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The main published inequality for Laguerre functions L(z) seems to be for Laguerre
polynomials Ln(x) only; it is [2: 10.18(3)]"

ILn(x)l _< ex/2 for x > 0.

This paper presents several inequalities for Laguerre polynomials L (x) and Laguerre functions
L(x), most ofwhich do not seem to be in the existing literature. The corresponding inequalities
for confluent hypergeometric functions are noted.

For our work on expansions in series of Laguerre functions, M.N. Hunter and needed an
and re v is large. The only extensions of the aboveinequality for L(x) when re/z > -inequality that we could obtain had multiples of e on the right hand side instead of ex/2. This

paper goes on to show that this is inevitable for non-integral v, in that IL (x) can exceed a

multiple of exx for every fixed . < if x is sufficiently large.

Keywords: Laguerre polynomial; Laguerre function; confluent hypergeometric function; frac-
tional integration.
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Laguerrefunctions are the entire functions of z defined by

L(z) (/z +v) (-v 1 +/z; Z)

where is the confluent hypergeometric function

(a)n zn
(a, c; z)

n=0 (c)n n
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and

(a)n a(a + 1)(a 4- 2)... (a 4- n 1)
F(a 4-n)
F(a)

/z + v’ F(/z + v + 1)

Laguerre polynomials are the functions Ln (z), n being any non-negative
integer; they are polynomials in z because (-n)r 0 if r > n.

Inequalities The main (almost only) published inequality for Laguerre
functions is for Laguerre polynomials; it is

[Ln (x)l < ( Iz + n ) for /z>0 and x>0. (2)

[2: 10.18(3), (14) and (15)]; see also [3: Theorems 7.6.2 and 4].
To extend this to complex/z we start with the case/z 0, namely

IL(x)l ex/2 for x > 0, (3)

and apply the fractional integration formula [2: 10.12(30) with ot 0]

xZLn (X) fx (x t)/z-1 Ln(t)

JoF(+n+) F() F(n+)
dt

for x > 0 and re/z > 0. With (3) this gives, writing/z re/z,

FOx + n + 1)

x (x t)t’-I et/2
< dt

Ir()l r(n / 1)
ex/2 fo

x

]F(/z)] F(n 4- 1)
(x t)/z’-I e(t-x)/2 d

eX/2 fO
x

s’-1e-S d s.
Ir()l r(n + 1)

(4)

Increasing e-s/2 up to 1,

1-’(/z + n + 1)
r(u)r(n + )

tt(tt+n) eX/2.
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Alternatively, putting s 2t in (4), the right side of (4) becomes

2#eX/2 rx/2 z’- e-t d <
II’0z)l r’(n + 1) "0

2’eX/2F (ixt)
Ir()l 1-’(n + 1)’

so that
F(IX + n + 1)

1-’(n + 1)

eX/2

The above arguments establish

THEOREM 1 Ifx > O, re IX > 0 and n is a non-negative integer, then

IL2 (x) < (+)re IX n
eX/2.

and

IZ(x)l <
r(ix + n + 1)
r(n + 1)

eX/2

(x/2) re/x

(6)

(7)

(8)

COROLLARY 1 Ifx > O, re c > 1 and n is a non-negative integer, then

I(-n, c; x)l <
rec- 1

eX/2 (9)

and

I(-n, c; x)l < I(c 1)r( re c 1)1
eX/2

(X/2) rec-1," (10)

For some work on expansions in series ofLaguerre functions, M.N. Hunter
and I needed estimates of Lv (x) for re IX > -1/2 and v complex. Theorem 1
is clearly not adequate for this.

