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We give the best lower bound for the weighted Jensen’s discrete inequality with ordered variables
applied to a convex function f, in the case when the lower bound depends on f, weights, and two

given variables. Furthermore, under the same conditions, we give some sharp lower bounds for
the weighted AM-GM inequality and AM-HM inequality.

1. Introduction

Let X = {x1,x2,...,X,} be a sequence of real numbers belonging to an interval I, and let
p = {p1p2 ..., P} be a sequence of given positive weights associated to X and satisfying
p1+p2+---+py, = L If fisaconvex function on I, then the well-known discrete Jensen’s
inequality [1] states that

A(f5/F) 20, (11)
where
A(f,p,%) =pif(x1) +pof (x2) + -+ puf (xn) = f(pr21 + p2xa + -+ puxn)  (1.2)

is the so-called Jensen’s difference. The next refinement of Jensen’s inequality was proven in
[2], as a consequence of its Theorem 2.1, part (ii)

A(fip,X) 2 max pif (xi) +pif (xi) = (pi + pic) f (%)] > 0. (1.3)
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By (1.3), for fixed x; and xi, we get

pPiXi + PrXk

pi+ Px > = Sf,,f(xi,xk).

A(f,p,%) 2 pif (xi) +prf (xx) = (pi + Pk)f<

(1.4)

In this paper, we will establish that the best lower bound Lp ¢ (x;, xx) of Jensen’s difference

A(f, p, x) for

X1 < Sx S SXp S S Xy

has the expression

M)
Qi+Ry /)’

Lp s (xi, xi) = Qi f (xi) + Ricf (xx) — (Qi + Rk)f<
where
Qi=pi+p2+---+pi,  Re=pe+pea+-+pn
Logically, we need to have

Lﬁ,f(xi/ X) > Sf;,f(xi, Xk)-

Indeed, this inequality is equivalent to Jensen’s inequality

(@) F) + (Re=pi) f ) + (o po) f (Lo B )
> @+ R f(FFERE),

2. Main Results

Theorem 2.1. Let f be a convex function on I, and let x1,x5,...,x, € I (n > 3) such that
X1 <xp < S Xy
For fixed x;j and xy (1 <i < k < n), Jensen’s difference A(f, p, X) is minimal when
X1 =Xp =0 = X1 = Xy, Xk+1 = Xk+2 =+ 0" = X = Xk,

X X X Qixi + Rixy
i = Xigp = = Xfe] =
Qi + Ry

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(2.1)

(2.2)
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that is,

A(f,B,%) 2 Qif () + Rif (xi) = (Qi + Re) f(M)

Qi + Rk (2.3)

i= Lg,r (xi, xx)-

For proving Theorem 2.1, we will need the following three lemmas.

Lemma 2.2. Let p, q be nonnegative real numbers, and let f be a convex functionon I.If a,b,c,d € I
such that ¢, d € [a,b] and

pa+qb=pc+qd, (2.4)
then
pf(a)+qf () 2pf(c) +qf(d). (2.5)
Lemma 2.3. Let f be a convex function on I, and let x1,x,,...,x, € I (n > 3) such that
x1 <xp <0< xp. (2.6)
For fixed xi, xis1,. .., Xn, wherei € {2,3,...,n—1}, Jensen’s difference A(f, p, X) is minimal when
X1 =Xy ="+ =Xj_1 = Xj. (2.7)
Lemma 2.4. Let f be a convex function on I, and let x1,x5,...,x, € I (n > 3) such that

X1 <xp < S Xy (2.8)

For fixed x1,x,, ..., x, where k € {2,3,...,n -1}, Jensen’s difference A(f,p, X) is minimal when

Xkl = Xky2 = =+ = Xy = X (2.9)

Applying Theorem 2.1 for f(x) = e* and using the substitutions a; = e, a, =
e*2,..., a, = e, we obtain

Corollary 2.5. Let

O<ay<---<a;<--<ag<---<ay, (2.10)

and let p1,pa, ..., pn be positive real numbers such that p1 + pa + - -+ + p, = 1. Then,

pi_p p
p1ai +pady + -+ ppGy —ay a, cccay'

(2.11)
2 Qiai + Rkak - (QI + Rk)a?i/(Qi+Rk)afk/(Qi"'Rk),
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with equality for
ap=dax=-=4a Ak = Ak+1 =+ = Qn,
it] = Qi+ =+ = Q-1 = a?i/(Qi+Rk)afk/(Qi+Rk).
Using Corollary 2.5, we can prove the propositions below.

