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A criterion is obtained for the Hardy-type inequality

tf if(x)lPv(x)dxl
1/p {( fo<cl v(a) If(x)lPdx

tfoal tl/P I+ If(x) f(y)lPw(Ix yl)dxdy

to be valid for 0 < a < A < cx and 0 < p < cx. This weakens a criterion previously found by
the first two authors and comes close to being necessary as well as sufficient. When an inequality
in the criterion is reversed, a Poincar6-type inequality is derived in some cases.
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1 INTRODUCTION

In [2] the problem of existence of a bounded linear extension of Wp(’) (fl)
into W(’) (Rn), for spaces with some "generalized" smoothness defined by
functions ) and v respectively, was investigated in the case of domains fl
admitting arbitrarily strong degeneration. A central role in the analysis was
played by the following Hardy-type inequality: for all f Lp(O, a)



2 V.I. BURENKOV et al.

(fo
a tl/p {(foa )lipIf(x) p v(x)dx <_ Cl v(a) If(x) p dx

(foafoa )l/p]+ If(x)- f(y)Ip w(I x-y I)dxdy
(1.1)

where cl > 0 is independent of f and a. It was assumed that 0 < a <_ A <_ x,
0 < p < x, w is a non-negative measurable function on (0, A) which is
such that for all x (0, A)

fx
A

v(x) := B + w(t)dt < cx (1.2)

for some B 6 [0, cx), and there exists ot 6 (1, 2) such that

v(x) < otv(2x), x 6 (0, A/2). (1.3)

When a A cxz, the inequality becomes

If(x) p v(x)dx

< Cl f(x) f(y) p w(I x y I)dxdy
(1.4)

for all f Lp(O, xz). Special cases of the inequality, and analogous ones,
were previously studied by Yakovlev [8,9]; see also Grisvard [4], Kufner
and Persson [5], Kufner and Triebel [6] and Triebel [7]; a discussion of
these earlier works and further references may be found in [2]. Necessary
conditions are also given in [2] for the validity of (1.1), and ample evidence is

provided that the sufficiency condition (1.3) is close to being necessary. It is
also worthy ofnote for subsequent reference that (1.3) is shown in [2, Remark
2.4] to imply that

o

x

<_ c2xv(x), x (0, A), (1.5)

for some c2 > 0, and this is clearly necessary for (1.1) as the choice f 1
indicates.

In this paper we adapt the techniques in [2] to obtain (1.1) under a
weaker condition than (1.3), thereby narrowing still further the gap between
sufficiency and necessary conditions. Moreover, we prove that when a
condition which, in some sense, is converse to that which replaces (1.3)
is assumed, a Poincar6-type inequality for differences is obtained.
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2 A HARDY-TYPE INEQUALITY

THEOREM 2.1 Let 0 < p < cx, 0 < A <_ cxz, 0 < B < cx, and let w be
a non-negative measurable function on (0, A) which is such that (1.2) and
(1.5) are satisfiedfor all x E (0, A). Furthermore, suppose that there exist

Ix > 0 and 0 < ’ < 1 such that

v -v < ),v(x) x E (0, Ao) (2.1)
+1

where Ao min{1, Ix}A. Then, for all a (0, A] and all measurable f on

(O,a), (1.1) is satisfied, where Cl is independent off and a.

In particular, (1.4) is satisfiedfor all f Lp(O, o).

Proof Let 1 < p < cx initially. As in [2] we start with the inequality

If(x)l _< If(y)[ + If(x) f(y)[.

For e (0, a/[Ix + 1]), this gives

(fea/(/z+l) f [f(x)lPw(y x)dydx
+l)x

(f- [y/(tx+l) )liP<_ If(x)lPw(y x)dxdy
+l)e JO

(foafoy

+ If(x) f(y)lPw(y x)dxdy

and so

If (x)l p w(t)dtdx

(fea f.y )lip_< If(y)l w(t)atay
y/(/z+l)

where

+A

foafo
a

(1/2) If(x) f(y)lPw(lx yl)dxdy.
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Hence we have

fa/(/z+l) )
lip

If(x)IP[v(Ixx) v(a x)]dx

(fea lZX )alp< If(x)lP[v( v(x)]dx +A

a/(/z+l) /ZX< If(x)IP[v( v(x)]dx
p+l

(lZafaa )l/p+ v((/x + 1)---------) [f(x)lPdx + A.
/(/z+l)

