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I. INTRODUCTION.
it tFis paper, we cont,L,e our study of be,avior of selutiors f non-linear

ordinary differential eGuations it, a Hilbert space H with applications to non-
li,ear partial differential equalions.

We introduce here :on-linear operator o self-adjoint zype and we study the
c, uasiuniqueness of Catchy problem and the classical uniqueness of Cauchy problem for

this equat on.

I the special case unoer condition A we obtain complete results about quasi-

uniqueness. Recall that we do net have this situation ip a linear case because this

par of our theerems have n, analog in the linear case.
As usual, we study two cases of non-linear differential equations: the case of

deqenerate equation in bounded interval of time ar.d the case of non-degenerate
equation iF, unbounded interval of time.

In the fir’.t part of this paper, we study the following non-liear degenerate

equation:

t- B(t,u(t)) (*)

where t e (0,1]. u(t) for each t is an element of H and has derivative

with respect to t, if t O. B(t,u(t)) is a non-linear map from H to H with

domain DB, DB is the dense subset of H and for each t e ano u(t) e

DB,B(t,u(t)) is an element o# H also. B(t,u(t)) is not necessarily bounde(}.

Special case of equation (*) is the case (1.20), that B is a product of the form

B(t,u(t)) A(t,u(t)).u(t)

where A(t,u(t)) is a non-linear map from H to H. In this situation, we obtain
complete results about the quasiuniqueness at the Feint t O. Our Theorem ?.3 is
the main theorem of the first part.



298 V. SCHUCHMAN

Th,: (,_,-de?,enerate quatiol :hich we a!st, ,uoy is tl,c c.uatior oi the_ ?orm

(t,,JI; ’,dt

;;lere t [!,+-:. ,.{t) fur Each t i an element of H and has deriva-

tive wit, ’espect to i. [,{t,u(:)) -,s a Pon-li,ea map fro. II Io H with doaln

DE DE, is tl;e dense sub,-et of H and for ech t . # and u(t) DB, B(t,u(t}) is

eleae,t ,f i: also. B(,u(t)) is ot ,ccessarily bounded.
We obtain complete: Y:’sults for tl,e sdme sF,cial case as above. he rain theorem

of ths part of uur study is Theorem 4.7 ab{ut the quasiuniquenes , ,f equation

in a special cas{ at the point t

In I we study the q,,aiuniqueness or equation (*). In 2 we study the

uniqueness in two Slecial cses and we obtain complete Theorem 2.3 in the special

cas (!.20) of equation (*). i .3 we study the uniqueness of Cauchy ,roblem for

special case of equation (*). We ob, tain partial results only for this problem. In

4 we sBudy nor-degeneYae equation (**) ar,d we obtain for this equation the same

results as for ec.ation (*). lle Theoren 4.7 is a parallel to Theorem 2.3. It, ;5 we

study several examples of non-lnear partial diffe’ential equations with cor,dition

{1.20) nd we obtain for thee euations, the quasiuniqueness at the point t 0 in

the degenerate c,se and at the point t i the non-degenerate case. Recall

that. we have no analog of these theorems it, a linear case.

The method of this study was used first by Agmon-Nirenberg [1,2] or studying

the classical uniqueness of Cauchy problem in thu non-degenerate linear case. This

method in the degenerate case was used by the au%l,or in [3].
This method was used by he author fGr study of the quasiuniqueness in the

r, on-linear case for the following special equation"

@u

and for the non-degenerate equation of the similar type [4]. Several theorems of

this paper are like theorems of paper [4], but here we have the case of non-linear

equation, and iF, [4] we studied special case of quasilinear equations. Several

theorems for example, Theorem 2.1 or Theorem 4.5, were obtained in paper [5] also.

]. On the quasiuniqueness in degenerate case, let us consider the following non-

linear equation in the Hilbert space H.

t-- B(t,u(t)) (I.I)

where t . (0,]]. u(t) for each t . is an element of H and has derivative

wi%h respect to t, if t O.
B(t,u(t}) is a non-linear map from H to H with domain DB, DB is the dense

subset of H, and for each t and for each u(t) DB, B(t,u(t)) is an element

of H also. B(t,u(t)) is not necessarily bounded. H is a Hilbert space with

scalar product (.,.) and with norm II-II correspondingly.

Definition 1.1. The non-linear operator B(t,u(t)) is called smooth operator of

self-adjoint type if the following condition is satisfied"

Condition S. For each t and foF each u(t) c DB the following scalar product

(B(t,u(t)),u(t)) (1.2)
is real and differentiable with respect to t if t O. We study in this paper the

behavior of the norm of the solutions of equaticn (1.1) uder Condition S only.
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Definition 1.2. Let f(t) be a scalar function in interval I. f(t) is called a

flat at the point z O, if for each K > 0

t-Kf(t) O as t O.

