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There exist many characterizations for the sporadic simple groups. In this paper we give
two new characterizations for the Mathieu sporadic groups. Let M be a Mathieu group
and let p be the greatest prime divisor of |M|. In this paper, we prove that M is uniquely
determined by |M| and |NM(P)|, where P ∈ Sylp(M). Also we prove that if G is a finite
group, then G ∼=M if and only if for every prime q, |NM(Q)| = |NG(Q′)|, where Q ∈
Sylq(M) and Q′ ∈ Sylq(G).

1. Introduction

Let G be a finite group. We denote by π(G) the set of all prime divisors of |G|. It was
proved that if G is an alternating group, a finite projective special linear group, a Janko
sporadic simple group, or a finite projective special symplectic group, then G is charac-
terizable by the orders of normalizers of its Sylow subgroups [1, 2, 3, 4, 10].

Mazurov and Shi [11, 12, 13, 14] and Deng [7] proved that some of the almost sporadic
simple groups are characterizable by the set of element orders. Chen [5] and A. Khosravi
[9] proved that some of the almost sporadic simple groups are characterizable by the set
of order components.

Notation 1. For a prime number q, we define

nq(G)= ∣∣NG(Q)
∣
∣ where Q ∈ Sylq(G). (1.1)

In this paper, as the main result, the following theorems are proved.

Theorem 1.1. Let M be a Mathieu group and let G be a finite group. If for every prime
number q, nq(M)= nq(G), then G∼=M.

Theorem 1.2. Let M be a Mathieu group and let G be a finite group. Let p be the greatest
prime divisor of |M|. If |G| = |M| and np(M)= np(G), then G∼=M.

In this paper, all groups are finite. All further unexplained notations are standard and
refer to [6], for example. Let m be a positive integer and let q be a prime number. Then
mq denotes the q-part of m. In other words, mq = qk if qk‖m (i.e., qk |m but qk+1 � m).
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We would like to note that |Z6| = |S3| = 6, Z3 �Z6, and Z3 � S3. Therefore |NZ6 (P)| =
|NS3 (P)| = 6, where P ∼= Z3 is the 3-Sylow subgroup of Z6 and S3. But Z6 �∼= S3 and hence
they are not characterizable by these conditions.

2. Preliminary results

The following lemma is an immediate consequence of [15, Theorem 2.1.17].

Lemma 2.1. Let G be a q-group and let |G| = qk, for some k > 0. Then p divides
∏k

i=1(qi−
1), for any prime divisor p of |Aut(G)| with p �= q.

Lemma 2.2 [8]. The following results hold:
(i) |M11| = 7920, n2(M11)= 16, n3(M11)= 144, n5(M11)= 20, and n11(M11)= 55;

(ii) |M12| = 95040, n2(M12)= 64, n3(M12)= 108, n5(M12)= 40, and n11(M12)= 55;
(iii) |M22| = 443520, n2(M22)= 128, n3(M22)= 72, n5(M22)= 20, n7(M22)= 21, and

n11(M22)= 55;
(iv) |M23| = 10200960, n2(M23)= 128, n3(M23)= 144, n5(M23)= 60, n7(M23)= 42,

n11(M23)= 55, and n23(M23)= 253;
(v) |M24| = 244823040, n2(M24)= 1024, n3(M24)= 216, n5(M24)= 240, n7(M24)=

126, n11(M24)= 110, and n23(M24)= 253.

Remark 2.3. Note that we can calculate the crucial normalizer orders n11(M11), n11(M12),
n11(M22), n23(M23), and n23(M24) without using GAP. For example, from the character
table in atlas [6], we can see that there are two conjugacy classes of elements of order
11 in M11, each of order 720, for a total of 1440 elements of order 11. Since a Sylow 11-
subgroup of M11 has order 11, that means there are 144 Sylow 11-subgroups. Therefore,
n11(M11)= |M11|/144= 55. Similar calculations work in the other cases.

Lemma 2.4. Let M be a Mathieu group and let G be a finite group. If for every prime number
q, nq(M)= nq(G), then |G| = |M|.
Proof. Obviously if Q is a q-Sylow subgroup of G, then Q≤NG(Q) and hence |Q| divides
|NG(Q)|. Also |G|q = |Q|. Since nq(G)= nq(M), we conclude that (nq(G))q = (nq(M))q.
Therefore for every prime q, we have |G|q = |M|q. Hence |G| = |M|. �
Remark 2.5. Lemma 2.4 shows that if Theorem 1.2 is proved, then Theorem 1.1 is an
immediate consequence of Theorem 1.2. Therefore in the next section we only prove
Theorem 1.2.

3. Characterizations of the Mathieu groups

We note that in the proof of Theorem 1.2, we use the classification of finite simple groups.
We prove this theorem by using the following lemmas.

Lemma 3.1. Let G be a finite group and let M be M11, M12, or M22. If |G| = |M| and
n11(M) = n11(G), then G has a normal series 1 �H �K �G such that K/H is a simple
group, 11 is a divisor of |K/H|, and |G/K| | 5.

