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Some Results on Stability of Difference Systems
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This paper presents some new results on existence and stability of equilibrium or periodic points for
difference systems. First sufficient conditions of existence of asymptotically stable equilibrium point as
well as the asymptotic stability of given equilibrium point are given for second order or delay difference
systems. Then some similar results on existence of asymptotically stable periodic (equilibrium) points
to general difference systems are presented.
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INTRODUCTION

Difference dynamical systems are increasingly encoun-
tered in both natural and social sciences and have received
much attention in recent years (Kocic and Ladas, 1993). A
currently active area of research is the study of delay
difference dynamical systems. For example, the second
order (or delay) difference dynamical systems of the form

Yn+l f(Yn,Yn-1) (1.1)

has received lot of investigations in recent years (Fisher
and Goh, 1984; Fisher, 1984; Sedaghat). Systems of type
(Eq. (1.1)) often arose in some mathematical models of the
macroeconomic systems and biological systems.

In this paper we deal with the existence of stable
equilibrium points of nonlinear difference systems. For
simplicity, we mainly focus on the second order nonlinear
difference dynamical systems as well as the stability of
given equilibrium points of the second order nonlinear
difference systems. Also we discuss some general
properties of two dimensional difference systems. The
results obtained in this paper can be easily generalized to
higher dimensional systems.
Due to the fact that the system shown in Eq. (1.1) can be

transformed into a two dimensional difference system, we
first review some preliminaries for two dimensional
systems.

Consider the following difference system

Xn+l F(xn), x R 2 xo=x, xR2, (1.2)
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where F is two dimensional continuous map, and x is the
initial condition.

DEFINITION 1.1 A point g is called an equilibrium point
of Eq. (1.2), provided that it satisfies

Yc-- F(Yc).

A point Yc is called an periodic point ofEq. (1.2), ifthere
exists a positive number m such that

Fi(yc) Yc, i= 1,...,m- 1,

and

Fm(yc) Yc.

DEFINITION 1.2 An orbit {Xn} (n 0, 1,...,) with the
initial condition xo x is said to be stable, if it satisfies
the following conditions:

For every e > O, there exists 6 > 0 such that if Ix
y[ < 6, then Ixn- Ynl < e for every orbit {y,,,} with the
initial condition y.

DEFINITION 1.3 An orbit {x,,} (n O, 1,...,) with the
initial condition xo x is said to be asymptotically stable,
if it is stable and the following conditions hold:

[Xn Yn[ O, as n oo.

DEFINITION 1.4 An orbit {x,,} (n 0, 1,...,) with the
initial condition xo--x is said to be uniformly
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asymptotically stable, if it is stable and the following
condition holds:

(1) For each > 0 and integer n > O, there exists > 0
such that if [Xn Yl < 6, then

It is easy to see that {yn} is a Cauchy sequence,
accordingly converging to finite point which is clearly an
equilibrium point of Eq. (1.1).
Now in view of Eq. (2.1) and the above arguments it is

easy to show that every orbit {y satisfies

IXm+n --Yml INto(x,,)- fm(Y)l < s Ia.+l )l -< a max( I/p:z l, lYl )l},

for every orbit {Yn with the above initial condition y.
Furthermore, the following holds

(2) IXm+ Yml IFm(xn) Fm(y)I O, as m

and

STABILITY OF THE SECOND ORDER
DIFFERENCE EQUATION

THEOREM 2.1 Suppose that the function f(x, y) satisfies
the following condition

Therefore 33 is an (globally) asymptotically stable point
of system (1.1). []

As the consequence of the above theorem one has the
following result.

COROLLARY 2.2 Iff(x, y) satisfies

f(2, :P) -f(x, y)l al2 xl + bllp yl,

If(x, ) f(x, y)l -< a max{12 xl, I yl}, (2.1)

where a < 1 is a positive constant. Then Eq. (1.1)
possesses a asymptotically stable equilibrium point.

Proof Let {yn} be an orbit of Eq. (1.1) with initial
conditions Yo and yl. First it is easy to see that

where a > O, b > O, and a + b < 1. Then Eq. (1.1)
possesses an asymptotically stable equilibrium point.

Thefollowing result is a consequence oflinear analysis.

THEOREM 2.3 Let be an equilibrium point of system
(Eq. (1.1)). Suppose that at the point y the functionf(x, y)
satisfies the following conditions:

lY2n+l Y2nl If(Y2n, Y2n-1) f(Y2n-1, Y2n-2)l

max{ lY2 Y2n- I, lY2- Y2n-21 }.

In case of max{ly2n Y2-I, lY2n-1 Y2-21}
[Y2n Y2n- one has

(1)
1/2

(2) yy < 0, (3)

Then y is asymptotically stable.