Eefinition 1.3. The solutior u(t) of equation (1.1) is called a flat solutior, if

llu(t)!l is a flat functioI at the point t O. The question which we have now is

when equation (I.I) has no flat solutions. In the linear case with self-adjoipt

operator B(t), the following statement is true.
Theorem I.I. Let B(t) be a linear symmetric operator with domain DB(t) and

(t)x B(t)x for each x DB(t). (1.3)

Let u(t) be a solution of the following equation

t--= B(t)u (1.4)

such that one of the following conditions is satisfied-

IIB(t)u(t)II Y(t)llB(t)u(t)ll s(t)llu(t)ll (1.5)
or

(B),u(t)) -(t)l(B(t)u(t),u(t)) B(t)llu(t)ll 2 (1.6)
where y(t), B(t) are non-negative continuous functions in the interval I’ [0,1].
Then for this solution u(t), the followinc is true"

i) Iu(t)ll z Mllu( t )If tv+ (1.7)
where constant a 0 depending on v(t), v(t) and u(t) itself and constant 0

depending on (t), 8(t) oly.

ii) if u(t) is a flat solution of equation (1.4), then u(t) 0 in the

interval I.
Proof. (See [3]).

In the linear case, we do not have classical uniqueness at the point t O,
only the type of uniqueness as in ii) above--the quasiuniqueness (see Definition 1.4

below).
Definition 1.4. We say that the quasiuniqueness takes place for equation (1.1) or

(1.4) at the point t 0 if conclusion ii) of Theorem 1.1 is true for neighborhood
of the point t 0 or, in other words, if we have uniqueness in the class of
flat-functions at the point t O. Let u(t) be a solution of (1.1). Let

q(t) (u(t),u(t)). (1.8)
If t= D, we have from (1.1) after scalar product with u(t)

Dq(t) 2Re(b(t,u(t)),u(t)) 2(B(t,u(t)),u(t)) (1.9)
and if we assume that u(t) CI(I,H), and B(t,u) has first derivative with

respect to all variables (see Condition S), then

D2q 2D(B(t,u(t)),u(t)) 2[([DB(t,u(t))],u(t)) + (B(t,u(t)),Du(t))]
2[([DB(t,u(t))],u(t)) + (B(t,u(t)),B(t,u(t)))]

2([DB(t,u(t))],u(t)) + 211B(t,u(t))ll 2 (I.I0)
Let ow (tl,tO) be the interval with q(t) > 0 for t (tl,tO), then if

(t) Inq(t), (i. II)
thenfrom (1.9) we have

D(t) Dq 2(B(t,u(t)),u(t)) (i 12)q q(t)
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and

or from (1.9) and (1.10) we obtain

D2(t) 2([bB(t,u(t))],u(t))
q(t) q(t)

(1.13)

4(Bt u(t)_),u(t)) 2..... (1.14)
q (t)

The following statemeIt is true"

Lenma 1.1. Let ,(t) be a twice differeftiable function in the inl.erval satis-

fying the following second-oFder differential inquality

D2(t) / ta(t)IDC(t)I + tb(t)-: O. t (1.15)
where a(t), ’,(t’,, are non-negative bounded functions ip I.
Then

(t) >_(to) + 2vln[ + 21n- (1.16)
U 0

where constant u > 0 depending on a(t), b(t) and 1(t) itself, and constant

0 depending on a(t), b(t) only.
Prouf. (see [3,4]).

From (].16) we obtain

exp,(t) > [exp(to)]-t2’p+2’ (1.17)

and from definition (t) we have

q(t) exp,(t), q(tO) exp(tO) (1.18)

and from this and from (1.17) we have the following estimate for q(t)

q(t) >- q(to)t2+2

where costant 0 depending on a(t), b(t), and q(t) itself, and constant

0 depending on a(t), b(t) only.
Fro. (1.18) we obtain estimate (1.7). Our prublem now is to obtain the inequal-

ity of type (1.i5) for non-linear equation (1.1). From this discussion we obtain

that he following statement is true.
Theorem 1.2. Let u(t) be a solution of equation (1.1) such that

([DB(t u(t)l u(t)+ ,,B(t u(t))ll 2 2(b(t u(t)I,ult))2(uit),u t) ->

ta(t)I(B(t,u(t)),u(t))I tb(t)llu(t)ll 2 (1.19)
for some non-negative bounded functions a(t), b(t) in the interval I. Then

i) lu(t)II >- MI lU(to)l Itv+ where constant >- 0 depending on a(t), b(t) and

u(t) itself, and constant u 0 depending on a(t), b(t) only.

ii) if u(t) is a flat solution, then u(t) =- 0 in the interval I.
Proof. i) follows from Lemma 1.1 and ii) follows immediately from i). Let us

consider the special case of operator B(t,u). Let Hilbert space H satisfy the

following condition- for each u, v H, u v H also. Let us now consider that

B(t,u(t) is the product of the following orm"
B(t,u(t)) A(t,u(t)) u(t) (1.20)

where A(t,u(t)) is a non-lineaF .ap from Hilbert space H te H with domain DA,
DA being the dense subset of H, and A(t,u(t)) satisfies the following condition-

Condition A. For each u(t) DA and for each v a H the following funct,on
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(A(z,u(t))v,v) is difteretiahle with respect to t ant for each w c H,
A(t,u(.t,)v,w) (v,A(t,u(t))v). In a standru case H is L 2 on compact st of Rn

or compact smooth n-manifc.ld. !n applications we .ave A(t,u) i the fulloing

form:

muu ,_)A(t,u) F(t,X,ax I, Bx

here x(>-, s is compact set of R n or smooth compact n-manifold (for example, sphere

