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We discuss operator inequalities associated with H61der-McCarthy and Kantorovich
inequalities. We give a complementary inequality of H61der-McCarthy one as an
extension of [2] and also we give an application to the order preserving power inequality.
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OPERATOR INEQUALITIES ASSOCIATED WITH
HOLDER-McCARTHY AND KANTOROVICH INEQUALITIES

An operator means a bounded linear operator on a Hilbert space H. The
celebrated Kantorovich inequality asserts that if A is an operator on H
such that M>A>_m>O, then (A-lx, x)(Ax, x) < (m+M)2/4mM
holds for every unit vector x in H. Many authors investigated a lot
of papers on Kantorovich inequality, among others, there is a long
research series of Mond-Pecaric, some of them are [6,7]. At first
we give some operator inequalities associated with extension of
Kantorovich inequality.

* Dedicated to Professor Yoji Hatakeyama on his 65th birthday with respect and
affection.
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THEOREM 1.1 Let A be positive operator on a Hilbert space H
satisfying M> A >_ m >0. Also let f(t) be a real valued continuous

convexfunction on [m, M]. Then the following inequality holdsfor every
unit vector x andfor any real number q depending on (i) or (ii);

(f(A)x,x) <_ (q-q )q(mf(M) Mf(m)) .( 1)(f(M)-f(m)) (Ax, x)q(q- 1)(M- m) (mf(M) Mf(m))
(1.o)

under any one of the following conditions (i) and (ii) respectively:

(i) f(M) > f(m), f(M) > f(m)
M m

and f(m) q < f(M f(m) <
f(

m M-m M
holds for a real number q > 1,

(ii) f(M) <f(m) f(M) <.,,.m,/’(
M m

and f(.m)
m

q <_ f(M) f(m) < f(M)
M-m M

holds for a real number q < O.

COROLLARY 1.2 Let A be self-adjoint operator on a Hilbert space H
satisfying M >_ A >_ m > O. Then the following inequality holds for every
unit vector x andfor any real numbers p and q depending on (i) or (ii);

q(mMp Mmp) ((q 1)(_M_P. mP_),’ (Ax, X)q(APx’x) <- (q- 1)(M-m) \ q(mMP- MmP) J (1.1)

under any one of the following conditions (i) and (ii) respectively:

(i) mp-lq < < Mp-lq
-M-m-

holds for real numbers p > and q > 1,
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(ii) mp-lq <_ < MP-lq
M-m

holds for real numbers p < 0 and q < O.

We cite the following lemma to give a proof of Theorem 1.1.

LEMMA 1.3 Let h(t) be defined by (1.2) on [m, M] (M> m > O) and any
real number q such that q O, and any real numbers K and k;

( K-k (t-m)). (1.2)h(t) -- k + M_ m

Then h(t) has the following upper bound (2.1) on [m, M]:

(mK- Mk) ((q-1)(K- k))
q

(q- 1)(M- m) \ -f Mk) (1.3)

where m, M, k, K and q in (1.3) satisfy any one ofthefollowing conditions

(i) and (ii) respectively:

K k k K-k K
(i) K>k, >-- and --q < < q

m m -M-m-M
holds for a real number q > 1,

K k k K-k K
(ii) K < k -- < --m and

M-m- m< < q

holds for a real number q < O.

Proof By an easy differential calculus, h’(tl)=0 when

q (mK- Mk)
tl--(q_l) (K-k)

and it turns out that t satisfies the required condition tl E [m, M] and
also tl gives the upper bound (1.3) of h(t) on [m,M] under any one of
the conditions (i) and (ii) respectively.

