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This paper is a first attempt to give numerical values for constants Cp and C in classical
estimates P <_ Cpn xP and P <_ C;n (1 x)P where Pisanalgebraicpolynomial
of degree at most n (n > 0) and denotes the p-metric on [-1, 1]. The basic tools are
Markov and Bernstein inequalities.
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1. NOTATION AND BASIC INEQUALITIES

Let I be an interval, p _> andfa measurable function. We set

fllp, If(x)lp dx (p < oo),

Ilflloo, ess sup If(x)l.
xEI

If I-[- 1, 1] the subscript I is omitted:

Ilfllp Ilfllp,[_,,,] (1 _< p < oc).

For any measurable 27r-periodic.function g, we define

Igllp Ilglp,[o,2] (1 < p < oc).
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We denote by Pn (ql’n resp.) the set of algebraic (2rr-periodic trigo-
nometric resp.) polynomial ofdegree (order resp.) at most n. For P
deg(P) stands for degree of P.
We recall the following three classical inequalities:
Markov inequality [1, p. 141]: for any P E I? we have

I[P’[Io < n21[PIIoo. (1.1)

Bernstein inequality 1, p. 90]: for any T ql’ we have

IIZ’llo nllZllo, (1.2)

Tchebicheff inequality 1, p. 51]: let h > and (T,) be the sequence of
Tchebicheff polynomials. For any P ]?n we have

(1.3)

2. INTRODUCTION AND RESULTS

In 1919 Schur [2] gave estimates that we can rewrite in the following
form: for any P I?n,

[IPlloo (n + 1)

and

[[piio <
n+l
2

cot
4n + 4

I[(1

More generally, it is well known (see for example [3-6]) that for
any p _> there exist absolute constants C1, and C, such that for any
P (n > 0)

IIPIIp Cp nllxPllp, (2.1)

IleIlp C,n21l(1 x)P[lp. (2.2)

Furthermore exponents and 2 of n in estimates (2.1) and (2.2)
are optimal.
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These inequalities are extensively used in approximation theory.
Unfortunately, numerical values for Cp and C have never been
provided. So our aim is to prove the following two results:

THEOREM 2.1 Let n > O. For anyp >_ andany P

THEOREM 2.2 Let n > O. For any p >_ and any P
6.3nell(1 -x)Pllp.

3. PROOF OF THEOREM 2.1

LEMMA 3.1 Let nEN*, TETfn, 0o[0,27r] be such that [T(0o)[--
IlzllL and J- [0o (x/-/n), 0o + (V//n)].
For any 0 J we have

IZ(0)l > (] -1/2(0- O0)2n2)llZll,
Proof From Taylor’s formula we get

(o) T(Oo) + (0-0o)’(0o)+1/2(0-Oo)T"(O,)
for some 01 between 0o and 0.

Then, since T’(Oo)--O and IT(0o)l- [[Tll we have

(o) (0o) 1/2(0 0o)"(o,)
and

IlZllL -IZ(0)l -IT(0) Z(0o)l- 1/2(0 Oo)2tZ"(O)l.

Thus, applying twice Bernstein inequality (1.2) yields

IITIIL -IT(0)[ _< 1/2(0 O0)2n211Tll*
whence the lemma follows immediately.

LEMMA 3.2 Let n I*. The absolute minimum of

l(t)- [t+v/ )p(1-1/2(0-t)zn [cos0lPlsin0ld0
Jt-x//n

is I(7r/2).
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Proof Let g(O)= [cos O[Plsin O[ and g’ be the derivative of g for 0--0
(mod 7r/2). It is easily computed that

OI [ +,# p

g v/n (1 1/2(0 1)2//2) gl(O) dO.
Ot

A short study of I(t) shows that

I(-t)= I(t),
I(Tr- t)=I(t),
OI(O)/Ot OI(cO/Ot OIOr/2)/Ot 0 for some c E (0, 7r/2),
I is an increasing function for E [0, c],
I is a decreasing function for [c, r/2],
I(7r/2) <_ I(0) (since p >_ 1).

Then, the absolute minimum of I(t) is attained when r/2.

LEMMA 3.3 For any n N* we have

fr/2+x/5/n(1 _1/2(O_(Tr/2))2n2)PlcosOiPlsin OldO
/2-x//n
>_ 21-p(sin(1/n))P+l/(p + 1).

Proof

rl2+x/ln p

/2-v/n (1-1/2(0-(Tr/Z))2r/2) ICOS OPlsin OldO

12)P P

/n
(1 n2 [sin [cos dt

2 (1-n2t2)P(sin t) p cos tat
o

>2 (sint) pcos tdt 1-ng(1/n)2 p

2-P(sin(1/n))P+/(p + 1).