In this special case, it is possible to obtain more complete results and more

simple form of condition (I.19). Namely, it is possible to rewrite the first term of

(I.19) in the following form"

([DB(t,u(t)],u(t)) ([Da(t,u)u],u) ([DA(t,u)]u,u)+ (A(t,u)Du,u)
([DA(t,u)]u,u) + (Du,a(t,u)u) (1.21)

And from (I.I) an( (1.20) we have that the last term is

lA(t,u(t))u(t)i 12
or

From this and (1.19) we obtain

and since

IB(t,,())II 2

([DA(t u)]u u) + 2 IIA(t,u(t))u II 2 2(A(t’u(t)u’u)2
(u ("t’) ,U (t))

> ta(t)l(A(t,u(t)u(t),u(t)I tb(t)llu(t)II 2 (1.22)

l(A(t,u(t))u(t),u(t))l < llA(t,u(t))u(t)ll
we obtain that (1.22) is satisfied, for example, if the following condition is

satisfied:

([DA(t,u(t))]u(t),u(t)) > ta(t)l(A(t,u(t))u(t),u(t)) tb(t)llu(t)II 2 (1.23)

or, since D t, after dividing on t"

([d-Adt(t,u(t))]u(t),u(t)) > a(t)I(A(t,u(t))u(t),u(t)) b(t)llu(t)ll 2. (1.24)

This condition is very similar to condition (1.6) in the linear case. From the
previous discussion we obtain that the following statement is true.
Theorem 1.3. Let u(t) be a solution of equation (I.I) under Condition A such
that condition (1.24) is satisfied for some non-negative bounded functions a(t),
b(t) in the interval I.
Then:

i) lu(t)I _> M flu(tO) II V+ (1.25)

where constant v _> 0 depending on a(t),b(t) and u(t) itself, and constant
>_ 0 depending on a(t), b(t) only.

ii) if u(t) is a flat solution, then u(t) =_ 0 in the interval I.
Proof. i) follows from previous discussion and Lenma 1.1 and ii) follows immediately

from estimate (1.25).
Remark 1.1. Our condition (1.24) is not simple enough, and in concrete situations,

it is difficult to check it. But in the following special case, when
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(A(t,(t)).,v) .’_- 0 for each v H, (1.26
it is posible to write other ccr:ditions in the followir.q form.

If (A(t,u)v,v) as a function of t satisfies the following condi.ion for
soluion u(t) of equation (1.1):

t(Ait,u)v,v)] >--C(A(t,u(t))v,v) (1.27)
for some constant C > O, and for each v, !Ivl! I, then or this solution u(t),
the conclusion of Theorem 1.3 is true.

It is possible to o;tain the following s:atement ab,ut the quasiuniqueness.
Theorem 1.4. Let roditions k and (1.26) hE’ satisfied. Let condition (1.27) be
satisfied for each function u(t) e DA with flat norm lu(t)II. Let u(t) te a
flat solution of equation (I.!). lhe u(c) =- 3 Tp the inte-val I. Or, in other
words, under these conditions, the QL.esiuniqueness takes place ut the pot t 0
for solutions of equation (i.!,.
Proof. Let u(t) be a flat solution. Then f(br u(t), condition (].27) is satis-
fied, and therefore for J(t) Inllu(t)ll we have ineqtality (1.15). From Lemr,a
1.1, wE, have for lu(t)ll 2 an estimate of the type (1.18). This is a contradiction
with flatness u(t!. Therefore, u(t) is a trivial solution in the interval !,
the quasiuniqueness takes place at the point t 0 for solutions of equation (I.I)
under conditions A, (1.26), (1.27).
Remark 1.2. Let ft) be a scalar function in the interval !. Let f(t) satisfy
the following condition

f’(t) -Cf(t)
or

f’(t) + Cf(t) e O.
It is possible to rewrite this condition in the following form

[eCtf(t)] > O.
In other words, the following function

eCtf(t)
is monotonic and not decreasing ip the interval I. It is easy to see that each

function f(t) will satisfy this condition in the interval (0,), if

i) f(O) 0

ii) f’(O) is bounded.
Interval (0,) depends o function f(t).
From this discussion, we obtain that the following statement is true.
Theorem 1.5. Let conditions A and (1.26) be satisfied. Let A(t,u) for each

u(t) c DA with flat norm lu(t)l satisfy the following conditions-

i) (A(t,u(t))v,) 0 in some interval (0,) with depending on u(t)
for each Ilv H, llvll I.

ii) d--[ (a(t,u(t))v,v)] is bounded in interval (0,) for each v H, lvll
(this condition follows from Conoition A,).
If u(t) is a flat solution of equation (i.I), then u(t) 0 in the interval

(0,) with depending on u(t), or the quasiuniqueness takes place at the point t
0 f.or solutions of equation (I.I) under those conditions.

