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1. INTRODUCTION

Let R and C represent the real and complex number fields; let (a, b) and
[o, B] be open and compact intervals of R respectively; we identify
R =(— 00, 00) and the extended real field R* =[ — 0o, 00].

The symbol ‘(x € K)’ is to be read as ‘for all x in the set K.

We use the notations o(1) and O(1) to indicate terms that tend to zero
or are bounded, respectively, for some indicated limit process;
see[11, p. 1].

* Corresponding author.

245
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For the interval (a, b), a weight function w:(a,b) — R is Lebesgue
measurable and satisfies w(x) > 0 for x € (a, b).

The index p satisfies p €[1, 00); when p € (1, 00) the index g € (1, 00)
and conjugate to p is determined by p~' +47 ' =1.

For Lebesgue integration we use the standard notations and write

/abf(x)dxz/abf. (L.1)

Let L denote Lebesgue integration; for p > 1 and a weight function w
the symbol L?((a, b) : w) denotes both the classical integration space and
the Banach space of equivalence classes of functions; the norm of fis
written || f||,. For conjugate indices p,q the spaces L”((a,b):w) and
L%((a, b) : w) are first conjugate spaces of each other; define

b
o= / wig (feIP(ab):w)and g € L9((a,b) : w)). (1.2)

The norm of a bounded, linear operator 4 defined on I”((a,b):w) is
denoted by || 4]|,.

In the self-conjugate space p = g = 2 the symbol L*((a, b) : w) denotes
the Hilbert function space with inner-product

b
(£9n= [ W (fgeL(@b)sw) (13)

The use of ‘loc’ in respect of the interval (a, b) restricts a property to all
compact sub-intervals [a, 8] C (a,b); thus L ((a,b): w) is the set of
functions f": (a, b) — C such that '€ L?([a, 8]:w) for all [a, §] C (a, b).

Let fe€ L?((a,b):w) and g€ LY(a, b): w); then the Holder integral
inequality [7, Section 6.9] implies that wfg € L'((a, b): w); since w=
w!/? x w'4 and then

/ab wfg‘ < /ab wl/?| flwl/d|g| < {/ab W|f|p}1/p{/ab w|g|q}1/q. (1.4)

We are now in a position to state the general results of this paper:

THEOREM 1 Suppose given the open interval, bounded or unbounded,
(a, b) of R, the conjugate indices p, q € (1, 00), and the weight function w.
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Let the pair of functions ¢, : (a, b) — C satisfy the three conditions:
1.

o€ Lf ((a,b):w) and ¢ € L ((a,b) : w) (1.5)
2. For some c € (a, b) (and then for all c € (a, b))
v € LP((a,c]:w) and ¢ € L([c,b) : w). (1.6)

3. Forallla, 51C(a,b)

o b
/ w|plP> 0 and / wlp|?> 0. (1.7)
a B

Define the linear operators A and B on L”((a,b):w) and L((a, b):w)
respectively by

b
(Af) (%) = o(x) / wif (x € (ab)andfe L((ab):w) (18)

(Bg)(x) = () /stog (x€ (@b) and g € L((a,b) : w)); (19)

then
A:IP((a,b) : w) — Lf ((a,b) : w), (1.10)
B: L((a,b) : w) — LI _((a,b) : w). (1.11)

Define K(-):(a, b) — (0, 00) by

k) ={ [ wtwl”}w{ / bwl«mq}l/q (xe@b)  (L12)

and the number K € (0, 0]
K = sup{K(x): x € (a,b)}. (1.13)

Then a necessary and sufficient condition that A, respectively B, is a
bounded linear operator on L ((a, b) : w), respectively on L((a, b) : w), into
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L?((a,b):w), respectively into Li((a,b):w), is that the number K is
finite, i.e.

K € (0,00). (1.14)

Proof See Sections 2 and 3 below.