Proof Rewrite system (Eq. (1.1)) as

lY2n+l Y2nI <-- aly2 Y2n-

--< a 2 max ly2,,- Y2n-21, lye.-2

In case of md-g{[-3]-}y2n_ll, ly2n_l-y2_2l}=
lY2n- Y:Zn-2I, one has

lY2n+ Y2nl <- alY2n Y2n-ll

--< a 2 max lY2n- 2 Y2n-31, lY2n-

Y2n-4l }-

From these expressions it follows that

Xn+l f(Xn, Yn) Yn+l x (2.2)

Let F(x, y) denote the map

F(x, y)

then one has

IJF- All--
of_A of

1 0x Oy’

where JF is the Jacobian matrix of F(x,y). The
corresponding eigenvalues are

lY2+ Y2n <- a max lYe Y l, lYl yol

Similarly one can show that

lY2n+2 Ye+l If(Y2n+l,Y2n) --f(Y2n,Y2n-1)l

--< a max{ lY2n+l, -Y2I, lY2, Y2n-1

--< a max{ lY2 Y I, lYl Yol }.

o--f+ v/@fx)2+4 of

Because of I(of/ox)l 2l(of/Oy)l 1/2 and (Of/Oy) < 0
at the equilibrium point , it is easy to see that

V/ )2of+iox__ -( -40y
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and at the point

This shows the y is (locally) asymptotically stable. []

FURTHER RESULTS ON DIFFERENCE SYSTEMS

COROLLARY 3.3 Suppose thatfor a nontrivial orbit {xn
of Eq. (3.1), the condition that there exists a constant
0 < 6 < 1, such that IF(x+) F(x)[ <-- 81x+ x[ is

satisfied, then Eq. (3.1) has an asymptotically stable
period (equilibrium) orbit.

THEOREM 3.4 Let A be a compact subset ofR 2 which is
invariant under F in Eq. (3.1). Suppose that F is
continuously differentiable on A and every eigenvalue
A(x ofJF satisfies

Consider a two-dimensional difference system IA(x)l < 1, x A, (3.3)

Xn+l F(xn), x R 2 xo R 2, (3.1)

where F is a Cr(r > 0) function.
One can obtain the following result without difficulty.

THEOREM 3.1 Let A be a connected compact invariant
set ofEq. (3.1). If there exists a constant 0 < < 1, such
that

IF(x)- F(.z)I 6Ix- zl (3.2)

where JF is the Jacobian matrix of F. Then system (Eq.
(3.1)) has an asymptotically stable (periodic) equilibrium
point in A.

Proof First it is easy to see that A(x) is continuous on A
by virtue of the conditions given. Now because of
inequality (Eq. (3.3)), and by means of theory of linear
systems, there exists a positive continuous function
r/(x) < 1 and a metric function (Riemannian metric) Kx(,)
with

for every pair points x and of A, then A is simply
connected.

THEOREM 3.2 Let A be a compact invariant set of Eq.
(3.1). Suppose that an orbit {xn} C A (n-----0, 1,...,) of
Eq. (3.1) is uniformly asymptotically stable, then Eq. (3.1)
has an asymptotically stable periodic orbit.

Proof Because of the compactness of the invariant set A,
there exists a sequence ni oo such that

lim Xnt .
t---’o0

Therefore, for the 6 > 0 in Definition 1.4, there exists a
J > 0, such that in case ofj > J, one has

Kx(V, V) (VtQ(x)V), x A. (3.4)

where Q(x) is a positive symmetric matrix (continuous)
function of x, such that for any vector V R 2,

KF(x)(JF(x)V) <-- rl2Kx(V, V)

From the compactness ofA, it is easy to see that there is
positive number 6 < 1 such that 7(x) -< < 1.

It follows that every orbit {xn} C A (n 0, 1,...,) of
Eq. (3.1) is uniformly asymptotically stable. Therefore, in
the same manner as in the proof of the Theorem 3.2, we
get the conclusion that system (Eq. (3.1)) has an
asymptotically stable periodic (equilibrium) point in
A. []

Because of the uniform asymptotic stability of the orbit
{xn}, it is easy to see that

[Xm+nj+l Xm-t-nj O as m

COROLLARY 3.5 Let A be an invariant compact set of
system (Eq. (2.2)). Suppose that at every point (x, y) A
the function f(x,y satisfies the following conditions:

(1) xx y (2) yy < O, (3)

Particularly, one has for the sequence n that

[Xni-t-nj+l Xni-t-rtj O as i--

Then system (Eq. (2.2)) has an asymptotically stable
periodic (equilibrium) point.

This implies that

IFnJ+l(xi) FnJ(xni)l 0, as/---.

i.e.

Fn+ ) FnJ Yc =0,

showing that is a periodic orbit of period of nj+ nj. It
is apparent that g is asymptotically stable. U]
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