2. The special cases

In this we study two special cases for equation of type (I.I) for completing
Theorem 1.5. The first special case is the followig"
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(B(t,u),u(t)l (!

fc each u(t) from the domain DB. In this case, if

qt) lu(t)i’, 2

then

t4(t) 2(B(t,u),u) 0

q(t) _> q(tO) for t s to
and we obtain that the following statement is true. Theorem 2.1. Let u(t) be a

solution of equation (1.1) under condltion (2.!). If u(O) O, then u(t) 0 in

the interval I. In this sitation, we have classical uniqueness at the point t O.

kemark 2.1. Let opeFator B(t,u) satisfy condition A and let A(t,u) satisfy the

followig condltion"

[(A(t,u(t))v,v)] -<- 0

TOF each u(t DA with the flat lu(t)l! in the interval [G,e] with . 0

depending on u(t) may be and or each v H, Ivll I. Let u(t) be a flat

solution of equation (1.1) under those conditions. Then u(t) =_ 0 in the interval

[O,e] or the quasiunique.ess take place at the point t 0 for solutions of

equation (1.1) under those coditions.

The second special case is the following"

Let B(t,u) satisfy condition A and let A(t,u) as a function of t satisfy the

fol lowing condition:

(A(t,u)v,v) O as t 0 (2.3)
for each u(t) with flat norm and for each v e H with lvll I.

Let q(t) (u(t),u(t)). If q(t) 0 in the interval (tl,tO) we introduce a new

function by formula
u(t)v() q-TTET (2.)

or

u(t) q1/2(t)v(t)
After scalar produce (I.I) with.u(t) we obtain

t 2((A(t,q1/2v)u,u) 2q(A(t,q1/2v)v(t),v(t)).
Let now u(t) be a solution of (1.1) under condition A and A(t,u) satisfies

condition (2.3). The following scalar product

l(A(t,q1/2v)v(t),v(t))l <

in some neighborhood of the point t O. This neighborhood depends on a solution

u(t) itself. From this we have that for each u(t) e DA with flat norm q(t) there

exist numbers e,6 > O, such that

l(A(t,q1/2v)v(t),v(t))l < 6 for 0 < t

where 6 depends on u(t).
From this we have for q(t) the following inequality"

_t] 2 for 0 < t < (2.5)q

where 6 depends on u(t). From (2.5) we have the following estimate for q(t)

q(t) (+t---)26q(tO) for t < to < e (2.6)
o
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and trom this estimate, we lave she quasiuniqueness. From tlle previous discussion we

obtain that the following statement is true.

Theorem 2.2. Let A(t,u) satisfy the following condition"

(A(t,u)v,) 0 as t 0

for each u(t) DA(t} with fleet r,orm and for each v H with lvll I. Then if

u(t) is , flat solution of equation (1.1) under conditiops A and (2.6), then u(t)
is a trivial in the interval (G,c) with 0 depending on u(t) itself.

From Theorems 1.5, 2.1, and 2.2, we have that the follovling statement is true.

Theorem 2.3. Let operator B(t,u(t)) satisfy cordition A. Then the quasiuniqueness

takes place at the point t 0 for solutions of equation (1.1) under those condi-

tions.

Proof. Let u(t) be a flat solution of (1.1). Let us consider the following

function:

where

and

(A(t,u(t))u(t),u(t)) q(t)(A(t,u(t))v(t),v(t))

q(t) llu(t)I12

u(t) v(t)q1/2(t) lu(t)!l 1.

It follows from conditien A that the following function

f(t) (A(t,u(t))v(t),v(t))
is continuous and smooth in the same interval (0,) with depending on u(t).
Then we have three cases:

i) f(t) _< 0 in some interval [0,’].
ii) f(t) 0 in some interval [0,’3,

iii) f(t) 0 as t O.

The quasiuniqueness follows for the case i) from Remark 2.1, for the case ii) from

Theorem I. 5, for the case iii) from Theorem 2.2.

Remark 2.2. Smoothness in the Theorem 2.3 is necessary for the quasiuniqueness. In
the finite-dimension Hilbert space, the smoothness also is necessary. Let us con-

sider the following equation:

t-= -xlnx (2.7)

in the interval (0,1]. It is easy to see that the following function

enxp(_ 1 t > 0
x(t) ={ T)t <- 0 (2.8)

is a solution of equation (2.7) for all t R1. This function is flat and x(t)
C(R)(R1). More than this, let us consider the following first order non-linear

nequal ty

t(t) >--Cq(t)Inq(t) q(t) >-0 (2.9)
and we will look for the solutions with q(t) < 1 for 0 < t < 6 only. It is

possible to rewrite inequality (2.9) in the following form

t(t) + Cq(t)Inq(t) (t) > O. (2.10)
Let

(t)=-Inq(t) (2.II)

and
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l(t)_> O.

