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ABSTRACT. Th(, r’gularz,ti()n (f th,, tislril)uli,)n -,,x.__ b(J’ p"). whirh giv(,s a r,’g,lariz’(t

yahoo, t the’ liv’rg,nt ’ri,s o(p" is )itaim’d in s(’v(,ral st)a(’es ()t t,st flmt’t,)ns The1
asynqtti(" ,Xlmnsi)n as ()4- )f eri(,s f lw tyl’ ,,o O(p") is als(

KEY W()RDS AND PHRASES (h’m,taliz[,(i fin(-ti)s, asyml)t(ti(" ’xl)ansi()ls

1992 AMS SUBJECT CLASSIFICATI()N C()DES. 41A6[), 4(iF12

INTR()DUCTI()N.

Diw;rg(,nl s(,ri(,s f the, tyt,

(l.l)

wh(,re p > at where 0 is a giw,n hm’ti(,n, as well as the asyml)t)ti(’ (lew’hI)ment t e 1)+

of the relatl series

,(:,"). (:," ). (.2)
0

have l)een shOWli t() l)(’ (ff imtnrtance in several areas, aIli()lig whi(’h w’ (’ouhl mention h’ (’omting

algorithns usual in (latabse systens [g] and the use ty Rammjan )f relatl series, wih p 2,

in his approach t the prfidem of the distrilution of prime numlers [10. h’tm, 2].
The aim of the prnt article is to provide a regulization o[ the generalized fimrtion

where ?i(.r () is the Dirar (h,lta fum’tion (’()n(’entrat(.t at the point (. s) that the evaluation (f

9(x) at the est funrtion 0(x). (g. ), pr(vi(h,s a regularized value the generall.v diverg,nt seri

O(P"). (1.4)

Wk give regularizati,)ns in the ,start(tarsi spa(’es of (listril)ution, T) ,r S a.s well as

S{a..... and ${x.... lnJ’. a intro(tu(’ed in [6] to stmly distrii)ttional asympt(ti(’ expansions. The

regtlarizati)n is a(’hieve(l ly tsing the Hadmard finite part i(h,.s, emthy(’(l in tl’ regtlarizatin

()f (listrit)utions (t(’finet 1)y (liw,rgent integrals [5].
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Stlseqlently, w, con,,,il,r tlm asympt()tic (levelolnnents (1.2) Iv Ilsillg the’ theory f symt

ttic ,xpansions f gem,raliz,l fim’tins. The, chse ties letween g,m,ralizel fimcrions aml ymt

toil(’ analysis hay(, 1)(,(.n sr(li(l I)y s(,w,ral authors [1.3,4.6.7.12.14.15]. wh() have slt()wn that gem

(’raliz(xl fim(’ti()ns l)r()vi(h’ a v(,ry sfitai)h’ fiam(’w()rk fi)r th(’ asyml)t()ti(" (’Xl)ansi()n ()f iflegrals

an(l s(,ri(,s.

In th(’ pr(s(,nt s)(ly w(, ()l)tain th(, (’xl)ani()n ()f (1.2) as e ()+ fi)r sm()()th fim(’ti()s with

l)()w(’r ()r h)garithmi(’ 1)(,havi()r t(’ar th(’ origin.

Th(, 1)lan ()f the article is as f()ll()ws. In the s(’on(l s’ti()n we l)riefly review

t()m th(, th(,()ry of sympt()ti(- (’Xl)ansi()ns ()f dislril)uti()ns. The thir(l s(’ti()n st(li,,s r(,lat(,(l

(,xpansions ()f e()nw,rg(,nt series. Th(’ r(’gularization in S’{.)..... aml in S’{.)..... In .r..)..... is con-

si(h,r(’d in the next two) se(’ti()ns, r(,sp(,(’tiv(,ly, where, th(, ympt()tic (’Xl)ansion is als() given. Th(,

lst s(’ti()n gives an ilustration ()f th(,se results t() the c()nstru(’ti()n of c()unterexamph’s to

Har(ly Littlew()od type Ta)tl)(’rian

2. PRELIMINARIES.

In this se(’tion we pr()vi, h, a list (,t" sl)aces ()f g(’n,.raliz(’(l fim(’tions ne(h,(l in this l)aper. We

also (li’uss the moment asymptoti(" expansion, a ,:,)ncept that plays a key r()le in ()m" analysis.