COROLLARY 3.4 Let P ,, (n > O) and T(O)= P(cos0). We have

IxPlPp>_ Tl* 2-P(sin(1/n))P+l/(p+ 1).
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Proof We have

IxlPlP(x)[p dxIIxPIIPP
Icos OIP{P(cos 0)[p sin 0d0

jog cos 01lr(0)I1 sin 01 dO.

Let 0oE[0,r] be such that [T(0o)[- IITII; and J-{0o- x//n,
Oo + x//n]. Then,

cos Ol;lz(O)ll sin 01 dO >_ cos OI;IT(O)I;I sin 01 dO

and using successively Lemmas 3.1-3.3 we get

IIxP(x)ll --1/2(0-- 00) 2 ICOS 0 Isin OldOlIrllo

[/2+//n ( )> 1/2 (0 (r/2))n2 P
lcos OlPl sin 01 d0112 a rl2-,fln

>_ [ITII* 2-P(sin(1/n))p+l/(p + 1).

LEMMA 3.5 Let P lPn (n > O) and T(O)= P(cos 0).
Iffor some B we have T II <- B IlxPI Pp, then,

IlPllp <_ (2B/p)’/(P+l)(p + 1)l/Pl[xPllp.

Proof Let a e [0, 1] and

K [r/2- arcsin a, r/2 + arcsin a]
U [3r/2- arcsin a, 3-/2 + arcsin a].

Clearly,

T(O)lPl sin 01 dO <_ IITII*P sin 01 dO 4allTII,
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then,

T(O)IPl sin 01 dO <_ 4aB Ilxpll. (3.1)

Furthermore

([o ]T(O)]P[sinOIdO <- a-p jo ]T(O)]PlsinO]]cosO]p dO
,27r]\K ,27r]\K

a-P f[0,2r] IT(O)lPl sin 011 cos olp d0,

then

IT(O)IPl sin O[ dO _< a-P211xPIIPp. (3.2)
,27rl\K

Inequalities (3.1) and (3.2) together give: for every a E [0, 1], IlPllpp
(a-p / 2aB)llxPllPp. In order to minimize the coefficient (a -p + 2aB) we
choose a (p/(2B)) 1/(p+ l) and we get

Ilellp_< (2B/p)l/(P+l)(p + 1)/PllxP lip.

LEMMA 3.6 If P I?, then IIPllp < 611xPllp.
Proof If P is a constant polynomial we have

liP lip < (p + )’/PllxPIIp < 611xellp.

If deg(P) 1, we can assume that P(x) x + b, (b >_ 0). For x [0, 1] we
have x + b > (1 + b)x then

fl f0 0 (1 +b)p
Ixp(x)lp dx > IxP(x)l p dx > (1 + b) x2p dx

2p+l

On the other hand, f__l IP(x)lp dx _< 2(1 + b)P; thus

liP lip < (4p + 2) ’/P llxPIIp< 611xPIIp.
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Proof of Theorem 2.1 Lemma 3.6 shows that in the following we can

assume deg(P)> 2. Using the result of Corollary 3.4 and applying
Lemma 3.5 with B- 2P(p + 1)(sin(I/n)) -p- yields

IIPIIp (sin(1/n))-12( + (1/p))I/(p+I)(P-I-1)l/PllxPIIp.

For n>_2,

sin(l/n) > sin(l/2)
1In 1/2

then

/7
< (3.3)

sin(l/n) 2 sin(l/2)

Furthermore, for p>_ 1, (1 +(1/p))l/(p+l)(p+ 1) lip is a decreasing
function ofp, whence

(1 + (1/p))l/(P+) (p + 1) 1/p <_ 2x/. (3.4)

Taking account of inequalities (3.3) and (3.5) we get

[[Pl[p < 2x/(sin(1/2))-lnllxPl[p

which completes the proof of Theorem 2.1 since 2x//(sin(1/2))--
5.8996...

4. PROOF OF THEOREM 2.2

4.1. Preliminary Lemmas

LEMMA 4.1 Let In--[- 1, 1-(I/n2)] (n>0). For any PEPn, we have

Proof This is an immediate corollary of Tchebicheff inequality (1.3).
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LEMMA 4.2 For n >_ 2,

(2n2 + 1) < 113/49Tn \2n2

holds true.

Proof For h >_ 1,

Therefore

(2n2+ 1) cosh (nlnTn \2n2

and the right-hand member of this last equality is easily proved to be a
decreasing function of n. Then, for n >_ 2

(2n2+ 1) < T2(9/7)- 113/49.r"\-_

LEMMA 4.3 If P ]1 then

Proof If P is a constant polynomial we have

lipIIPIIp- 5 (p / 1) II(1 x)ellp < I[(1 x)el]p.