After dividing (2.!0) over -q we obtain

q -Clnq(t) -<_ 0 (2.12)
or after substitution (2.11) we obtain from (2.12) the following inequality for l(t)

tl(t) + Cl(t) (t)
q- 0 (2.13)

Now we introduce a new function m(t) by formula

m(t) In1(t). (2.14)
This function is defined, since l(t) O. From (2.13) we obtain for m(t)

t,(t) + C el(t) 0 (2.15)
a no

-(tl.tI (t) C(t)q )"
After integrating (2.15) we get

t
m(t) m(to -CI tn + t *l(T)d

or

(2.16)

(2.17)

llt)
(to

From (2.18) we obtain for l(t)

t
-CI tn+ to/ el(T)d

t___)
t

l(t) l(to)(to-Cexp tl()d
and from (2.11) and (2.19) we obtain for q(t)

or for q(t) we have

(2.18)

(2.19)

t
q(t) exp[-1(to)(t)-Cexp tl()d] (2.21)

In (2.20) 1(tO) > 0 and -l(tO) < O. The following integral
t t t

()d totl()d -tIOt()d tlO- tI )d > 0 for t to
since (t) _> O, l(t) > O, q(t) > O. From this we have that

t
exp t/ol()dT > I (2.22)

and since -1(t) < O, then we have from (2.21) and (2.22) that the following esti-

mate holds

q(t) < exp(-l(to)(ot)-C) x(t) (2.23)

Function (t) in (2.23) is a flat and from this discussion we obtain that the

following statement is true.

Theorem 2.4. Let q(t) be a solution of inequality (2.9) with the condition

q(t) < I for 0 < t < a.
Then in this interval, q(t) will be flat-function which satisfies the estimate

(2.23).

Inq(t) :-l(to)(o)-Cexp til()d (2.20)
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Remark 2.3. From Theorem 2.4, we obtain that if we have t)e following equatlon

dut- B(t,u) (2.24)

and B(t,u) satisfies the following condition

Re(B(t,u),u) -ClIu(t)II21nlIu(t)il 2, (2.25)
tln each solution of (2.24) such that

q(t) !lu(t)ll? < tor 0 t a
must be flat.

This is not a theorem about existence of flat solutions, but if there exists

solution (2.24) such that l(t)ll I, then la(t)ll must be flat.

3. On the uniqueness

In 1-2 we obtained results about the quasiuniqueness for solutions of equation
(1.1) at the point t O. It is possible to obtain some results about uniqueness

for solutions of this equation.

The first and the simplest result about uniqueness was obtained in Theorem 2.1.

In the special case of operator B(t,u) with coFdition A we obtain the following

.statement.

Theorem 3.1. Let condition A be satisfied and let for each u(t) c DA u(t) 0 and

for each t the following condition be satisfied"

([At(t,u)]u(t),u(t))>-C{l(A(t,u)u(t),u(t))l + llu(t)ll} (3.1)

for every t . and for some constant C O.

Then for each non-trivial solution u(t) under those conditions, the following
estimate holds

llu(t)ll > llu(t )II(0) for t < t (3.2)

where copstant >_ 0 depen(s on C from (3.1) and u(t) itself.

Proof. Proof of this theorem is similar to proof of Theorem 1.3 and is based on the
following statement (like Lemma 1.1).
Lemma 3.1. Let 1(t) be a twice differentiable non-trivial function in the interval

I, satisfyipg the following second-order differential inequality

D21(t) + ta(t)[Dl(t)l + tb(t) > O, t (3.3)

where D t-t, a(t), b(t) are non-negative functions, bcunded in I. Then

where constant v > 0 depending on a(t), b(t) only and constant >_ 0 depending

on a(t), b(t) and u(t) itself. From this lemma, we obtain the estimate (3.2).

From estimate (3.2) we obtain that the following function

t-ul lu(t)I (3.5)

is a strongly monotonic in the interval (0,1] and this function is decreasing

i this interval. From this we have the classical uniqueness under these conditions

for every t to > O.

Theorem 3.2. Under conditions of Theorem 3.1, we have the classical uniqueness for

solutions of equation (1.1) in the following sense"

i) if U(to) 0 for to (0,I], then u(t) 0 in the interval (0,13.
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ii) if U(to) 0 for to (0,II. then u(t) -t iF, the inte.’:l (0,]].

?roof. ii) foll(;ws from ar,m i) follows immediate]y from tI6 fact that funt[lon

3.5) is strongly monotonic. I# A(t,u) satisfies the #oliowing condition

i) (A(t,u)v,) is strogly pesitive fo each u(t D A, and for each v H

ivil end for each t I, or (A(t,u),v) -> O, , may be dependent on

u(t).
ii) (A(t,u)v,v) has bounded first derivatives for each u(t) D# ad for each

v with IIvll and for each t with respect to , maximum of those

deriva%.vs depends on u(t), ther, the classical uniqueness takes place in the

interv! in the sense of Theorem 3.2 or the following statement is true.

Theorem 3.3. Let B(t,u) satisfy condition A and A(,u) satisfy the conditions

i) ii) of the previous discussion. Then, the conclusion of Theorem 3.2 is true.

Proof. Let u(t) be a non-trivial solution of equation (I.I) under conditions of

this theorem. Then there exists constant C _> 0 which depends on u(t) maybe, such

that the following is true for each v with lv!! I

(dtA(t,u)]v,v) + C(A(t,u)v,v) 0 in the interval i.