COROLLARY 1  Let all the conditions of Theorem 1 hold and suppose that
(1.14) is satisfied, so that the linear operators A and B are bounded in the
spaces LP((a,b):w) and L((a,b):w) respectively, then the following
inequalities hold

I14711,< p'"?q"KIIf1l, (f € I ((a,b) : w)), (1.15)

I1Bgll,< /74Kl (g € L((a,b) : w)), (1.16)

where the number K is defined by (1.13) and (1.14).
In general, for all self-conjugate indices p and q, the number p'?¢'1 K
given in (1.15) and (1.16) is best possible for these inequalities to hold.

Proof See Section 3 below.

COROLLARY 2 The bounded operator B, respectively A, is the conjugate
operator of A, respectively B, between the first conjugate spaces
L%((a, b): w) and LP((a, b) : w) respectively, i.e.

(Af.8)p,= (/. Bg),, (f€LF((a,b):w)andge Li((a,b):w)).
(1.17)

The operators A and B have the same norm, i.e.

ll4ll,= 1Bl (1.18)

Proof See Section 4 below.

COROLLARY 3 Let the self-conjugate case p=q=2 hold, let the
bounding condition (1.14) be satisfied; let the set {p, 1} be restricted by

0,0 (a,b) = R. (1.19)
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Then the linear operators A and B are both bounded in the Hilbert space
L*((a, b): w) and are the adjoints of each other, i.e.

A*=B and B =A. (1.20)

Proof See Section 4 below.

Remark 1 Theoriginal motivation for these results came from the work
of Titchmarsh; see the definition of the resolvent function @ in [12,
Chapter II], and the remarks in [1, Section 1].

The first proof of these results seems to have been given by Chisholm
and Everitt [1]; this paper was followed by the application of Stuart [10]
to the measure of non-compactness of integral operators. Extensions
of these results may be found in the books of Maz’ja [9], and Edmunds
and Evans [2].

There is an interesting connection in the recent paper of Toland and
Williams [13].

There are many recent applications to the theory of orthogonal
polynomials; see the papers by Everitt and Littlejohn [3], and Everitt and
Maric¢ [5]; also the doctoral theses of Loveland [8] and Wellman [14].

A suitable choice of the interval (@, b) and the set {(, 1} leads to many
interesting integral inequalities. In particular the integral inequality of
Hardy [6], see also [7, Section 9.8], is a special case of the inequality (1.16).

We discuss some of these applications and inequalities in Sections 5
and 6 below.

Remark 2 The condition (1.7) is to avoid the case when one or both of
the functions ¢ and v are null in some neighbourhood of a* and 5™,
respectively.

Remark 3 1In this paper we give, in the spirit of [7, Section 1.7],
elementary proofs of these results. We give a new improved form of
the proofs first given in [1], and discuss additional examples and
applications.

In Section 2 we give an essential lemma; the proofs of Theorem 1 and
Corollary 1 are given in Section 3; the proof of Corollaries 2 and 3 appear
in Section 4; some critical examples are given in Section 5; an application
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of Theorem 1 to a property of the Legendre differential operator is given
in Section 6.

2. ALEMMA

We require

LEMMA 1 Suppose given the interval (a, b), conjugate indices p, g, and a
weight w;letf € L*((a,b): w)andg € L ((a,b) : w); for some c € (a, b) let
g¢ L%([c, b): w); then

x X -1/q
linbl_/ wfg.{/ w|g|q} =0. (2.1)

There is a similar result at a* if g¢ L((a, c]: w).

1/
Proof Lete > 0be given;choose dclosetod™ sothat { f; w|fIF } < &
then for x > d, using the Holder inequality (1.4),

[xwfgl.{ZXW|g|q}_l/q§ /cdwfgl_{/cxw|g;q}-l/q+g,

On letting x — b~ and using lim,_,- [ w|g|?= +o0, we obtain

[l { [ xw|g|q}“/qs ‘

lim sup
x—b~

and the result follows.

3. PROOF OF THEOREM 1 AND COROLLARY 1

Itisclear from the conditions (1.5) and (1.6) and then the definitions (1.8)
and (1.9) that if we impose further the conditions that ¢ and ¢ satisfy

p€ LP([e,b):w) and € Li((a,c]:w), (3.1)

then it follows that the required boundedness of the operators 4 and B
is satisfied. Note also that in this case the condition (1.14) follows
from (3.1).
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The most difficult case for the proof of Theorem 1 is when both of the
conditions (3.1) are not satisfied, i.e.