If deg(P) 1, we can assume that P(x) x + b. We consider four cases"

(1) Case b <_ O. In this case we have fl Ix-[-blp dx <_ 2(1- b)p and
since for x [- 1, 1], x > and Ix + b > (1 b)[x[ we have

f, f0Ix + blP(1 x)p dx >_ (1 b)p [xlp dx
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then

[IPlip <_ (2p + 2)I/PiI(1 x)Pl[p <_ 4[[(1 x)Pilp.

(2) Case b [0, 1]. We have

f_l flIx + b] p dx < 2 (x + b) p dx 2 (1 + b) p+I

b p+l

and

Ix / blP(1 x)p dx
-1

Ix + hiP(1 x) p dx + Ix + hie(1 x)p dx
b

It- + blP(2 t) p dt + tP(1 + b t)p dt

fo ()/ol+ (l+b)/2
> (1 + b) p (1 b t)p dt + 2

2

--(l+b)P(1-b)p+lp+l +p+12 (l+b)2p+12
tPdt

Therefore we have Ilellp CIl(- x)PIIp with

(((1 + b)/4)P+(1 b)P+/(1 + b)

Then if b _> 1/2 we have

2 )l/pC_< ([1 + (1/2)]/4) p

If b < 1/2 then (1 b)/(1 / b) _> 1/3; thus

2 )lipC <_ l/4P + 1/(3 x 2P)
< l/4P + 1/(3 x 4P)

Finally, in this case, IIPII 611( x)ellp,
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(3) Case b E [1,2]. We have

(X -+- b)p dx <_ (1 q- b) p+I

p+l

and

(x + )( x); dx >_ (x -+- b)P(1 x)p dx

(1 x)p dx
p+l

then
(4) Case b >_ 2. In this case we have

fl /o’(x + b)p dx <_ 2 (x + b)p dx

o
2 (x + b + 1)p dx

( )2 (x+b)p x+b+ p

x+b
dx

o
_< 2p+I (x + b)p dx

o
<_ 2p+’ (x + b)P(1 x)p dx

_< 2p+’ (x + b)P(1 x)p dx.

Then {IP[I <_ 21 +(1 +11( x)Pllp <_ 411(1 x)Pllp.
In the four cases we have IIPII < 611(1 x)fl[p.

4.2. Proof of Theorem 2.2

Let P E Pn. Using Lemma 4.3 we can assume that 2 < deg(P)< n.

Let xeI-[-1,1-(1/n2)] be such that
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Lemmas 4.1 and 4.2 give

IP(x)lp dx < n-211PIIP< n-2(13/49)PltPIIp (4 1)
_(l/n2

cx,In"

For x E In Markov inequality (1.1) yields

//2
IP(x) P(xn)l Ix- Xnl (1/(2n2)) IIPIl,i.,

then for [x xn] _< n 2 [1 1/(2n2)] we have

IP(x)l (1/(2n2)) Ix Xnl lip Io,, (4.2)

There exists an interval Jn with an end at xn satisfying JnCIn,
length(Jn) n 211 1/(2n2)].

Either Jn [Xn, Xn 4- n 2(1 1/(2n2))] or Jn [Xn n 2(1 1/(2n2)),
xn]). For any x E Jn inequality (4.2) is satisfied. Then we can write

IP(x)Ip dx > .L. IP(x)Ip dx

_> IIPII,I (1/(2n2)) Ix- Xnl dx

[n-:[1-1/(2n2)] ( tl2 )P-IIPII%, a- at’o (/(2:))
-/(2,:)
(p / 1)n2 I1 I,i,

This yields

IIPII, < (P4-1)n2
I,- (1/(2n2)) PIIPp’z"

and due to inequality (4.1)

--(1/n2)
IP(x)lp dx < (l13/49)P(p + 1)

(1/(2n2))



296 P. GOETGHELUCK

Then, clearly,

(l13/49)P(p + 1)’
(1/(2n2))

and since for x E In, x >_ n- 2 we have

l-(1/n

[P(x)lp dx <_ n2p [
,I-1

(1 x)PlP(x)lp dx,

then

Ilellp n2 (1 + (l13/49)P(p + 1).)
/p

(1/(2n2)) I1(1 x)Pllp.

To complete the proof, we note that

1+
(l13/49)P(p + 1))

1/p

(1/(2n2))
(113/49)(p + 1) 1/p

<1+
(1-(1/(2n2))) 1/p

_< 1+ (113/49)[8(p + 1)/7] 1/p

< + (113/49)(16/7) 6.27...

since [8(p + 1)/7] lip is a decreasing function of p.
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