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We discuss operator inequalities associated with Holder—McCarthy and Kantorovich
inequalities. We give a complementary inequality of Holder—McCarthy one as an
extension of [2] and also we give an application to the order preserving power inequality.
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1 OPERATOR INEQUALITIES ASSOCIATED WITH
HOLDER~McCARTHY AND KANTOROVICH INEQUALITIES

An operator means a bounded linear operator on a Hilbert space H. The
celebrated Kantorovich inequality asserts that if 4 is an operator on H
such that M>A>m>0, then (4~'x,x)(dx,x) < (m+ M)*/4mM
holds for every unit vector x in H. Many authors investigated a lot
of papers on Kantorovich inequality, among others, there is a long
research series of Mond—Pecaric, some of them are [6,7]. At first
we give some operator inequalities associated with extension of
Kantorovich inequality.

* Dedicated to Professor Yoji Hatakeyama on his 65th birthday with respect and
affection.
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138 T. FURUTA

THEOREM 1.1 Let A be positive operator on a Hilbert space H
satisfying M>A>m>0. Also let f(t) be a real valued continuous
convex function on [m, M]. Then the following inequality holds for every
unit vector x and for any real number q depending on (i) or (ii);

(mf (1) ~ Mf(m) (@@= UL S
) < T (ton omy ) 45"

(1.0)
under any one of the following conditions (i) and (ii) respectively:

QO f00) > fm), TO0 ST

fom, f(M) — fm Lf0n)
- M-m — M
holds for a real number q > 1,

and

(i) S(M)<f(m), %Q <Jf(mﬂ

f(m)q<f(M)—f(m) <f(M)q
m M

d
an - M—-m -

holds for a real number q < 0.

COROLLARY 1.2 Let A be self-adjoint operator on a Hilbert space H
satisfying M > A>m>0. Then the following inequality holds for every
unit vector x and for any real numbers p and q depending on (1) or (ii);

(mM? — Mm?) ((g— 1)(M? —m?)\* ,
(- 1)(M - m)(‘l(mM”—Mmp)> (dx, )" (L.1)

(Ax,x) <

under any one of the following conditions (i) and (ii) respectively:

: MP — mP
O S E

holds for real numbers p > 1 and q > 1,
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MP — mP
-1, o T

(ii) mP < MPlq

holds for real numbers p < 0 and q < 0.

We cite the following lemma to give a proof of Theorem 1.1.

LEMMA 1.3 Let h(¢) be defined by (1.2) on[m, M (M > m > 0) and any
real number q such that ¢#0,1 and any real numbers K and k;

1 K-k
h(t)=ﬁ<k+M—m(t_m))' (1.2)
Then h(t) has the following upper bound (2.1) on [m, M:
(mK — Mk) (@—1XK—k5q (13)
(¢ —1)(M—m)\ g(mK - Mk) )’ ’

where m, M, k, K and q in (1.3) satisfy any one of the following conditions
(i) and (ii) respectively:

K k k K-k K

i K A Zg< <=

(@) >k 37 m MM S m S uT
holds for a real number q > 1,

.. K k k K-k K

e Zag < < =

(i) K<k M<mand m? = M—m= M

holds for a real number q < 0.

Proof By an easy differential calculus, 4'(#;) =0 when
q (mK-— Mk)
(-1 (K-k)
and it turns out that ¢, satisfies the required condition ¢, € [m, M] and

also #, gives the upper bound (1.3) of A(¢) on [m, M] under any one of
the conditions (i) and (ii) respectively.