THEOREM 2 Ifx > O, re IX > -1/2 and re (IX + v) > -1, then

F(re(v+ix+ 1)) F(reix+1/2)]L(x)] _<
Ir( + 1)1 r( re tx + 1) [r(. +

ex
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Proof By Poisson’s Integral for Bessel functions, since re tt > -5,

(1/2z)tZ eiZCS sin21 O dO,
r(1/2)r(. + 1/2)

r(’ + 1/2)IJ.(x)l < sin2U’0 d0

(])
where re again. By [1: 6.11(17)], Whitter’s confluem hypergeo-
metric function Mz,u(x) is expressible, if re (X + ( + 1)) > 0, by

MLI(X)=
r(.+,) L (’" r ( + (, + 1))

eXx e-ttz- J" 2(xt) d t.

By (1) and [1: 6.9(3)], with v + ( + 1),

r(+v+ )
(x) .(-v, u + ; x)

r(u + 1)r(v + )
r( + v + 1)

r( + 1)r(v + 1)
ex-("+l)Mx (x)

eXx- ’+v (’)e-it J 2(xt) d t, (12)
F(v + )

whence, using (11),

e r(’ + )

The result follows from this, the integral being a gamma function.

COROLLARY2 Ifx > O, re c > re a ad re c > , the

U re c tea) U re c .xI(a, c; )1 <
r rec) Ir c- e’

and ifalso a and c are real,

F(c -a)
I(a, c; x)l ex.

IU(1 a)l V(c)

Contrast There is a mked contrast between the fight hand sides of the
inequalities (7) and (8) in Theorem 1 and that in Theorem 2. The former e
O(ex/2) as x , while the latter is O (eX). In Theorem 3 it will be shown
that this contrast is not illusory.



INEQUALITIES FOR LAGUERRE FUNCTIONS 297

THEOREM 3 If re lz > --1, re v > O, lz + v + 1 is real and positive,
0 < < 1 and 0 < L < 1, thenfor all sufficiently large positive x

Proof If v is an integer there is nothing to prove. Suppose that v is not an

integer and that x > 0. Write

a=-v, b=/z+v+l, c=#+l,

so that

Then

c- a b > 0 (13)

r(b)
L(x) (a,c;x)

r( -a)r(c)
F (b) -, (a) x

r(1- a)r(c) (C)n n!

r(b) X r(a + n) x
P(1-a)F(a)= F(c+n) n!

(14)

By [1" 1.18(4)] and (13),

r(a +n)
--n-b {1 + O(1/n)} as n --

so there is a positive integer M such that

r(a +n)
r (c + n)

< n-b. 1/28 for all n _> M. (15)

Also there is an integer N > M such that n-b > Ln for all n >_ N.

F(a + n) xn xn

-b
n=N r(c + n) n nn=N

r(a +n)
r(c +n)
x

Xn

n!n=N
(16)
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by (15). By the triangle inequality,

n_b < n-b F(a + n) __xn F(a + n) __xn

n=N n! n--( F(c + n) n! +
n--U n=U n=U F (c

whence, using (16),

> n-b
,=u F(c + n) n n=N n=N

n=N

n!n=N

0

(1 )ex P(x) (17)

where P is a polynomial of degree less than N.
By the triangle inequality again,

F(a+n) xn_ <
F(a+n) xn_ F(a+n) xn

=F(c+n) n r(c+n) n +
=0 =0 F(c + n) n

With (17) this gives

+ n) x
> (1 )ex P(x)- I(x)l (18)

=0 F(c + n) n
where Q is a polynomial of degree less than N. Now (18) persists if the
coefficients in P and Q e replaced by their absolute values; let R(x)
be the polynomial so replacing P (x) + e(x). Thus

+ n) x"
> (1 )e + (ex R(x))

=0 F(c + n) n
> (1 )ex

for x sufficiently lge. With (14) this gives
r (b)

( )ex

r (b) Isin al
(1 B)ex,

and using (13) the theorem follows.
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COROLLARY 3
then

If re a <0< re c, c-a is reaL O < 6 < l and O < ) < 1,

I(a,c; x)l >
r(c)

(1 ,5)ezx

for all sufficiently large positive x.

Conclusion

Theorem 3 shows that, in general, ex in Theorem 2 cannot be replaced by
any lower order exponential.
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