecreasing function on [0, T]. That is,

w(t) 20. (2.50)
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Forall t e (0,T],

ot =8)p(s)Vs _ [5(T = 5)p(s)Vs

; < . (2.51)
By (2.51),for¢; (i=1,...,m—-2), we have
. & ("
[(@-s1pevs< 2| @-9p)vs (2.52)
0 0
[

Lemma 2.10 (see [17]). Let E be a_Banach space, and let K C E be a cone. Assume 1,2, are open
bounded subsetsifE with 0 € Qq, Q1 C Qy, and let
F: KN (&, \ Q)—K be a completely continuous operator such that

() ||Full < |lull, u € KnoQ,and ||[Ful > ||u|, u € K NOQ,, or
(ii) ||[Fu|l > |lul|, u € KN oLy, and ||Ful| < ||lu|, u € KN oQs,.

Then, F has a fixed point in K N (Q\ ).

Now, we introduce the following notations. Let

Ao = {ﬁﬂ@ - 5)d, Uza(ﬂvf ; Zmiz_a;c:(z)lvT] VS}—1,

(2.53)
_[TEE b bgl S afya(mvey o
_{ T(1- z I( %UQ(TW Ty, ]VS} '
Forl>0, Q={ueK:|ul|<l},and 0Q; = {u e K : |u|| =1},
a(l) = sup{||Aul| : u € 0L}, P() = inf{||Au|| : u € 0L}, (2.54)

by Lemma 2.6, where a and f are well defined.

3. Main results
Theorem 3.1. Assume (Hy), (Hy), and (H3) hold, and assume that the following conditions hold:
(Al) pi € C([O/ +OO), [0/ +OO)), i= ]-/ 2/ and

PO et )

p-1,
lim = tim == <A (3.1)

(Az) k; € LY([0,T],[0,+00)), i=1,2;
(Ag) thereexist 0 < ¢ < cpand 0 < Ay < p —1 < Ay such that

f&D <pi) + k)M, (1) €[0,T]x[0,c1],

3.2
ft1) < Pz( ) +ka (D12, (t,1) € [0,T] % [c2, +00); 2
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(Ay) there exists b > 0 such that
min{f(t,1) : (t,1) € [0,T] x [yb,b]} > (bBy)"". (3.3)

Then, problem (1.1)-(1.2) has at least two positive solutions uj, u; satisfying 0 < |[uj|| < b < [|u3|.

Theorem 3.2. Assume (H1), (Hy), and (H3) hold, and assume that the following conditions hold:

(B1) pi € C([0,+00), [0,+00)), i = 3,4, and

im 220 5 <@>p_1, lim ;;‘;Ell) > <@>P_l; (3.4)

—or 1Pt Y S0 Y

(B2) ki € L'([0,T], [0, +00)), i =3,4;

(B3) there exist 0 < c3 < caand 0 < Ay < p — 1 < A3 such that

ft0) 2ps(l) = ks(B)I®,  (t,1) € [0,T] x [0, 3],

N (3.5)
f&D) 2pa(l) ks, (t,1) € [0,T] x [c4, +00);
(By) there exists a > O such that
max{f(t,1): (t,1) € [0,T] x [0,a]} < (aAp)P . (3.6)
Then, problem (1.1)-(1.2) has at least two positive solutions u;, uj satisfying 0 < |luz|| < a < [[uj]|.
Proof of Theorem 3.1. Let
1. p1 —pi)  p1 —p2()
el = R B T o
then there exist 0 < a1 < ¢; and ¢; < @, < +oo such that
p) < (A) -, 0<i<a, 68
pa() < (AY =P, G << oo, '
If0<I<a;, uecoQ,then0<u(t)<Il, 0<t<T.Bycondition (Az), we have
ftu(®) < pru() + ki(But (1)
< (AP = euP () + Ky ()t (¢
(Ay JuP~ () + ka (H)u () (3.9)