Hh =

Proof of Theorem 1.1 As f(t) is a real valued continuous convex
function on [m, M], we have

f(t) < f(m) +%Ln—)(t—m) for any ¢ € [m, M. (1.4)
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By applying the standard operational calculus of positive operator 4 to
(1.4) since M > (Ax, x) > m, we obtain for every unit vector x

(e x) < fom) + 2T () omy s)

Multiplying (4x, x)~¢ on both sides of (1.5), we have

(4x,x)"(f(4)x, x) < (1), (1.6)

where

W) = (Ax, ) (f(m) LD 2T () - m)).
Then we obtain

(f(A)x,x) < [m??SXMh(t)] (Ax, x)?. (1.7)

Putting K=f(M) and k =f(m) in Theorem 1.1, then (i) and (ii) in
Theorem 1.1 just correspond to (i) and (ii) in Lemma 1.3, so the proofis
complete by (1.7) and Lemma 1.3.

Proof of Corollary 1.2 Put f(£)=1t* for p¢[0,1] in Theorem 1.1. As
f(¥) is a real valued continuous convex function on [m, M|, M? >m”
and M?~'>m?~! hold for any p > 1, that is, f(M) > f(m) and f(M)/
M > f(m)/m for any p > 1 and also M” < m” and M?~' <m”~! hold for
any p <0, that is, (M) <f(m) and f(M)/M < f(m)/m for any p<0
respectively. Whence the proof of Corollary 1.2 is complete by
Theorem 1.1.

Remark 1.4 In case ¢g=p and every integer p #0, 1, Corollary 1.2 is
shown in [1].

Next we state the following result associated with Hélder—McCarthy
and Kantorovich inequalities.

THEOREM 1.5 Let A be positive operator on a Hilbert space H
satisfying M > A>m>0. Then the following inequality holds for every
unit vector x:

(i) Incasep>1: (Ax,x)? < (Ax,x) < Ky(m, M)(Ax, x)?,
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where
— 1)1 (MP — mP)P
p? (M — m)(mMP — Mmp)p=1"

(i) Incase p<0: (Ax,x)? < (APx,x) < K_(m, M)(Ax,x)?,
where

K+(m’M) = (p

_ (mM? — Mm?) ((p — D)(M” — m")\’
K_(m,M) = (p— 1)(M —m) (p(mMP—Mmp) ) '

Proof As f(f)=1t? is convex function for p¢[0,1], (i) and (ii) in
Corollary 1.2 hold in case p ¢ [0, 1] and g = p, so that the inequalities of
the right-hand sides of (i) and (ii) hold by Corollary 1.2 and ones of the
left-hand sides of (i) and (ii) follow by Holder—McCarthy inequality [5].

COROLLARY 1.6 Let A be positive operator on a Hilbert space H such
that M > A>m> 0. Then the following inequalities hold for every unit
vector x in H:

. p M)p+1
Pl 4-1 < )4 (m +

(i) (Ax,x)P (47" x,x) < T Y

PP (m+ M)PH!

R R L

(Ax, x)PH!

for any p such that m/M <p < M/m.

Proof (i) In (ii) of Corollary 1.2 we have only to put p=—1 and
replacing ¢ by —p for p > 0.

(ii) In (i) of Corollary 1.2 we have only to put p =2 and replacing g by
p+1for p>0.

When p =1 (i) in Corollary 1.6 becomes the Kantorovich inequality.
Recently the following interesting complementary inequality of
Holder—McCarthy inequality is shown in [2].

THEOREM A ([2]) Let A and B be positive operators on a Hilbert space
H satisfying My > A>m; >0and My > B>my>0. Let p and q be p > 1
with 1/p+ 1/q = 1. Then the following inequality holds for every vector x.

(BpAPx,x) < (APx, x)'?(B4x, x)"/1
< Mp,mi/M§ My /m§) P (B, ), 47X, x),
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where

p
D _ p
MnmJﬂ={ : MY —m }.

pl/rgl/a (M — m)l/P(mMp _ Mmp)l/q

We give the following extension of Theorem A by considering the
case p<0and 1>¢>0.