Proposition 2.6. Let

O<ar < <a<-<ap<<ay,

and let p1,pa, ..., pn be positive real numbers such that py +po + -+ pp, = L. If

20;R
Ql I; ’ Qi < Rk/
pod Qi+t Rk

Ry, Qi > Ry,

then
pra1+paay+ -+ pudy — @y ab - al > P(Vag - vai)’,
with equality for ay = a; = --- = a,. When Q; = Ry, equality holds again for ay = a; = ---
q Y q Y 8

Aiy1 = -* = Ak-1 = £/AiAk, Ak = A1 =+ = Ap.

Proposition 2.7. Let

O<a1<---<ag; <~ <ap<---<ay,

and let p1,pa, . .., pn be positive real numbers such that py + pa + -+ + p, = 1. Then,

3QiR(ax — a;)?
Y Y GNP LN L
PLOTT P2z o ¥ Pnlln = 0 @ 0 2 3 IR ay + (20 + ARg)a;”

with equality if and only if a1 = ap = --- = ay,.

Remark 2.8. For py = p» = - -+ = p, = 1/n, from Proposition 2.6 we get the inequality
@+ + o+ ay—nYaay - a, > P(vag - /ai),

where

2i(n—-k+1)

] <
neioke1 tRsnrl

n-k+1, itk>n+1.

(2.12)

(2.13)

(2.14)

(2.15)

= 4ai,

(2.16)

(2.17)

(2.18)

(2.19)
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Equality in (2.18) holds for a; = a; = -+ = a,. If i + kK = n + 1, then equality holds again for
al :azz ce e = al,a1+1 :..-:ak_l = alaklak :ak+1 = e = an_
Remark 2.9. For p1 = pp = -+ = p, = 1/n, from Proposition 2.7, we get the inequality
3i(n -k +1)(ax — a;)*
. —na a, > 2.20
R SRR T oy vy v PR G
with equality if and only if a1 = a, = --- = a,.
Applying Theorem 2.1 for f(x) = —Inx, we obtain
Corollary 2.10. Let
O<ay<--<a<--<ap <o <ay, (2.21)
and let p1,pa, . .., pn be positive real numbers such that py + pa + -+ + pn, = 1. Then,
p1a1+pads + -+ puan  ((Qidi + Reax)/(Qi + Ry)) <+ (2.22)
aﬁ’l alz72 . aﬁn - aQiaﬁk 7
with equality for
ap=ay=-=a, Gk =0k =00 = Ay,
2.23
Bt = i = o= gy = 20 * Ricak 22
i+1 i+2 k-1 Qi + Re
Remark 2.11. For py = pp = --- = p, = 1/n, from Corollary 2.10, we get the inequality
. _ s n+i—k+1
a;+ap + +anZ A ((ai+ (n k+1)a,-<)/(n+1 k+1)) , (2.04)
na al az cee an a;az—k-i-l
with equality for
a=ay=-=aj, Gc=0ak = =ay,
2.25
Qo = @inr = —a _iai+(n—k+1)ak ( )
i+1 = Giv2 = = Uk-1= n+i—k+1
Ifi<n/2and k =n—-1i+ 1, then (2.24) becomes
2i/n
a1+ay+---+an Vai/ Gp-ivi + Van-is1/ ai
> , (2.26)
nwaia,---a, 2
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with equality for
ap=az=---=4d An-i+1 = Ap-i+2 = " * = dn,
227
_ _ _ Gt an-iv1 @27)
Aiv1 = Ay =" =i = —5
2
In the case i = 1, from (2.26), we get
2/n
atarttay Vai/a, +\a,/a (228)
ny/aias - a, 2 ! ’
with equality for
a)=4as=--+=0a,1 %. (2.29)
Applying Theorem 2.1 for f(x) = 1/x, we obtain the following.
Corollary 2.12. Let
O<ay<---<ai<--<ag<---<ay, (2.30)
and let p1,pa, . .., pn be positive real numbers such that py + pa + -+ + p, = 1. Then,
1 R —a)?
N 5 QiRe(a—ai)” (2.31)
@ @ an  p1a1+paay+ oo+ pudn  aiax(Qidi + Reak)
with equality for
ay=daz=--=4a ak = Ak+1 =+ = An,
2.32
Giat = Gz = - = agy = 0 Rihe -
i+1 i+2 k-1 Qi n Rk
Using Corollary 2.12, we can prove the following proposition.
Proposition 2.13. Let
O<ay<-<ai<-<ap<---<ay, (2.33)
and let p1,pa, ..., pn be positive real numbers such that py +pa + -+ pp = L. If
Qi, Qi < 3Rk,
P=4 40.R (2.34)
O 2 38y,