¢ L7(c,b):w) and o¢LY((a,d]: w). (3.2)

We give the proof when (3.2) holds; when only one of the conditions in
(3.2) is satisfied the proof follows similar lines.

The results (1.10) and (1.11) follow from the given conditions and the
definitions of the operators 4 and B.

We begin with the sufficiency of the condition (1.14) to prove the
boundedness of the operators 4 and B, i.e. we assume that

sup [{ [ wmf’}”p{ / bww}l/q: xea b)]

=K< +o0o (x€(a,b)). (3.3)

To prove the required result for 4 take monotonic sequences {a, € R:
n €Ny} and {b, € R: n € Ny} such that

A< i) < ay <by <bp1 <b (neNy)
and

lima,=a and lim b, =5b.
n—o0 n—0o0

From a standard property of the Lebesgue integral

/ bwwf’ </ " Wl

from this inequality and on integration by parts we obtain

/ b wary < [ b sl { [ ’ w|¢f|}pdx

by

[t { [t}
wo [ [wer}{ [ bWItbfl}p—IW(x)lw(x) 9ldx.

(3.4)
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From (3.3) the first part of the first term on the right-hand side of (3.4) is

dominated by
b p b -p/q
q
{ [} { [ wier

and this is seen to be o(1) for large n on using the Holder inequality (1.4)
and the given conditions on the functions 1 and f. The second part of the
first term is dominated by

e { o)

and this is seen to be o(1) for large n on using the Holder inequality, the
condition (3.2) and the result of Lemma 1.
Thus, on using again (3.3),

/anb" w|Af|? < o(1) + pK? /anbn{/xb w|¢|q}_p/q

b p-1
x { / wa«m} W) dx
= o(1) + pK’I, (say) (3.5)

as n— o0o.
On integration by parts, again as n — oo,

L=p" [—{ / b wl«m}p{ / b wwl"}—p/q]
i /b{ /[ wlwfl}p{ [ w|¢|q}_(p/q)_1w(x>|w<x)r’ dx

-~ =0(1) +q7'J, (say) (3.6)

b

where the o(1) term is obtained on using the same arguments as for (3.5).
Now from the definition of J,, in (3.6) it follows that

Jn+1 ZJn 20 (n GZ);
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then, without loss of generality, we can assume that either J,, = 0 (n € Ng)
or, for some 6 >0,

J,.26>0 (neNy). (3.7)

In the first case, on letting # — +o00 in (3.5) and (3.6) we obtain

b
/ wlAfP=0,
a

i.e. Afe L#((a,b):w).
Assume then that (3.7) holds. Since (3.6) is an equality, and not an
inequality, we can rewrite this result to give

Jo=0(1)+4ql, (n— +00). (3.8)

From the definition (3.5) of I, and an application of the Hoélder
inequality (1.4) we obtain, using g(p — 1) =p,

= nb”wlfup}l/p{ / b { bWWI}p{ / bwww}_iv(xn«p(x)lqu}l/q

<IfIp74 (n € No). (3.9)
Hence from (3.7)—(3.9) we obtain
I < 0(1) + 4|l fll,7/7 (n— +00)

and then
TP < o(1)67V4 + 4| f1l,
<o) +4lfll, (n— +o0). (3.10)
Thus from (3.5) and (3.6)

bn
| wlar? <o)+ pie,

< o(1) +pKP(o(1) + ¢~ ')
<o(1)+pq'KPJ, (n— +o0).
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Hence from (3.10)

b 1/p
{ / w|Af|P} < o(1) + (p/q) P K/
< o(1) + (p/a)"aKIfll, (n— +o0)

and this yields, on letting n — oo,

14f1,< a(p/9) P K| f1,

and since fis arbitrary this last result holds for all f'€ L?((a, b) : w).
Finally then, since ¢(p/q)""? = p'/? "%, we obtain

I4711,< p'?q" Kl f1l, (f € L((a,0) : w)). (3.11)

A similar argument shows that

1Bgll,< p'"7q"Kligll, (g € L((a,0) : w)). (3.12)

These last two results show that the condition (1.14) is sufficient to
establish the required boundedness properties of the operators 4 and B
of Theorem 1, and the inequalities (1.15) and (1.16) of Corollary 1.