From (2.1) it follows that

(;x )v -v(x) < ,v(tzx)
+1

and consequently

O < x < a/(tx + l)

fe
a/(/x+l )

1/p

If(x)lP[v(txx) v(a x)]dx

<_ Y If(x)lPv(tzx)dx

(lafaa(iz + )lip+ v(i)--------z) If(x)lPdx
/(/.,+1)

Also v (a x) _< v in [0, a/ (/z + 1)], and so, since ot 1/p + /1/p _<

21-1/P(0t + )l/p, we have

If(x)lPv(x)dx

If(x)lP[v(x) v(a x)]dx

(a/(+l))lip+ lf(x)[Pv(a -x)dx
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fea/(/x+l) )
1/p

<_ ,,1/p if(x)lPv(ixx)dx

((a)foa )lip+ 2P-lv
(/Z + 1)a

If(x)lPdx

On allowing e -- 0 this gives

If(x)lPv(x)dx

+ A. (2.2)

(2.3)

Iza p
lip

_< 21-l/P(1 yl/p)-I V
(/./, -+- 1)2

If(x) dx + A

In [1] it is proved that (1.5) implies the existence of 6 (0, 1) and c3 > 0
such that

x v(x) < c3 y’ v(y),
Hence, if/x > 1, we have

0 < x < y. (2.4)

v(x) < c3x- (txx) v(Ixx) c31x’ v(txx), (2.5)

while v(x) < v(txx) if 0 </x < 1. Similarly

(.a)v < c3(1 + 1/lz)’v(a).
/z+l

Therefore, from (2.3), for some c > 0 independent of f and a,

(2.6)

(fa/(/z+l) )lip {(foa )lip }[f(x)lPv(x)dx < c v(a) If(x)lPdx + A
dO

Finally (1.1) follows from

(foa )lipIf(x)lPv(x)dx (f0a/(/x+l) )lip<__ ]f (x)lPv(x)dx

( fa
a

+ v(a/[lz+ 11)
/(/x+l) If(x)lPdx)

1/p

and (2.5).
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The case 0 < p < 1 can be treated similarly, the only difference being
that we start with

If(x)lp < If(Y)lp + If(x) f(y)lp

and, after multiplying by w(y x), integrate this inequality in the same way
as before instead of applying IIL.
COROLLAR’ 2.2 Suppose thatfor some positive etl, eta satisfying

etl < 1 + 1/et2 (2.7)

we have that

v(x) < etlV([1 + 1//xlx), v(x) < etav(tzx), x E (0, A1), (2.8)

where A1 min{1//x,/z//x + 1}A. Then (1.5) and (2.1) are satisfied.

Proof It follows from (2.8) that either etl < 1 + 1//x or 0/2 < /Z. The
argument in [2, Remark 2.41 can be used to show that (1.5) is satisfied. For
instance, suppose et2 </x and/z > 1, the other cases being similar. Then

fo
x

v()cl v()ct <_ a
k=0 J/z-k- x k=0 Jg-k- x

fx
x

’_,(etz/x) v(t)dt
=o

(by (2.8),)

< (1- ot2//x)-l(1- 1/tx)xv(x/tz) < c2xv(x)
which is (1.5). Moreover

v(x/(lz "4- 1))- v(x/l) < (etl- 1)U(X//) < (etl- 1)et2v(x)

and (2.1) follows since (etl 1)et2 < 1 by (2.8).

Remark 2.3 Theorem 2.1 in [2] is the special case/z 1, et2 1 of
Corollary 1. Note that (2.8) reduces to a single inequality in one other case,

namely

v(x) <_ av x

1+ the golden ratio.where et < 2 ’

2AxE(0, 1 f) (2.9)
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Remark 2.4 Since

foafo
a

fo
a

If(x) f(y)lPw(Ix yl)dxdy 2 IlAhfll,(O,a_h)W(h)dh,
where Ahf(X f(x -+- h) f(x), the inequality (1.1) may be written as

(foa If(x)lPv(x)dx {(foa

< c8 v(a) If(x)lPdx

(foa )lip I+ IlAhfllP,(O,a_h)W(h)dh

In [3] Burenkov and Goldman have proved that (1.5) is necessary and
sufficient for the validity of a rougher inequality

where

(foa If(x)lPv(x)dx {(foa )lip<__ C9 v(a) If (x)lPdx

a t ]d- OOh,p(f)Pw(h)dh

09h,p(f) sup IIAtf[ILp(0,a_t),
0<t<h

the modulus of continuity of f.