Th(’ 1,asic spaces of distril)utions that we are going t,) n(,e(l are the spaces D(I), 8t(l) alu|

8(I(). The spa(’e of test fimctions D (’onsists of th(, smo,)th fimcti()ns with c,)mpa(.t supl),)rt.

The space, of test fimctions ,S consist (,f those smo,)th fim(’tions I) fi)r which

O)(x) ()(Ix]-"), as Ixl . (2.1)

fir each j, n >_ 0. The spa(’(’ consists of all smooth functions with the tpflogy (,f uniform

convergence of derivatives ()n (’ompa(’t sets. The dual spa(’es, t. S. and t are. resp’tively.

the spac( of standd, temp(,r mid compactly supportl distributions. For (leails. , [11.13].

The moInent uymptotic expaion in the space takes the fifllowing

THEOM 1. Let [ 8’. Then

f(Ax)
(-1)nP(n)(x)

(2.2)nA+
A

0

where

#, (](x).x") (2.3)

are the monmnts.

The moment asympt)tic expansion also) h()ld in ()ther sl)a(’es such

distril)utions of "’rapid decay at inity", but it does n()t hold in S’ nor D [6.7]. At l)rt(’nt we

shah have me tbr the result in E’ only.

An()ther class of spac of generafized fimctions, veT suitabh, fl)r the stu(ty (ff symptotic

eansions, is the fi)llowing. Let {,(:r)} t)e a setce of smooti flm(’ti()ns defined in (0.
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A is mtv spa(’’ ,t test finn.tiaras, stch a.,, . . or th,r. th,n the slace A{o,,(.r)} cmsists f

tlus’ sntoth hlll(’lioltS (.r) h,fineli in ((}. ) whii’h sluw the 1.’havir i" the type f the spa(’e

as .r while’ fir small .r ahnit tlu’ asympt(ti(’ ’Xlmnsi(nt fiw L" (}. 1.2..

;Is .) ()+. (2.-1}

W]l(’l’(’ o.1. a2. a: art’ (’(T! ain

Tlu’ flllt(’ti()naL, b,,

(,L(.r). ’(.r)) .,,,. (2.5)

Th(, g(,n(:raliz(,(l mom(,nt asyml)t()ti(’ (’xl)ansi()n in th(, spa(’(, g’{., }. wh(’r(" {,), is a s(pwn(’(,

witl ’lt’),, /" . takes th(’ f()rm

;;7,i as A .
wh,.r,, .[ g’{a..... an(| wh,’r(’ lt(,,,) (fC.v)..,..... at’(’ 11,’

A m()Inent (,xpansi()n also h()his in the sl)a(’(’ g’{a..... hl.r..)..... }. If we use the n()tati,)n

aIt(i h,(.)) for the fim(’ti()nals (iefine(i as

<,,(.r). (.)) ,,,,.
(,;,(:,:). (.,:)) ,,.’,,.

for a fimeti()n ’.’ 8{:..... In.r..r’’ with (’Xl)ansion

then the Inoment &,yInl)totic exl)ansi()n takes the fill’Ill

s .r 0+, (2.8)

f(Ax) E --l"((")h;’("’)lnA + [i/(a,,),(.r)+ (2.9)

as A cxz, where he/’ (c,,) (f(x)..’,.... In a:) are lie logarithmi(" moments.

3. EXPANSION IN THE SPACE S.

In this section we consider the asylul)toti(" exl)ansion a. e ()+ ()f series of the typ(’

p" O(p" ). 3.1

when the functi(m 0 l)elongs to the space S. Here p is a (’()nstant. p > 1.

Noti(’e that the valu( of (x) for n(’gative x are irr(’h,vant. What matters is that O i smooth

nero" .r 0 and ths the ()ne-side(l Tayl,)r expahsi()n
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o(.r) o(()) +.to’(.,’) + 0"(.") a. .r )+ (.2)

l,hl.’..

In x’l’r t stly (3.1) we intrl’, the. lhr. g,a.ralize! fim’tios .f(.r). [. (.r) aml J_ (.r).

ell’tim’s! as filhws:

()l..rv,, tha! f. f_ an, f_ are 1,ositiv,’ Ra, l,m measur,’s an, that

.f (.,.) .f+ (.r) + .f_ (.,.). i3. a

Nti’’ al.s that (3.1) can lw written as

’ ,",;,(c,") (.f+(..).,:,(c.,.))