To show that the condition (1.14) is necessary for the boundedness
result of Theorem 1 define, for all a € (a, b), the functionf,, : (a, b)) — Cby

0 (x € (a,)),

falx) = {«z<x):¢<x>|"‘2 (x € o b));

then it may be seen that f,, € L?((a, b) : w).
Now suppose that the operator A4 is bounded on L?((a, b): w), say

| Af |, < k|| f |, for all f€ LF((a, b) : w); then

[ W ras

/ab wly|? P/aa wlglP+ /ab W(X)|<P(X)lp{/xb wwjiq} doc

Sk"/bWIfal”-—‘k”/bWId)lq (a € (a,0)).
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This result gives

[
{ / ' wwr’}p_l [ o< e
{/aa wlwl”}l/P{Lb w|¢lq}1/qg k (a€(ab)). (3.13)

Thus the condition (1.14) is seen to be necessary if the operator is
bounded in L?((a, b) : w).

There is a similar proof of (3.13) if it is assumed that the operator B is
bounded on L((a, b) : w).

The Hardy integral inequality [6], see also [7, Section 9.8], shows that,
in general, the number p'/? ¢'/% K is best possible for the inequalities (1.15)
and (1.16) to hold; this example, and other examples are discussed in
Section 5 below.

P ,q b
/ Wl <k [ wlplt (@€ (@b)

and hence

thus

4. PROOF OF COROLLARIES 2 AND 3

Proof of Corollary 2 From the definitions given in Section 1 and on
integration by parts

iy = [ ’ W(x)w(x){ / b wzbf}g(X)dx

- [ / " g / ’ w¢f]i+ / "{ / ) wsog}W(xw(x)f(X)dx
_ / ’ w(x)f(x)w(x){ / ) w<pg}dx

= (/. Bg),, (f€L’((a,b):w)andge Li((ab):w))

since the integrated term [- - ]z is seen to be zero on using the methods
given in Section 3. This gives the proof of (1.17).
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The proof of (1.18) follows from standard procedures in functional
analysis.

Proof of Corollary 3 Suppose that the functions ¢ and ¢: (a,b) = R;
then with (-, - ), as the inner-product for L*((a, b) : ), and integrating by
parts,

(f.e = | b w(x)go(ao{ / b wwf}g(X) dx

- [ o [ ’ wzpf]i+ / b{ I wsog‘}W(xw(X)f(x) dx

L[ wog i) ax

= (£Be), (fg€LX(@d):w)

since the integrated term |- - ]z is seen to be zero on using the methods
given in Section 3. This gives the proof of (1.20).

5. EXAMPLES

Example 1 Let a=0 and b=+oc0, with p(x)=1, Y(x)=1/x and
w(x) =1 for all x € (0, +00); then

K(x) = q

(x € (0,00)) and Kp'/Pg"/1=p= T
(5.1)

and, from the definitions of the operators A and B, we obtain the inequalities

_!
(g-1"

l4fll, <plfl, (€20 +o0)),
I8l < 2 lell, (s € £9(0, +00).

Equivalently these inequalities may be written in the form

/0+00 /:oo -}f(t) dz

dx SP"/0+OO|f(x)|”dx (/'€ L7(0, +0))




AN INTEGRAL OPERATOR INEQUALITY 257

and
+o00 1 x
A E ‘/Ov g(t) dt

In all these inequalities the bounds shown are best possible, and the only
case of equality is when f(x) = g(x) =0 for almost all x € (0, c0).

< () [ Tlerrex (e e 20,4,
(5.2)

Proof A computation shows that the results givenin (5.1) are valid and
the inequalities then follow from Theorem 1 and Corollary 1.

The inequality (5.2) is Hardy’s integral inequality; see [7, Section 9.8,
Theorem 327].