3 A POINCARIP.-TYPE INEQUALITY

THEOREM 3.1 Let O < p < cxz, O < A < o,0 < B < cx and let w be
a non- negative measurable function on (0, A) which satisfies (1.2)for all
x (0, A). Suppose there exist tz > 0 and y > 1 such that

v(x/[tz + 1])- v(x/lz) > yv(x), x 6 (0, A0), (3.1)

where A0 min{ 1, tz}A, and that iflz 5 1 there exist c4 > 1 and c5 (0, 1)
such that

V(X) <_ 41)(X), X (0, A) (3.2)
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if lz < 1 and

V(X) < { 41)(/ZX), X 6 (0, A
csv(lzx/[lz + 1]), x [A/tz, A)

(3.3)

iflz > 1. Then, for all a (0, A] and f such that f b Lp(O, a; v(x)dx)
for some b C

(foa )liPIf(x) blP v(x)dx

(foafoa )lip< C6 If(x) f(y)lPw(lx yl)dxdy

where c6 is independent of f, b and a.

(3.4)

Proof It is clearly enough to prove the theorem for b 0. Let 1 < p < cx:
the modifications necessary for 0 < p < 1 are as in the proof of Theorem
2.1. On starting with the inequality

If(Y)l < If(x)l + If(x) f(Y)l

and following the initial steps of the proof of Theorem 1 with e 0, we
obtain

(fo
a

If(x)lP[v(lzx/(tz / 1)) v(x)]dx

(foa/(/x+l) )lip<_ If(x)lP[v(txx) v(a x)]dx

If 0 </z _< 1, then

+ . (3.5)

(foa )lipIf (x)lP[vOzx/(lz / 1)) v(x)]dx

(fO
a )lip< If(x)lPv(Izx)dx + A

and, by (3.1), this gives

(foa )liPf(x) lP v(x)dx <_ If(x)lPV(lx)dx
lip

<_ (l/p_ 1)-IA

since, by (3.2), f Lp(O, a; v(tzx)dx). Thus (3.4) follows.



HARDY AND POINCARI-TYPE INEQUALITIES 9

Let IX > 1. If a < A/IX, we obtain from (3.5) and (3.1) that

(fo
a

if(x)lPv(ixx)dx < (y1/e 1)-IA,

the left-hand side being finite since v(ixx) < v(x). Thus (3.4) follows in this
case by (3.3). If a > A/Ix, we have from (3.1), (3.3) and (3.5)

(foaflz fA (IxX)’ If(x)lPv(Ixx)dx -t- If (x)lP[v v(x)]dx
/

(foa/ix )lip< [f(x)[Pv(Ixx)dx -+- A.

The left-hand side is again finite and (3.4) follows from (3.3).

COROLLARY 3.2 Suppose thatfor some positive or1, Or2 satisfying

Otl> 1 + 1/Or2 (3.6)

we have that

V(x) >_ OtlV([1 -+- 1/Ix]X), v(x) >_ C2V(IxX), x E (0, A1),

where A1 min{1/Ix, Ix/Ix + 1}A. Then (3.1) is satisfied.

Proof From (3.7), for x (0, A0),

(3.7)

v(x/[Ix + 1])- v(x/Ix) (o 1)v(x/Ix) > (Otl- 1)c2v(x)

and this yields (3.1) since (ol 1)ot2 > 1 by (3.7).

1+, in (3.5) we obtain theRemark 3.3 On choosing Ix 1 and Ix 2
following two sufficiency conditions for (3.1) to be valid:

v(x) > otv(2x) for c > 2, x E (O,A/2), (3.8)

for ot > x 6 (0, 2A/[1 + ,/]).

(3.9)

Remark 3.4 The choice f(x) c 7 b in (3.4) yields a contradiction unless
c b Lp(O, a; v(x)dx). Hence it is necessary that

a

v(x)dx cx. (3.10)
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Remark 3.5 From (3.7) and (3.8) it follows that

x

a
v()d < 7XU(X), X (0, A), (3.11)

for some c7 > 0. For instance suppose that or2 >/z,/x > 1 and A cxz, the
other cases being similar. Then

v() v() _< - v(-)
k=0 kx k=0 kx

(tz/2) "
k=0

v()d <_ (1-/d,/ot2)-l(/.z- 1)xv(x).
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