Let ts start with the lislrilmtion f(.r). Ch,arly..t’

f(p.v) f(.r). (3.6)

as fi)llows directIv from (3.3a). Thus

.f(x) F(lnx). (3.7)

where F is peri,di(’ of period In p. The mean of F. its average over an intel of length In p, is

Therefore we can write
H(x)

f(x) + g(x), (3.9)

whe,re H(x) is the Heavkside function and where 9 is a perio.dic functi(m of ln x of peri(| lnp and

zer() mean. It fi)llows that if 0 $ then

whe.re the om’illalory (:OmlOnent e,(e)--- (0: e). given

is a l)erit)(lic flm(’t.ion of In e (,f t,ri(l 1,.’, p aml zero mean.
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C,lnl,ining (3.4). (3.9)aml (3.13) we dtain the ilevehq,ml’zt ,f l’,(Xr)as

1’2)

Evahtating (;I.14) at el) 8 an(l s(,tling A ,_:-I yi(’hls tlu,

4. REGULARIZATI()N IN THE SPACE S’{a }.

Notice that (3.15) (h)(’s n()t give the as_Vml)t()ti(’ (lev(’h)l)m(’nt ()I th(, s(,rws Ct:P ). for
=O, unl(’ 0(0) (). W," now a))(’n(l )() )his l)r()l)l(’m, in the mort. gen(’ral ti’amew()rk ()f the

spaces SI.r’"’/. hul,’l, th,’

expansion of O(el/’) ti)r

Even tho,,gh the series ,,:,)P"Olp") ,’,)nv,.rg(s fi)r 0 6 a{.,..... fi)r any S(.lU,,n,,’ {,,.1 with
e,, . the method of he previ,s wtion rluir the consid,ration of the wo gonerMly
divergon series

(f(x).O(x))= p"O(p"). {4.1a)

</_(x).o(a:)) p O(p-"). (4.15)

Therefore, we study the regulization of f(x) an(I f_(.l:) in the sl)a(’es ’{a..... }. NaturMly the
two regularization problens are luih’nt in view (ff (3.5).

Let {x" }. with

’ ,)’ ()+. (4.2)

SuHose ,, -1. Then the seri giving the value of (f_(.r). 0(.r} Z %.r" cmverg,s. Ths
./=-I

it is enougl to giw, the tinite part of the sm Zp-’’0(p-’’) if oa:) .r". (. <. 1. If ( w’

hav(,
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thu. th(’ partial .unL, (’()nsist ()i two parts, namely, tlm infinite

I),

(/_ (.r}..r") FI) p-"(t4’*)

-N(14,,)
an(l h(’ finit(’

(/-(x)..r -} FI)Z Vl) lira N (). (4.4)

Th,,refor,. the regularizatin f __(.r) is iw,n lw

(l-(.r).O(.r)) p+;7;_ + o(p )- .,, "’, (4.5)
j=l t,=l j=l

if S{.)..... h the (’Xl)ansio] (4.2).

Ti,(’ r(,gulri,ti()n ()f f(.r) is given 1)y th(’ fi)rmula f f+ + f. sin(’(,

(q(,m(,nt ()f ’{.)..... }. OI)s(,rv(, tlmt if o {.)..... lms th(, (l(’v(’lol)m(’nt (4.2)

I’
L=i

P+"- 4- P-" O(P )_
L=() j

p+"(px+" I)
+ P-" 0(P-’*) I)-’*’’ + P"0(P") +

=O

) thnt (x) is till a I)eri()(lic flmction ()f Inx in the space S{x’* }. Hence we can write. s heft)re.

H(x) + .q(.c). (4.6)f(.r)
lnp

where the o:illatory generalize(t fltnction g(x) has ze.ro Ill(iI.

Noti(’(,. h()wever, that the fi)rmula H(Ax) H(x) (:eases to hoht in the spa(’(: S{:): }.