-1 _
< (AF = @) lulP + k() ul™

= (A )P 4 Ky (1)1
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so that
I a(t)f(t,u(r))Vt - A
0

s di
- [ atmyftr,ute e + 2 eifgam)f (rutr) v
0 1- Zz 1 4i
s p-1 _ 1 .)Ll
< [[amiar -or s k@rve - Bl afiamIA] - 9P kv
0 1- 21 1 a
(3.10)
Therefore,
- 1 T n—.
|Aul| < C = Tﬁsz <J‘0 (T - s)p(s)Vs - Zb (él - 5)‘P(5)V5>
1 T
< mjo (T -5s)p(s)Vs
<L (3.11)
- 1-— Zm Zb .
T s
xf —s)%{f a(t) (A - )P + Ky ()M VT
0
+ S aifa(m)[(AY —6)1” ! +k1(T)1*1]VT}Vs
1-3" 2
It follows that
a(l) 1
l 1 Zm 2 b
x fo (T - sm{f a(r)[A — e+ ky (1)1 PH VT (3.12)

>mla f‘;’a(r) Ap —e+ k()P VT }V

5.
1- Zz 1 i

Noticing A1 —p +1 >0, we have

T s m-2 _ éi p-1 _
lim == 0 < ;J‘ - 5)¢q an(T)(Ag_l -e)VT + Zi aifoa(n) (4 E)VT] Vs

Mo T T 1o s, - a
_ 1/(p-1) )
AP T s n2 a;(%a(t)Vr
=%I (T-s)¢qU a(r)vr + 2o o () ]VS
1-307b 0 0 —Z - 2

_ p-1 1/(p-1) -1
=(Ay —e) VA

— (1 _ Aa(?’_l)e)l/(}’]—l) <1
(3.13)
Therefore, there exist 0 < a; < @; such that a(a;) < a;. It implies that || Au|| < |lu]|, u € 0Q,,.
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If a <1 < +oo and u € 08, then 0 < u(t) < I. Similar to the above argument, noticing
that A, —p +1 < 0, we can get lim;_,,(a(l) /I) < 1. Therefore, there exist 0 < a, < a, such that
a(az) < ap. Itimplies that ||Au|| < ||u|l, u € 0Q,,.

On the other hand, since f : [0, T] x [0, +00)—[0, +o0) is continuous, by condition (Ay),
there exist a; < b; < b < by < a, such that

min{f(t,1): (t,1) € [0,T] x [yb;, bi]} > (b;By)"™", Loi=1,2. (3.14)
If u € 0Qy,, then yby < u(t) <b;, 0<t<T. Applying Lemma 2.9, it follows that

| Aull = max]|(Aw)(£)]

m-2 &i

T
2—’[0( - 9)ip(s WS+W<J (T-5s) (P(S)VS—Zb (§i—5)‘P(S)VS>

sreh (T 2bif8(2 - s)p(s)Vs
- e [ (T-9pevs - = o
St (T St bidi B
ST zb.[ (T —5s)p(s)Vs — —T(l 5 b),[ (T -9)p(s)Vs
Zm—Z b §1
o z j (T - 9)p(s)Vs
TSP bi- S (T . m2afa T)(blBO)p 'vr
> T ZmZb J‘(T s)ci)q“‘ (T)(b1By)" " VT + S ]Vs
TS S : Yy ﬁa(r)w
b _
T(1- z 2b:) Bfo S)‘P"UOQ(TWH 1-3Sm2g ]VS
=b1ByB;! = by = ||u.
(3.15)
In the same way, we can prove that if u € 0Qp,, then || Aul| > [[u]|. O

Now, we consider the operator A on Q_bl\ Q,, and Q_az\ €, respectively. By Lemma 2.10,
we assert that the operator A has two fixed points uj,u; € K such that a; < |[uj|| < by and
by < ||[u3|| < aa. Therefore, u}, i = 1,2, are positive solutions of problem (1.1)-(1.2).

Proof of Theorem 3.2. Let

1 p3(l) Bo\""' . pal) B\’
e-gminfim 53~ () mBR- () | 10
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then there exist 0 < 53 <czand ¢y < 54 < +oo such that
Ba\P1 —
ps(l) > [(7()) + e] 1, 0<1<bs,

p-1 _
pa(l) > [(%) +e]l”‘1, by <1< +oo.