.lhis cundition is enough for obtaining second-order differential inequality (3.3) and

by using Lemma 3.1, we have that the function (3.5) is strongly decreasing in the

intervel I. From this, statement of our theorem follows immediately.

Remark 3.1. Recall that i this section, we require for the classical uniqueness of

solutions of equation (I.I) in the interva I, more tough conditions than for the

quasiuniqueness at the point t 0 in 1-2. Recall also, that we do not have here

complete results about the classical uniqueness in the interval I, as Theorem 2.3

about the quasiuniqueness at the point t O.

In the case of condition (2.6) it is possible to obtain also the classical

uniqueness. Namely, let condition (2.6) be satisfied and let u(t) be a on-trivial

solution of equation (I.I). Then, if

q(t) lu(t)ll 2,
we have for q(t) the following equation

1/2v,t(t) 2q(A(t,q v,v) where u(t)= q(t)v(t). (3.6)

From (2.6) we obtain that the iol!owing form

(A(t,q{v)v,v) 0 as t 0

and for each > 0 there exists > 0 such that

l(A(t,q1/2v)v,v)l <_ whenever t 6 (3.7)
with , 6 depending on u(t), then from this we have for q(t) the following

nequa ty

q

or

or

_< nto
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or

q(t) <- q(to)exp1-C q(to)() (3.8)

o:d since the’., is true fcr each . > O, fron, this discussion we obte.in that the

iollowirg statement is true.

Theorem 3.4. Let B(t,u) satisfy the condition A and A(t,u) satisfy the condi-

tion (2.6!. If for’ each u(t) bA the following function

kA(t.u)v,v) 0 as t 0 for each v with lvll 1,
then the Lonclusio of Theore 3.2 is true.
Proo1. The proof follows immediate.y from our estimate (3.8).
4. The non-degen,rate case
LEt us consider the followi,g non-degenerate non-linear equation in the Hilbert space
H-

du
d B(t,u(t)) where t [I,+). (4.1)

u(t for each t is an element of H and has derivative wth respect to
t. B(t,u(t)) is or-linear map from H to H with eomain DB. DB is the dense

su.bset of H, and for each t and for each u(t) DB, B(t,u(t)) is an element

of H also. B(t,u(t)) is rot necessarily bounded. H is a Hilbert space wi.
scalar produce (.,.) and with ,onF, I-!l correspondingly.

As in the degenerate situation, operator B(t,u) is called a smooth operator of
self-adjeint type if the scalar product

(B(t,u),u)
is real and has derivative with respect to t for each t and for each
u(t) DB. After the change of variable t by formula

-ts e
we obtain from equation (4.1) the following equation

dsu B(s,u) for s (0,I]. (4.2)
The equation (4.2) is the equation of the type (1.1) and because of this, it is
possible to rewrite our results for equation (4.1). It is easy to see that in this
situation, the following class of functions plays the role of the flat functions"
Class A-

{f(t), t - for each C > 0 eCt(t) 0 as t +}

In this situation, we have the following type of quasiuniqueness.
Definition 4.1. We say that the quasiunique,ess takes place for solutions of equa-
tion (4.1) at he point t +-, if the following statement is true-

If u(t) is a solution of equation (4.1) and lu(t)ll belongs to Class A or,
in other words- for each C O, e II u(t) ll 0 as t +, then u(t) :- 0 for
t N for some N (R). Now it is possible to rewrite all theorems of 1-3 for the
case of equation (4.1).
Theorem 4.1. Let u(t) be a solution of equation (4.1) such that

({tB(t,u(t)],u(t)) + llB(t,u(t))ll 2 B(t,u(t)),u(t)) 2

lu(t)ll 2 >-

-ce-t[l((t,u(t)),u(t))l + llu(t)ll 2] for some constant C _> O. (4.3)



SOLUTIONS OF NONLINEAR DIFFERENTIAL EQUATIONS IN HILBERT SPACE 309

Then the following , true-

!l(t)l! MllU(to)il -’l’ (4.4)

where constant p _> 0 depends on C from (4.3) ar,cl u(t) its(If.

ii) if u() belongs te class A, then u(t) 0 Jr, the interval T [1,+),

or the qua.uniquenss takes place for solution of equation (4.1) unoer those condi-

tions a tte point t +.
Proof. Tle proof fellows from Theorem !.2.

Remark 4.1. In the linear case, these type of theorems and these type of estimates

were obtained frst by Agmon-Nirenberg [1,2]. It is Fc, ssible also to study the

special case of equation (4.1 under conditior, A. From the Theorem 1.3, we have

hat the follewing statement is true.

lheorem 4.2. Let u(t) be a solution of equation (4.1) under condition A such that

([d-{At (t,u)]u(t),u(t))>_-Ce-t[l(a(t,u)u,u)l + llu(t)ll 2] (4.5)

or some coBstant C _>_ O. Then the conclusion of Theorem 4.1 is true.

It is possible also to study equation (4.1) under condition (1.26) and if

A(t,u) as a function of t satislies the following cendition

(-tA(t,uv,v >_ -Ce-t(A(t,u)v,v) (4.6)

for each v with lvll 1 with some constant C > O, then the conclusion of

Theorem a.l is true also.