Imh.-l, if 4 S{x’"}, the integral (x) dx is generally divergent and thus it is necessary

to consider its tinite part Fp (x) dJ’. But if a,,, -l, then

Fp 0(x)dx=- Fp O(x) dx-(,,he
E

’4.7)

so that
In A

H(A.r) H(x)+ ---,,,,(.’).
wher(, 5,,,(.):) is the flm(’tional (tefined iu (2.5). so that (b .o) a

The n()m(,nt asymptotic (,xpansi()) ()f f_(Ax) in th(, spa(’(, S{.t takes th(’ f()rm

; (.).)
1’. (A.c),-

(p+.,, I)A"
)--=1

,,,,, (.):)
q- -- II’t"14"’" 1)A",

a, A .. (4.9)
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If we now ttse (4.6). (4.8) anti (4.9). we itain the eXlmn.,,ion ,f f+(A.ri as

as I)- if o(.r) a.t.... + ,t2.r’’ + o..t.... + as .r I1 + H(’r(’ t,,, -1 n(i tit(. s’illatrv

COlnl)Olent ’() (0: ) is a leri)ii" fitm’tum of In f p,ril htp aml z(,r( mean.

Lot ts now replace o(.r) iy o(.r)/.r in f(rmda (4.11). Since O(.r)/.r has th(’ expansi(m

11.1:,- _,}_ 12.1., ,a --1 "b O,3;I’’- --t-- aS ,1’ 11+, W(’ dlain tho firlmda

wlwre . 0 aml when" (/’(e) is a p(,ri(iic fimction f In: of peril lnp aml zer( mean.

In particular, if q)(: S tbrmula (4.12) takos the fi)rm

-,,() ,,e Fp.f,7: e,,{.,’>- n..,.
* (e)O(cp")

lnp
+

lnp , o(1 - p")

REGULARIZATION IN 8’ {.r’’ ln.r.......
The same r,,gularizati,m pr,,ct_luro can be apl,liel t,, tit,, sl,a(’,, S’ {. ln.r....... }. huhl, we

use th(’ finit(: part vaht(

,. < . (5.2)

to ol)tain he regularization ()f f_ (x) and. c(,nquently, of f(x). The gen(,raliz(.’d tim(’( ion f(x)

reznahs a periodic fimction of In x, of period lnp.

Formula (4.7) becomes

Fp (ex) dx Fp >(a’) dx a., lne a’,,

if (:r) 7_,j=(a’: lnx + a:):r’, as x 11" and ,,, -1.

The yinptotic h)rmula th(,n takes the form

+

a.- c ()+. (5.4}
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6. AN ILLUSTRATION.

There an’ mw Taulerian theorem.s, which go Imck t, Hdy and Littlewood [9]. fir the

differ,ntiat ion of sympttic approxinmtiLs which are valil muh,r approlfiat, mmtmi’ity vm-

ditims [2]. For instanco, if

G(x) ex’. .,’ . (6.1)

wtmre A g (}, anl if G’ is in(’resing, then

G’(.r) ex (6.2)

The ,’orresl,onding Taul,erian theorems for comparison with a power flmction also hohl, nanwly,

if

F(x) (x- a)". as x a+. (6.3)

and if F’ is increa,ing and > 1 or a < 0 or F’ is decreasing and l) < a < 1, then

F’(x) :(x --a)’-1, as :r a+. (6.4)

The.refin., it is strprising ttmt the results for conqmrison with a logarittmfic fimction are f’al

[2]. A simple counterexample cmi be constructed by using the asymptotic approxinmtions of the

previous s.w.tions. Indeed, let p > 1 and se.t

y(x) E xp’’ 0 < x < 1. (6.5)
=0

The behavior (ff l(x) as x 1- can be found from (4.13) by taking x e-e, e In(l/x) and

(x) e-. The result is

f(x)
lnln(1/x) (lax)"
lnp 7 + w(lnln(1/x)) + E n!(1 -p’)’

as x 1-, (6.6)

--dx, Euler’s comtant., and where w is a periodicwhere we have used the value 7 x
function of period lnp and zexo mean.

To the first order, (6.6) takes the form

f(x) ,,-------, as x 1-. (6.7)
lnp

But f’(x), though increasing, is not asynptotic’,dly (.<luivalent to

Actually, truing (4.11) we find the approximation

(1 x) lnp dx lnp

1
X

n=O

1[ 1

lnpln(1/x) +wa(lnln(1/x))+ E n!(1 -p"+)
&s x--. 1-. (6.8)
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tile first (}r(Ior. then.

+ ’ In I (6.9)f’(.,.) .,. .,.
that

[llll(’t]llll with
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