Proof of Theorem 1.1 As f(t) is a real valued continuous convex
function on [m, M], we have

f(t) <f(m) +, f(m) (t- m) for any e [m,M]. (1.4)M-m
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By applying the standard operational calculus of positive operator A to
(1.4) since M> (Ax, x)> m, we obtain for every unit vector x

f(M) -f(m)(f(A)x,x) <_f(m) + M- m
((Ax, x) m). (1.5)

Multiplying (Ax, x)-q on both sides of (1.5), we have

(Ax, x)-q(f(A)x,x) <_ h(t), (1.6)

where

h(t) (Ax, x) -q (f(m) +f(M)M_ f(m) ((Ax, x) m)l.
Then we obtain

(f(A)x,x) <_ [maXm<t<M h(t)] (Ax, x)q. (1.7)

Putting K=f(M) and k =f(m) in Theorem 1.1, then (i) and (ii) in
Theorem 1.1 just correspond to (i) and (ii) in Lemma 1.3, so the proof is
complete by (1.7) and Lemma 1.3.

Proof of Corollary 1.2 Put f(t)-- p for p[0, 1] in Theorem 1.1. As
f(t) is a real valued continuous convex function on [m, M], MP> mp

and Mp- > mp-1 hold for any p > 1, that is, f(M) >f(m) and f(M)/
M >f(m)/m for any p > and also Mp < mp and Mp- < mp- hold for
any p < 0, that is, f(M) <f(m) and f(M)/M <f(m)/m for any p < 0
respectively. Whence the proof of Corollary 1.2 is complete by
Theorem 1.1.

Remark 1.4 In case q-p and every integer p 0, 1, Corollary 1.2 is
shown in [1].
Next we state the following result associated with H61der-McCarthy

and Kantorovich inequalities.

THEOREM 1.5 Let A be positive operator on a Hilbert space H
satisfying M >_ A >_ m > O. Then the following inequality holds for every
unit vector x:

(i) In case p > 1" (Ax, x) p <_ (APx, x) <_ K+(m,M)(Ax, x)p,
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where

K+ (m, M)
(p 1)p-1 (MP mP)P

pP (M- m)(mMP MmP)P-1"

(ii) In case p < O:
where

(Ax, x)p <_ (APx, x) <_ K_(m,M)(Ax, x) p,

K_(m,M) (raMp Mmp) (!P 1)(__M_p_ _rnP).’ p
(p- 1)(g- m) k, p(mgP gmP) J

Proof As f(t)=t p is convex function for p[0, 1], (i) and (ii) in
Corollary 1.2 hold in case p [0, 1] and q p, so that the inequalities of
the right-hand sides of (i) and (ii) hold by Corollary 1.2 and ones of the
left-hand sides of (i) and (ii) follow by H61der-McCarthy inequality [5].

COROLLARY 1.6 Let A be positive operator on a Hilbert space H such
that M >_ A >_ m > O. Then the following inequalities holdfor every unit

vector x in H:

pP (m + M) p+I

(i) (Ax’x)P(A-lx’x) <- (p + 1)P+1 mM

PP (m + M) p+I

(tx, x)+(ii) (AZx, x) <_
(p + 1)P+I (mM)P

Jbr any p such that m/M <_ p <_ M/m.

Proof (i) In (ii) of Corollary 1.2 we have only to put p--1 and
replacing q by -p for p > 0.

(ii) In (i) of Corollary 1.2 we have only to putp- 2 and replacing q by
p+ forp>0.

Whenp- (i) in Corollary 1.6 becomes the Kantorovich inequality.
Recently the following interesting complementary inequality of

H61der-McCarthy inequality is shown in [2].

THEOREM A ([2]) Let A and B be positive operators on a Hilbert space
H satisfying M >_ A >_ ml > 0 and M2 >_ B >_ m2 > O. Let p and q be p >
with 1/p + 1/q- 1. Then thefollowing inequality holdsfor every vector x.

(BqI/pAPx, x) <_ (APx, x)I/P(Bqx, x) 1/q

<_ A(p, ml/Mg-l,M1/mq-l)l/p(Bql/pAPx, x),
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where

MP-mp }PA(p,m,M) pl/tql/q (M- re)lip(raMp MmP) 1/q

We give the following extension of Theorem A by considering the
case p < 0 and > q > 0.