From (4.6) we have, if f(t) denotes (A(t,u)v,v) as function of t, that

f’t) -Ce-tf(t) (4.7)
or

or

or

or

f’(t) Ce-tf(t)
>

t t_f(t) tie - C(e--e-tO)It.f(to) -C d Ce t

f(t) f(to)eCe-t Ce-t C(e-t -to
> e- f(to)e -e (4.8)

f(t) Mf(tO)eCe

From (4.7) we obtain that the following function

-t
f(t)e-Ce

is a monotonic and it is not decreasing in the interval T [1,+-). For example, if

f(t) is not decreasing in the interval T [I,+(R)), this condition is enough to

satisfy the condition (4.7) or the condition (4.8) with C O.

From this discussion and Theorem 1.4, we obtain that the following statemer,t is

true.

Theorem 4.3. Let conditions A and (1.26) be satisfied and let (A(t,u)v,v) be a

monotonic function with unique minimum for t +- for each u(t) from class A and

for each v with lvll I. Let u(t) be a solution of equation (4.1) from class A.
Then u(t) 0 in the interval T. In other words, the quasiuniqueness takes place
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under those conditions for solutions of equatior (4.1) at the point t +o. From
the previous discussion ant Theorem !.5, we obtain that the following theorem is

true.

Theorem 4.4. Let conditions A a,d (1.26) be satisfied. Let (A(t,u)v,) as

#unction of t for each u(t) [’A’ u(t} from class A satisiies the following

ccnd ti on-

(A(t,u)v,v is monotonic with local minimum at the poin t +. in some

neighborhood of the. t + with respect to t in the interval [1,+=) for

each u(t) from class A and for each v with Ivll ]. If u(t) s a solution

of equaticp (4.1) from class A, then u(t) =_ 0 in the interval (N,+) with N

depending on u(t) itself. From Theorem 2.1, we obtain that the *ollowing statement
s true.

Theo;em 4.5. Let u(t) be a solution of equation (4.1) under condition (2.1). If

lu(t)ll 0 as t +, then u(t) 0 in the interval [I,). In this

situation, we have classical uniqueness at the point t +. Let now A(t,u)
satisfy the ollowing condition

(A(t,u)v,v) 0 as t + (4.9)
for.each u (t) from class A a,d for each v H with llvll I. From Theorem

2.2, we obtain that the following statement is true.

lheorem 4.6. Let A(t,u) satisfy the ccnditiop. (4.9). Then if u(t)
is a solution of equation (4.1) from class A, u(t) is a trivial in the interval

(N,+-) with N depending on u(t) itself. Fom the previous theorems and

Theorem 2.3, we obtain that the following statement is true.
Theorem 4.7. Let B(u), not dependent on t, satisfy condition A for u from

class A or (A(t,u)v,v) f(t) a function from C HI(#) with respect to t,
t m for each u(t) from class A and for each v(t) with lvll I. Let u(t)
be a solution of equation (4.1) from class A. Then u(t) 0 in the interval

(N,+-) with N + depending on u(t) itself.

Proof.

i) If (A(t,u)v,v) 0 as t 0 this statement follows from Theorem 4.6;

ii) If (A(t,u)v,v) < 0 in the interval (N,+), this statement follows from

Theorem 4.5.

iii) If (A(t,u)v,V)lu=O 0 in the interval (N,+) and (tA(t,u)]v,V)lu=O
-> 0 in this interval, this statement follows from Theorem 4.4 since condition (4.7)
is satisfied with C O.

iv) If (A(u)v,V)lu=O > 0 in the interval (N,+) and (#Ff{A(u)]v,V)lu=O__ < 0

in this interval, this statement follows from condition (4.7) since in this situation

i-[A(u)] we will have terms with u(t) and from having u(t)in the derivative

belong to class A, it follows that in the interval (N,+) we can choose constant
C such that (4.7) will be satisfied in some neighborhood of the point t *. In
this situation, C depends on u(t) itself. Recall that interval (N,+) depends
also on u(t).
Remark 4.2. It is possible to rewrite our theorems from 3 about uniqueness for the

case of equation (4.1) and to prove these using Lenma 3.1 and monotonicity of functions

of type

etl lu(t)l (4.10)
in the interval T [I,+-) with some u > O.
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5. Eanpl es

Let u consider th( followinG, equatio

i)u u )2u
tT F(t u ’U)u (5.1)

where t tO,I] and x C RI, is compact or compact I manifold, is a

cl-function with respect to all variables (t,u,z zm) for all values of these

variables. F is real-values function.

Frur. Theorem 2.3 we obtain that for equation (5.1) t, quasiuniqueness takes
I

place at the point t 0 for classical solutions. If function F belongs to C

n some neighborhood of the origin only, we obtain from Theorem 2.3 that the quasi-

uniqueness takes place at the point t 0 too.

From flatness of solution u(t,x) of equation (5.1) we obtain that there exists

a neighborhood [O,c] with > 0 depending on u(t) itself and in this neighbor-

hood u(t) C for classical solutions.