THEOREM 1.7 Let A and B be positive operators on a Hilbert space H
satisfying My > A>my >0 and M, > B>my>0. Let p and q be con-
Jjugate real numbers with 1/p+1/q=1. Then the following inequalities
hold for every vector x and real numbers r and s:

W) Incasep>1,q>1,r>0ands>0:

(B"1)p A°x, x) < (A°x, x)P(B"x, x)"/9
msl/p Msl/p

1/p
<K , (B"1/,4°x,x).  (1.8)
+ (M;/” m;/p) 1/p

(ii) In case p<0,1>¢>0,r>0 and s<0:

(B"yp A°x, x) > (A°x, x)’/p(B’x, x)l/"

s/p s/P\ /P
>k (20 M) (a4, (19)
my? MP

where K, (,) and K_(,) are the same as defined in Theorem 1.5. In
particular:
(i) In case p>1 and g > 1:

(B, APx, x) < (47, x)"P(B9x,x)"/
m, M, 1/p
< K; <W’ W) (B1p APx,x).  (1.10)
(i) In case p<0and 1 >q>0:
(B, APx, x) > (A4Px, x)"/?(Bx, x)1/4

m M \r
A ) B »
ZK_(mg_l’Mg_l) (Byp APx, x).  (1.11)
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Proof (i)Incasep>1,¢>1,r>0ands>0. Theorem 1.5 ensures the
following (1.12)

(Ax,x) < (A%, %)"P(x, )17 < KIP (m, M )(Ax, x) (1.12)
holds for every vector x. As r >0 and s > 0, we have
M;'m3 <m$B7" < B?A*B? < M{B™T < M3mj",
that is, we have for p > 1
M3 m? < (BB < M m .
Replacing 4 by (B~"24°B~""?)!/P and also x by B”*x in (1.12), we have

(B"H1/p A°x,x) < (4, )P (B"x,x)'/4

1/p

ms/P Ms/l’

<K, (—l/p r‘/p (B"f1/p A°x, x).
M;" m,

(ii) In case p< 0, 1 >¢>0, r >0 and s <0. Theorem 1.5 ensures the
following (1.13)

(Ax, x) > (4%, x)"?(x, )4 > K7 (m, M )(A4x, x) (1.13)
holds for every vector x. As p <0 and s <0 we have
M3;"™M35 <MSB™ < B7PAB? <miB™" <mim;",
that is, we have for p <0
Mz_'/pMsl/" > (B~"*4*B~"%)V/P > mi/pmz”/”.
Replacing 4 by (B~"?4*B~"? )7 and also x by B"?x in (1.13), we have
(Bt A°x,x) > (A°x, x)7(B"x, x)1/

(m i/p M Sl/p

m ;/p ’ M;/p

> K_

1/p
) (B"p A°x, x).
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Put s=p and r=¢ in (1.8) and (1.9) respectively, we have (1.10) and
(1.11) respectively. Whence the proof of Theorem 1.7 is complete.

Remark 1.8 We remark that (1.10) in Theorem 1.7 just equals to
Theorem A and (1.10) is equivalent to (1.8) and also (1.11) is equivalent
to (1.9).

2 APPLICATIONS OF THEOREM 1.5 TO ORDER
PRESERVING POWER INEQUALITIES

0 < A < B ensures A” < B? for any p € [0, 1] by well-known Léwner—
Heinz theorem. However it is well known that 0 < 4 < B does not
always ensure 47 < B? for any p > 1. Related to this result, a simple
proof of the following interesting result is given in [2].

THEOREM B [2] Let0<A<Band0<m< A< M. Then
p
AP < <%> B?  forp>1.
m
Here we give more precise estimation than Theorem B as follows.