Qi+ Ri’
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then
2
pr P2 Pn_ 1 zp(i_ 1 )
a; ar ay pPia1 + pa2as 4o+ Pnln \/ET, \/ﬁ
with equality for ay = a, = -+ = ay.

3. Proof of Lemmas

Proof of Lemma 2.2. Since ¢, d € [a, ], there exist A1, A, € [0, 1] such that
c=Ma+(1-M)b, d=MAa+ (1-1)b.
In addition, from pa + gb = pc + qd, we get
gl = (1-1y)p.

Applying Jensen’s inequality twice, we obtain

fle)=fha+ (1 -A)b) <hif(a)+(1-1)f(b),

f@d) = flaa+ (1-12)b) < Ao f(a) + (1 - 12) f(D),
and hence

pf(c) +qf(d) <p[hif(a)+ (1 -0)f®)] +q[laf(a) + (1 - L) f ()]

=pf(a)+qf(b).

Proof of Lemma 2.3. We need to show that
pif(x1) + paf (x2) + -+ pif (xi) = f (prx1 + paxa + -+ + puXn)
> Qif (xi) — f(Qixi + pixiXix1 + -+ + PnXyp).

Using Jensen’s inequality

p1x1+ paxz + “'+Pixi>
4

PG +paf )+ pif ) 2 Qf 5

(2.35)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)
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it suffices to prove that

X1 + Xy + -+ PpiX;
Qif<p1 1T ZQ P > +f<Qixi + Pit1Xiv1 T +ann)
' (3.7)
> Qif (xi) + f(p1x1 + paxo + -+ + PuXn),
which can be written as
Qif (Xi) + f(Y3) 2 Qif (xi) + f(X), (3.8)
where
X; = p1x1 +p2xa + - +Pixi,
Q
Yi = QiXi + Pis1Xis1 + -+ + PuXn, (3.9)
X =p1x1 +paxo + - + PuXp.
Since x;, X € [X;, Y;] and
QiXi+Y;=Qixi + X, (3.10)
by Lemma 2.2, the conclusion follows. O
Proof of Lemma 2.4. We need to prove that
Pif (xk) + praf (X)) + -+ puf () = f (P11 + paxo + -+ + puxn)
(3.11)
> Ry f(xx) = f(p1x1 + -+ + pra1Xp-1 + Rexe).
By Jensen’s inequality, we have
Xk + Prs1Xks1 + -+ + DpXp
Prf (xk) + Prsrf (Xks1) + -+ + puf (xn) 2 ka(pk kT Pha ;: P > (3.12)
Therefore, it suffices to prove that
ka<pkxk u pkﬂx;l i pnxn) + f(P1x1 +-ot Pr-1Xg-1 Tt kak)
k (3.13)

> Ricf (xk) + f(p1x1 + paxa + - + pnXy),
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or, equivalently,
R f(Xx) + f(Yi) 2 Rif (xx) + f(X),

where

_ PkXk t Pr+1Xk+1 o0t PnXp

X ,
k Ry

Yi = p1x1+ -+ + praaXie-1 + Riex,
X =pix1 +paxo + - + PuXn.

The inequality (3.14) follows from Lemma 2.2, since xx, X € [Yk, Xk] and

Rka + Yk = kak + X.

4. Proof of Theorem

(3.14)

(3.15)

(3.16)

Proof. By Lemmas 2.3 and 2.4, it follows that for fixed x;j, Xj.1,..., Xk, Jensen’s difference

A(f,p,X) is minimal when x; = xp = --- = x50 = X; and Xg41 = Xgg2 = *++ = Xp

that is,
A(f,p,%) > Qif (xi) + pis1 f (xiz1) + -+ - + preaf (Xi-1) + R f (k)
— f(Qixi + pir1Xis1 + -+ - + Pro1Xk-1 + Riexy).