Remark 5.1. Recall that this statement is true for classical solutions of equation

(5.1) only: because in this situation we have that

u 0 m as t 0
)x

for flat furction u(t,x). In this case also from flatness of u(t,x) follows the

flatness of iu/Bxi for I m. And if P is compact, it is possible to

choose for each > 0 the neighborhood of the point t 0 the interval [0,]

such thaz

IBiu. < for 0,1 m if t <

)x

2. Let us consider the following equation

Bmu--,
@xm

where t (0,1] end x c R and compact or is a compact manifold, F

is a cl-function with respect to all variables (t,x,u,z I zm) for all values of

these variables or for some eighborhood of the point (O,x,O O) for each x

If F does noz change sign for each x , or in other words, if one of the

following conditions is satisfied:

i) rain IF(O,x,O 0)I > O,
XR

(5.2)

ii) for each x F(t,x,u,z I Zm) _< 0 for all values t,u,z zm such

that t , lul-<- Izml-< ,
iii) Fs(t,x,u,zl ...Zm<)+ 0 whereve,’ ,ul’Iz11-’z2"...’IZm 0 and

lul 2
/ IZl I +’IZml 6 > O, then the quasiuniqueness takes place at the point

t 0 for classical solutions of this equation. From flatness of solution u(t) of

eouation (5.2), we obtain that ther exists 0 depending on u(t) itself such

that u(t) 0 in the interval [0,].

3. Let us consider the following equation

2u amu --)u(t,x) (5.3).u u
t= F(t,u,T.,Bx B------- x ...@x

i2 I m

where t (0,1], x c C Rn and compact or is compact manifold, k I n
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,,( F is a C function wit’, ,(pect

values (;f these variables. F is ral-valus function.

Fro, Theorem Z.i, v: obtain that tot equation (5.3) the quasiuniqueness tak place

at the point t 0 ior class(l solutions. If functic.n F belongs to C n

se,.e neighborhood of the e,igi oily, we obtain fror. Theorem 2.3 that the (;uasi-

uniqueness take !ace at the poi,t t 0 tou.

Fror f]dtness of solution u(t,x) of equa%ion (5.3), we get that there exists

0 depende:t on u(,x itself such that u( ’ 0 in the interval [0,].
Remark 5.2. It is possible to obtain results about the classical uiqueness

equation (5.1)-(5.4) in the interval I, but $or this e must require that fuction

F .e,tisfes one of the follong conditions"

i) F 0 foF all values o all variables.

ii) F >_ 6 0 for all walus uf all varia:les.

Ther Trom results of 3 we obtain that the classical u.iqueness takes place in the

sese of Theorem 3.2, or

i) ii u(tO) 0 for to c 0,I], the. u(t) # 0 in the interval

(0,1].
’ii) if U(to) 0 for to (0,I], then u(t) 0 in the lntervai

(0,1] including I: O.

Recall that i)-ii) are like the standar( conditions for uniqueness in %h linear

C(35e.

4. Let us consider the following equation

B2U Bmu l) U(t X)
I m

where t c (0,I], x c f C Rn and compact k i n and F is a real

cl-function with respect to a!l variables (t,x,u,z I zn) for all values of these

variables for some neighborheed of the point (O,x,O O) for each x . If

function F satisfies one of the conditions i)-iii) from example 2, then the

quasiuniqueness takes place at the point t 0 for classical solutions of equation

(5.4). From flatness of classical solution u(t) of equation (5.4), we obtain that

there exists > 0 dependent on u(t) itself such that u(t) 0 in the interval

[o,].

5. Le us consider the following equation

)m2ul)i x [[[)x )u(t,x)u F(t’u"U’xax.t
2 I m

where t [I,+), x Rn and . is conpact or compact manifold

k
n and F is a cl-functioF, with respect to all variables

(t,u,z I zn) for all values of these variables. F is a real-values function.

From Theorem 4.7 #e obtain that for equation (5.5), the quasiuniqueness takes

place at the point t + for classical solutions. If function F belongs to C

in some neighborhood of the point (t,O,O O) for each t > NO +, we obtain

from Theorem 4.7 that the quasiuniqueness takes place at the point t + also.

If solution u(t) of equation (5.5) belr,ngs to class A, we get that there

eists 0 dependent on u(t) itself such that u(t) 0 in the interval

(I/, +).

(5.)

(5.5)
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6. Let us consider the foliowing equation

au U mu
a-{ F(t’xl x

n ,u,-[-. x ax..)u(t,x) (5.6)

where t -T [i,+-), x n C P ap.d compact of ( is a compact manifold,

k n and F is a C1-function with respect to all variables for all

values of variebles or for some neighborhood of the point (t,x;O O) for each

x O, aF.,d for each t > T for O.
If F satisfies one of the cor,diions of example 2, then the quasiuniqueness

takes place dt the point t +o for classical solutions of equation (5.6). If

sclution u(t,x) of equation (5.6) belongs to class A, we get zhat there exists
0 dependent or. u(t) itself such that u(t) 0 in the interval (1/,+).

Remar_______k_.5.3. It is possible to obtain also results about Zhe classical uniqueness of

equation (5.5)-(5.6) in the interval , as we obtained in Remark 5.2.
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