(3.17)

Ifo<iI< 53, u € 08, then yl < u(t) <1, 0 <t <T.By Lemma 2.9 and condition (B3), we have

lAull = max]|(Aw)(#)]

T b b(; B

> T Z I (T -9)p(s)Vs
Y b= S bidi

- T1- Zi:l bi)

f (T—s)gb,,{f (7) [pa(u(r)) - ka(r)ur ]V

52 aif¥a(m) [ps (u(r)) - ks(T)u] VT } (3.18)
+ Vs
1- 3%
TZ b - 377 bidi
T TA-3Mh)
y T ~ s @ p-1 1 "
IO(T s)¢q{f0a(r)[<<y> +e>(yl) ks(T)l ]VT
S aifia(m)[((Bo/y)"” 1+e>(yl)” ! ks(T)l“]VT}
Vs.
1- ZI =1 @i
It follows that
pU) | TS bi— 512 bik
- (1 b
T s
xj —s)d)q{j a(t) [Bp +yP e — ks (T)I P VT (3.19)
0

Sr2afSa(r) Bl + )fl”*le — ks(T) PV T }v
+ S.
1 Zl 1 ai
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Noticing A3 —p +1 >0, we get

pa) 1 bi- Z 2 bigi

lim — >

im0 1 T(l >hi)

T >mla g’a(‘r (BP +yPle)Vr
xfo —s)gqu a(t)(Bl "+ le) VT + = j1 S Vs

-1 — — -
— (B(})7 +Yp 16)1/(}7 1)B01

=(1+ y”‘lB(;(pfl)e)l/(p_l) > 1.
(3.20)

Therefore, there exists bs with 0 < b3 < a such that f(bs) > bs. It implies that ||Au|| > ||u| for
ue E)Qb3

If by <yl < +o0 and u € 09, then by < yl <u(t) <1, 0 <t <T.Similar to the above
argument, noticing that A\, —p +1 <0, we can get lim, . ((I)/I) > 1.

Therefore, there exist by with 0 < by < +oo such that f(bs) > bs. It implies that ||Aul| > |Ju]|
for u € 0Qy,.

By condition (B4), we can see that there exist b3 < a3z < a < a4 < by such that

max{f(t,I): (t,1) € [0,T] x [0, a;]} < (a;Ag)’", i=34. (3.21)

If u € 0Q,,, then 0 <u(t) < a3, 0<t<T,and f(t,u(t)) < (azAg)" ! 1t follows that

1 T
Aul| £ ————1| (T -5)p(s)Vs
lAu] 1_2?12@]0( o(s)

él
Zai(fa(r )\ 3.22
< ;_Z%AOJ‘ T -s)¢, [J‘ (T)VT + S ailg ( Vs (3.2)
1-3"2b; 0 -3 a
= az = ||ull.
Similarly, if u € 0Q,,, then ||Aul| < |[u]|. O

Now, we study the operator A on Qg, \ Qp, and Q, \ Q,,, respectively. By Lemma 2.10,
we assert that the operator A has two fixed points u3, u; € K such that b3 < [[u5]| < a3 and
ay < ||ugl| < by. Therefore, u;, i = 3,4, are positive solutions of problem (1.1)-(1.2).

4. Further discussion

If the conditions of Theorems 3.1 and 3.2 are weakened, we will get the existence of single
positive solution of problem (1.1)-(1.2).

Corollary 4.1. Assume (Hy), (Hy), and (H3) hold, and assume that the following conditions hold:

(C1) p1 € C([0, +o0), [0, +00)), and im_q+ (p1 (1) /1P"1) < AP
(C2) k1 € L'([0,T], [0, +00));
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(C3) there exist ¢y > 0 and Ay > p — 1 such that
fen <p) +ki(OF, (1) € [0,T]x[0,c1]; (4.1)
(C4) there exists b > 0 such that
min{f(t,1) : (t,1) € [0,T] x [yb,b]} > (bBy)" . (4.2)
Then, problem (1.1)-(1.2) has at least one positive solution.