Therefore, towards proving (2.3), we only need to show that

Pistf(Xis1) + -+ proa f (X)) + (Qi + Rk)f<M)

Qi + Ry

> f(Qixi + Pis1Xiz1 + -+ + Pro1Xk-1 + Rex).
Since

Qitpim+ - +pea+Re=1,

this inequality is a consequence of Jensen’s inequality. Thus, the proof is completed.

= Xk;

(4.1)

(4.2)

(4.3)
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5. Proof of Propositions

Proof of Proposition 2.6. Using Corollary 2.5, we need to prove that
Qiai + Reay — (Q; + Ry)a/ QR g%/ QR > p( /g~ /ap)?. (5.1)

Since this inequality is homogeneous in a; and ax, and also in Q; and Ry, without loss of
generality, assume that a; = 1 and Q; = 1. Using the notations a; = x% and Ry = p, where
x >1and p > 0, the inequality is equivalent to g(x) > 0, where

g(x) =1+ px® = (1+p)x®/ 0P — P(x - 1)?, (5.2)
with
2
_pl’ p 2 1,
p=dP* (5.3)
v, p<l1
We have

g'(x)=2p <x - x(”"l)/(”“)) -2P(x-1),

(5.4)
" _ Zp(p B 1) -2/(p+1)
g(x)—2(p—P)—pTx :
If p>1, then
NN 2p(p-1) -2/ (p+1)
g (x)—pT<1—x ) >0, (5.5)
and if p < 1, then
" _ Zp(l B P) -2/ (p+1)

Since ¢"(x) > 0 for x > 1, and g'(x) is increasing, ¢'(x) > g(1) = 0, g(x) is increasing, and
hence g(x) > g(1) = 0 for x > 1. This concludes the proof. O

Proof of Proposition 2.7. Using Corollary 2.5, we need to prove that

i/(Qi ' 3QiR (ax — @)’
i + Reay — (Q; + Ry) a2/ QRO qRe/ Qi+ Re) i . 5.7
Qlal + Kedg (Ql + k)al ak = (4Q1 + 2Rk)ak T (2Q1 T 4Rk)ai ( )
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Since this inequality is homogeneous in a; and ai, and also in Q; and Rk, we may set a; = 1
and Q; = 1. Using the notations ax = x and Rx = p, where x > 1 and p > 0, the inequality is
equivalent to g(x) > 0, where

g(x) = [(4+2p)x +2+4p] [1 +px—(1+ p)x”/(“”)] ~3p(x-1)% (5.8)
We have

L ) = (- /) p/(+p) _
mg(x)—p(x x ) (2+p)<x 1),

1+ " o -
iy () = L V- @O, 59)

(1 + p)2 m -3-2p)/(1
g"(x) = (x - 1)x( p)/(1+p)
2p(1+2p)(2+p)

Since ¢"”(x) > 0 for x > 1, ¢"(x) is strictly increasing, g"(x) > ¢"(1) = 0, and g'(x) is strictly
increasing, ¢'(x) > ¢'(1) = 0, g(x) is strictly increasing, and hence g(x) > g(1) = 0 for
x>1. O

Proof of Proposition 2.13. Using Corollary 2.12, we need to prove that

QiRk(ak - ai)z L B L 2
a;jax(Qia; + Riay) 2 P<\/Ei \/ﬁ) : (5.10)

This inequality is true if
QiRk(v/ai + v/ax)” > P(Qia; + Ryay). (5.11)

For Q; < 3Ry, we have

QiRi(v/a; +v/ax)* - P(Qia; + Rear) = Qia; <2Rk\/§ + Ry - Qi> > Q;ai(BRx — Q;) > 0.

i

(5.12)
Also, for Q; > 3Ry, we get
QiRi(v/ai + /ax)” - P(Qia; + Riax)
- S IR =300 + Q- 3R)a+2AQ+ ROVAR] (513
> QiR 1R 3000 + (0 - 3R a +2(Qs + Re)a] = 0
- Qi +Rk k i) i k)4i i k)di] = Y.

The proposition is proved. O
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