Proof. Let 1= G0 ≤ G1 ≤ G2 ≤ ··· ≤ Gk = G be a chief series of G. Since 11‖ |M|, there
exists some i such that 11 is a divisor of |Gi+1/Gi|. So let Gi =H and Gi+1 = K . Since K/H
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is a chief factor of G, it follows that K/H is a minimal normal subgroup of G/H . Also
K/H is characteristically simple which implies that K/H be a simple group or a product
of isomorphic simple subgroups. We know that 11 | |K/H|, but 112 � |G/H| and hence
K/H is a simple group.

Therefore 1 �H �K �G is a normal series of G, such that K/H is a simple group and
11 is a divisor of |K/H|. Let P be a 11-Sylow subgroup of G. Therefore P ≤ K , which
implies that G= KNG(P), by the Frattini argument. Then

G

K
∼= KNG(P)

K
∼= NG(P)

NG(P)∩K
∼= NG(P)

NK (P)
. (3.1)

Therefore |G/K| is a divisor of |NG(P)| = 55. Since 11 divides |K/H|, we conclude that
|G/K| divides 5 and the proof is complete. �

Lemma 3.2. Let G be a finite group and let M be M11, M12, or M22. If |G| = |M| and
n11(M)= n11(G), then G∼=M.

Proof. By Lemma 3.1, G has a normal series 1 �H �K �G such that K/H is a simple
group, 11 is a divisor of |K/H|, and |G/K| divides 5. We claim that |H| is a divisor of 5.
Since 11 divides |K/H|, we have 11 � |H|. If q ∈ π(H), then let Q be a q-Sylow subgroup of
H . Now H �K and Q ∈ Sylq(H). Hence by using the Frattini argument, we conclude that
K =HNK (Q). We know that CK (Q) �NK (Q) and NH(Q) �NK (Q). Therefore NH(Q) �
CK (Q)NH(Q) �NK (Q). Also

K

H
∼= HNK (Q)

H
∼= NK (Q)

H ∩NK (Q)
∼= NK (Q)

NH(Q)
, (3.2)

and K/H is a simple group. So CK (Q)NH(Q) = NH(Q) or CK (Q)NH(Q) = NK (Q). Now
we consider these cases separately.

Case 1. If CK (Q)NH(Q) = NH(Q) and |Q| = qk, then CK (Q) is a subgroup of NH(Q).
Therefore |CK (Q)| divides |NH(Q)|, and hence |NK (Q)/NH(Q)| is a divisor of |NK (Q)/
CK (Q)|. We know that NK (Q)/CK (Q) is isomorphic to a subgroup of Aut(Q). Also 11 |
|K/H|, 11 � |H|, q ∈ π(H), and |Q| = qk (where Q ∈ Sylq(H)) which implies that 11 |
∏k

i=1(qi− 1), by Lemma 2.1.
But easy calculations show that 11 �

∏7
i=1(2i − 1), 11 �

∏3
i=1(3i − 1), 11 � (5− 1), and

11 � (7− 1). Therefore this case is impossible.

Case 2. If CK (Q)NH(Q)=NK (Q), then

K

H
∼= NK (Q)

NH(Q)
∼= CK (Q)NH(Q)

NH(Q)
∼= CK (Q)

CK (Q)
⋂
NH(Q)

. (3.3)

Since 11 divides |K/H|, we conclude that 11 divides |CK (Q)|, and hence P ≤ CK (Q),
where P ∈ Syl11(G). Therefore Q ≤ CK (P)≤NG(P). Hence |Q| is a divisor of |NG(P)| =
55. Since 11 � |Q|, we conclude that |Q| is a divisor of 5, and hence |H| | 5.
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Therefore |G/K| · |H| is a divisor of 5. If |G/K| · |H| = 5, then K/H is a simple group
of order |M|/5, which is a contradiction by the classification of finite simple groups (see
[6, pages 239–241]). (There exists no simple group of order 1584, 19008, or 88704.)
So |G/K| = 1, |H| = 1, which implies that G be a simple group of order M. Since there
exists only one simple group of order |M|, it follows that G∼=M. �

Lemma 3.3. Let G be a finite group and let M be M23 or M24. If |G| = |M| and n23(M)=
n23(G), then G∼=M.

Proof. Similar to Lemma 3.1 we conclude that G has a normal series 1 �H �K �G such
that K/H is a simple group, 23 is a divisor of |K/H|, and |G/K| is a divisor of 11. Since
23 | |K/H| and 232 � |G|, it follows that 23 � |H|. Also 23 �

∏10
i=1(2i− 1), 23 �

∏3
i=1(3i− 1),

23 � (5− 1), 23 � (7− 1), and 23 � (11− 1). Therefore if Q is a q-Sylow subgroup of H , then
|Q| divides n23(G)= 253. Hence |H| divides 11. Therefore |G/K| · |H| is a divisor of 11. If
|G/K| · |H| = 11, then K/H is a simple group of order |M|/11, which is a contradiction
by the classification of finite simple groups (see [6, pages 239–241]). (There exists no
simple group of order 927360 or 22256640.) So |G/K| = 1, |H| = 1, which implies that
G be a simple group of order M. Since there exists only one simple group of order |M|, it
follows that G∼=M. �
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