THEOREM 1.7 Let A and B be positive operators on a Hilbert space H
satisfying M1 >_ A

_
ml > 0 and M2 >_ B > m2 > O. Let p and q be con-

jugate real numbers with lip + l/q- 1. Then the following inequalities
holdfor every vector x and real numbers r and s:

(i) In case p > 1, q > 1, r >_ 0 and s > O:

(Brl/pASx, x) <_ (ASx, x)I/P(Brx, x) 1/q

K+ /l2/p f---.j (Brl/pASx, x). (1.8)

(ii)/n case p < O, > q > O, r >_ 0 and s <_ 0:

(Br/pWX, X) >_ (ASx, x)I/p(Brx, x) 1/q

>_ K_ MTV,, (Br,/pAx,x), (1.9

where K+ (,) and K_(,) are the same as defined & Theorem 1.5. In
particular:

(i) In case p > and q > 1:

(BqI/pAPx, x) <_ (APx, x)I/P(Bqx, x) 1/q

m M1 (Bql/pAPx, x) (1 10)q-1

(ii) In case p < 0 and > q > O:

(BqI/pAPx, x) >_ (APx, x)I/p(Bqx, x) l/q

ml M1K_ 21 M_ (Bql/pAPx, x). (1.11)
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Proof (i) In case p > 1, q > 1, r > 0 and s > 0. Theorem 1.5 ensures the
following (1.12)

(Ax, x) <_ (APx, x)l/P(x,x) 1/q <_ K+/P(m,M)(Ax, x) (1.12)

holds for every vector x. As r >_ 0 and s > 0, we have

MrmS < mSB-r < B-r/2ASB-r/ < MSB-r < M lm2

that is, we have for p >
-ripMr/Pm/p < (B-r/2ASB-r/2)I/P <_ M/Pm2

Replacing A by (B-r/zAsB-r/2)I/P and also x by Br/Zx in (1.12), we have

(Brl/pASx, x) < (ASx, x)I/P(Brx, x) 1/q

(m/p M/P1/p

K+,r2/-.) (grl/p ASx, x).

(ii) In case p < 0, > q > 0, r > 0 and s _< 0. Theorem 1.5 ensures the
following (1.13)

(Ax, x) >_ (APx, x)l/P(x,x) 1/q >_ K_/P(m,M)(Ax, x) (1.13)

holds for every vector x. As p < 0 and s _< 0 we have

MrMs < M -r/2ASB-r/2B <_B <_mB <_mm 2

that is, we have for p < 0

M-r/PM/p > (B-r/2ASB-r/2) lip > m/Pm -rIp
2

Replacing A by (B-r/2ASB-r/2)l/P and also x by Br/2xin (1.13), we have

(Brl/pASx, x) >_ (ASx, x)I/P(Brx, x) 1/q

K_
r2/P m2/p) (Orl/p ASx, x).
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Put s p and r- q in (1.8) and (1.9) respectively, we have (1.10) and
(1.11) respectively. Whence the proof of Theorem 1.7 is complete.

Remark 1.8 We remark that (1.10) in Theorem 1.7 just equals to
Theorem A and (1.10) is equivalent to (1.8) and also (1.11) is equivalent
to (1.9).

APPLICATIONS OF THEOREM 1.5 TO ORDER
PRESERVING POWER INEQUALITIES

0 < A <_ B ensures Ap <_ Bp for any p E [0, 1] by well-known L6wner-
Heinz theorem. However it is well known that 0 < A < B does not

always ensure AP<_ B’ for any p > 1. Related to this result, a simple
proof of the following interesting result is given in [2].

THEOREM B [2] Let 0 < A <_ B and 0 < m <_ A <_ M. Then

AP <_ Bp for p >_ l.

Here we give more precise estimation than Theorem B as follows.

THEOREM 2.1 Let A and B be positive operators on a Hilbert space H
such that M >_ A >_ m > O, M2 >_ B >_ m2 > 0 and 0 < A <_ B. Then

(l-A) Ap <_ KI,pBp <_ Bp,
\ml/

and

(2-B) Ap <_ K2,pBp <_ Bp

\m2/

holdfor any p >_ 1, where Kl,p and Kz,p are defined by the following:

(p 1)p-1 (M’ m) p

KI,, --pP(M m) (mMP MmP)p-’ (2.1)

and

(p 1)p--1 (m m )PKz,p --pP(M2 m2) (mzMP2 Mzm )p-l" (2.2)
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We prepare the following Proposition 2.2 to give a proof of
Theorem 2.1.