THEOREM 2.1 Let A and B be positive operators on a Hilbert space H
such that Mi>A>m; >0, M,>B>my,>0and 0< A< B. Then

p—1
(1-A) A"SKl,pB”S(Ml> B,

m
and
p—1
(2-B) A’ < K, ,B" < (%) B’
2

hold for any p > 1, where K, , and K, , are defined by the following:
_ (=t (M -mi)?
b2 pr(My = my) (myME — Mym”)P

(2.1
and

Kk - (=1 (M5 —mb)P
2P pr(My — my) (maMh — Mymb)r=1

(2.2)
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We prepare the following Proposition 2.2 to give a proof of
Theorem 2.1.

PROPOSITION 2.2 If x > 1, then

— —1 -

and the equality holds iff x | 1.

We need the following three lemmas to give a proof of
Proposition 2.2.

LEMMA 23 Letl<p<oo, l/p+1/qg=1.1Ift>1, then
0<(p—1)r—pt"141 (2.4)
and the equality holds iff t=1.
Proof Put f(t)=(p— 1)t—pt"/7+ 1. Then f(1)=0 and
f'=@-D1-17")>0
for t>1 and 1 < p < 0o, so we have (2.4).

LEMMA 24 Letl<p<oo.Ift>1, then

tVr (1—1)

o =P @5)

holds and the equality holds iff t | 1.
Proof Multiplying (2.4) by ¢'/7, then
0< (p—Det'/P — pt 41/,
that is,
(t =1 < pr(sr'/P — 1),

so we have (2.5).
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LEMMA 2.5 Letl<p<oo,l/p+1/g=1.1Ift>1, then

t—1
(tl/p _ l)l/P(tl/q _ 1)]/qt2/pq

<p'lrg' (2:6)

holds and the equality holds iff t | 1.

Proof Taking 1/p exponent of (2.5) and also taking 1/g exponent of
(2.5), we have

tVr(r—1) v 1
R SO < pl/p 2.
(w=n) <r @7)
and
Vi — 1N
N Y <« pl/e .
() =r" 9

multiplying (2.7) by (2.8), so we have (2.6).

Proof of Proposition 2.2 Modifying the right-hand side of (2.6), we
have

t—1 < P
(1l — 1)1/p(t1/q — 1)1/qt2/pq T (p- 1)(p—l)/p

fort>1

taking p exponent of the inequality stated above,

(t-1)° p?
<
(¢eVr —1)(¢Va —1)plag2/a — (p— 1)P-1°

and putting t= x?, so we have (2.9) for 1 <p < co and x> 1

(xP=1)F <P

(P T =) (x—1)x22= (p—1)r] (2.9)

holds and the equality holds iff ¢ | 1, so the proof of Proposition 2.2 is
complete since p/q=p—1 holds.

Proof of Theorem 2.1 We have only to consider p > 1 since the result
is trivial in case p=1. First of all, whenever M > m >0 we recall the
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following inequality by putting x = M/m > 1 in Proposition 2.2,

N

p—1
el f 1.
PP (M —m)(mM? — Mmp)p1 =~ m) orp >

(2.10)
For p> 1, we have

(APx,x) < Kj,,(Ax,x)? by (i) of Theorem 1.5,
<Ky p(Bx,x)? by0<A<B,
< K, p(BPx, x)
p—-1
< (A—ll) (B?x,x)

m

and the third inequality follows by Holder—McCarthy inequality and
the last one follows by (2.10), so that we obtain (1-A).
As0<B'<A™'and M;' < B~' <mj!, then by applying (1-A)
we have
gD - M)
Tpr(myt = M) (MyImy" —my M)
_ (p=prt (M5 —mbB)”
pP(My — m3) (myM% — Mym’)?™!
= Kz,p AP

p—1
< (2) o
my

taking inverses of both sides of the above inequality, we obtain (2-B), so
the proof of Theorem 2.1 is complete.

A—P

A_P

Remark2.6 (1-A) and (2-B) of Theorem 2.1 are more precise
estimation than Theorem B since K, <(M;/m)” ~!' < (Mj/m;? holds
forj=1,2and p>1.

Results different from Theorem 1.1 and related results are given
in [3,4].
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