Corollary 4.2. Assume (Hy), (Hy), and (H3) hold, and assume that the following conditions hold:

(D1) p2 € C([0, +00), [0, +00)), and lim_.o, (pa(1)/1P1) < AP
(D2) k2 S Ll([O/ T]/ [O/ +OO)),
(C3) there exist c; > 0and 0 < Ay < p — 1 such that

f&D <pa(D) + ka2, (1) € [0,T] x [ca, +0); (4.3)
(Dy) there exists b > 0 such that
min{f(t,1) : (t,1) € [0,T] x [yb,b]} > (bBy)" . (4.4)
Then, problem (1.1)-(1.2) has at least one positive solution.

Corollary 4.3. Assume (Hy), (Hy), and (H3) hold, and assume that the following conditions hold:
(E1) ps € C([0,+00), [0, +00)), and lim,_, (ps(1)/IP") > (Bo/y)"™";
(EZ) k3 € Ll([ol T]/ [0/ +OO)),
(E3) there exist c3 > 0 and A3 > p — 1 such that
f(t/ l) > P3(l) - k3(t)lk3/ (t/l) € [0/ T] X [0/ CS]; (45)
(Ey) there exists a > Q such that
max{f(t1I): (t,1) € [0,T] x [0,a]} < (aAo)P . (4.6)

Then, problem (1.1)-(1.2) has at least one positive solution.

Corollary 4.4. Assume (H1), (Hy), and (H3) hold, and assume that the following conditions hold:
(F1) ps € C([0,+o0), [0, +00)), and lim,_,_ (ps () /1P"") > (Bo/y)P"";
(FZ) k4 € Ll([O/ T]/ [01 +OO)),
(F3) there exist ¢y > 0 and 0 < Ay < p — 1 such that

f1D) 2 pa(l) — ka1, (t,1) € [0,T] x [ca,+0); (47)
(F4) there exists a > 0 such that
max{f(t,1): (t,1) € [0,T] x [0,a]} < (aAp)"". (4.8)

Then, problem (1.1)-(1.2) has at least one positive solution.

The proof of the above results is similar to those of Theorems 3.1 and 3.2; thus we omit
it.
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5. Some examples

In this section, we present a simple example to explain our results. We only study the case
T=R,(0,T) = (0,1).
Let f(t,0) = 0. Consider the following BVP:

(@) + f(t,u(t)) =0, te(0,1),

(5.1)
P 0) = 55 (u(%)) W) =0,  u(l)= %u@)
where
22313 + min{\/%,g}\/ﬁ, (t,u) € [0,1] x [0,1],
f(t,u) =3 225 (t,u) € [0,1] x [1,3], (.2)

1 2u
VA= 1) "3

It is easy to check that f : [0,1] x [0, +00)—[0,+00) is continuous. In this case, p = 3, a(t) =
1, m=3, a;=by =1/2,and ¢; = 1/2, and it follows from a direct calculation that

74u + émm{ }\/1?, (t,u) € [0,1] x [3,+00).

1

po= [t o (s A28 o,

(5.3)
_bi(-d) _ (1/20-1/2) 1
1-bi&  1-(1/2)(1/2) 3
We have
-1
m= [ <1-S>¢q< )]
C[1/2-(1/2) 1/2) 1/2)-1/2\"2 17 (5.4)
‘[ 1-1/2 ( 1-1/2 ) ds]
= 44248 < 5.

Choosing c1 =1, co =3, b=3, i =5/2, A, =3/2, pi(u) = 22313, p2(u) = 74u, and ki (t) =
ka(t) =1/4/t(1 —t), it is easy to check that

ftu) <pi(u) + ki (Hu®?, (tu) €10,1] x [0,1],
ft,u) <pa(u) + ko (D1, (t,u) € [0,1] x [3,+00),
pl(u) — 22343

2 _ 2
u—>0 w2 11%0 w =0< Ay = (1.1062)%, (55)
_ —74
fim P2 T 74 < a2~ (11062)%,
u—owo Y I—o0 u2

min{ f(t,u) : (t,u) € [0,1] x [1,3]} = 225 > (13.274) = (bBy)*.



W. Han and G. Zhang 19

It follows that f satisfies the conditions (A;)—(A4) of Theorem 3.1; then problem (5.1) has at
least two positive solutions.
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