PROPOSITION 2.2 Ifx >_ 1, then

(p- 1)P-I(xp 1)P < Xp-1 for < p < cx
pP(x- 1)(xP x)P-’ (2.3)

and the equality holds iff x 1.

We need the following three lemmas to give a proof of
Proposition 2.2.

LEMMA 2.3 Let <p < cx, 1/p + 1/q 1. If >_ 1, then

0 <_ (p- 1)t- pt l/q q_ (2.4)

and the equality holds iff 1.

Proof Putf(t)-(p- 1)t-pt 1/q + 1. Then f(1)-0 and

f’(t) (p- 1)(1 -lIp >_ 0

for >_ and <p < cxz, so we have (2.4).

LEMMA 2.4 Let <p < cxz. If >_ 1, then

lip (t-- 1)
(tl/P- 1) (2.5)

holds and the equality holds iff 1.

Proof Multiplying (2.4) by I/p, then

0 <_ (p 1)tt liP pt +

that is,

(t- 1)t1/p <_ pt(t I/p 1),

so we have (2.5).
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LEMMA 2.5 Let <p < cx, lip + 1/q 1. If >_ 1, then

(t lip 1)l/P(t 1/q 1)l/qt2/pq
<_ p/Pq/q (2.6)

holds and the equality holds iff 1.

Proof Taking 1/p exponent of (2.5) and also taking 1/q exponent of
(2.5), we have

(tl/p(t-ll)l/p<Pl/Pt(tlip (2.7)

and

(i l/q(t --1))
1/q

(t 1/q 1)
<_ pl/q, (2.8)

multiplying (2.7) by (2.8), so we have (2.6).

Proof of Proposition 2.2
have

Modifying the right-hand side of (2.6), we

t-1 p

(t/p- 1)l/p(tl/q_ 1)l/qt2/pq (p_ 1) (p-1)/p
for t>

taking p exponent of the inequality stated above,

(t- 1) p pP
(t lip- 1)(tl/q- 1)p/qt2/q <-- (p-- 1)P-1

and putting t- xp, so we have (2.9) for <p < cx and x _>

(x p 1)p pP
(xp-1 1)p-l(x 1)xZp-:2 -< (p_ 1)p-1 (2.9)

holds and the equality holds iff + 1, so the proof of Proposition 2.2 is
complete since p/q p- holds.

Proof of Theorem 2.1 We have only to consider p > since the result
is trivial in case p- 1. First of all, whenever M> m > 0 we recall the
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following inequality by putting x- M/m > in Proposition 2.2,

pP (M- m)(mMP MmP)P-1 <-

For p > 1, we have

forp> 1.

(2.10)

(APx, x) <_ Kl,p(Ax, x) p by (i) of Theorem 1.5,
<_ Kl,p(Bx, x) p by 0 < A _< B,
<_ Kl,p(BPx, x)

kml/

and the third inequality follows by H61der-McCarthy inequality and
the last one follows by (2.10), so that we obtain (l-A).
As 0<B- _< A- and M < B- _< m, then by applying (l-A)

we have

B-p < (P 1)p-1 (m-p Mp )p
A_p

-pP(m m-1) (mlm-p mlm-P)p-1
(p- 1)p-1 (MPz2 m)p

A-p
pP(M2 m2)(m2MP2 M2mP2 )p-1

taking inverses of both sides of the above inequality, we obtain (2-B), so
the proof of Theorem 2.1 is complete.

Remark2.6 (I-A) and (2-B) of Theorem 2.1 are more precise
estimation than Theorem B since Kj,p <_ (Mflmj)P- < (Mflm) p holds
for j- 1,2 and p > 1.

Results different from Theorem 1.1 and related results are given
in [3,4].
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