The proof'that the bounds are best possible and that the null function is
the only case of equality, follows the analysis given in [7, Section 9.8]. It
is of interest to note that the very general form of the inequalities in
Theorem 1 and Corollary 1 precludes the possibility of determining, in
the general case, the best possible bounds and the cases of equality; such
detail has to be left for analysis in individual and special cases; Hardy’s
integral inequality is an example of this procedure.

Example 2 Let a=-—o0o0 and b=+oo, with @(x)=-exp(x),¥(x)=
exp(—x) and w(x) =1 for all x € (—oo, +00); then

K(x) =p~ g7 11 (x € (o0, +0)) and Kp'/Pq'/7=1 (5.3)

and, from the definitions of the operators A and B, we obtain the inequalities

471, < I1f1, (f € LP(=00, +0)),
1Bglly < llgll, (g € L (o0, +00)).

Equivalently these inequalities may be written in the form

| ew(o)

e 9}

/ " expenf(0) di| dx

< /_ +mlf(x)l" dx (f€ LF(~o0,+00))
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and

q
dx

/_ " exp(—gx)

o0

/_ " exp(t)g(r) di

o0

< /_ +mlg(x)|q dx (g € LY(=00, +00)).

00

In all these inequalities the bound 1 is best possible and the only case of
equality is the null function.

Proof A computation shows that the results given in (5.3) are valid and
the inequalities then follow from Theorem 1 and Corollary 1.

To prove that the bound 1 is best possible substitute in the first integral
inequality f= fy where

fx(x) =1 (x€[-X X])

and f is zero elsewhere on (—oo, 00). A computation then shows that

47,
X—+oo || fxll,
if
X
Jim_ (20" /_ ll-ep(-(X—Pdx=1. (54

To prove this result let ®: (0, +o00) — (0, oo) be defined by
e
20 = 0" [ [1-exp(-(X-x)Pdx (X€ (0.+00))
-X
Then
X
B(X) < (2X)"! / ldx=1 (X (0, +00))
-X

so that

limsup ®(X) < 1. (5.5)

X—+00
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Now let § € (0, 1); then
20> @) [ 1~ exp(— (X — ) dx
e
>0 [ {1 - exp(~(x - X dx
—-6X

6X
— [l — exp(=X(1 — 6))P2X)"! /_ 1dx (Xe(0,+0)

and from this last result it follows that

liminf ®(X) > 6;

X—+o00

thus
im i > .
l}’l’l{,‘of@(m >1 (5.6)

The required result (5.4) now follows from (5.5) and (5.6).

There is a similar proof concerning the best bound of 1 for the second
integral inequality of this Example 2.

The proof that the only case of equality is the null function follows the
lines of the corresponding proof for Example 3 below and is omitted.

Example 3 Leta=—1andb=1,withp(x)=(1—-x)""¢¥(x)=(1+x)""
and w(x) =1 for all x € (—1,1); then for all x € (—1,1)

K(x) = —— I ot () o
RETEDIECPE A SRR

{2‘1"1 -1 +x)q—1}1/q
X .
1—x

The following results hold:

1. For p#2, i.e. ¢#2, the function K(-) is continuous on [—1,1] with
K(—1)=K(1) =0, and the bounding condition (1.14) is satisfied; thus
the operator and integral inequalities are valid.

2. Forp=q=2

K(x)=2"" (xe[-1,1))
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and the bounding constant p'’? ¢"'? K = 1; the integral inequalities take
the form

/_11 (1 ~1x)2

and

L * ]
/_1 (1+x)* /-1 iU

The bound 1 in these two inequalities is best possible and the only case of
equality is the null function.

2 1
dx < / MPdx (fe I2(-1,1))
-1

L
/x 1+tf(t)dt

2 1
dxs/ lg(x)dx (g€ L*(-1,1)).
-1

Proof Theseresults follow from a computation for the function K( - ) as
defined in (1.12), and then on a calculation with the explicit form of K( - ).

In Case 2 to prove that the bound 1 is best possible in the first of the two
inequalities, substitute, with € € (0,1/2), the function f; defined by

{1+ (xe(-1,0]),
ff(")"{o T ke

then f. € L*(—1,1). Then the right-side of the inequality gives

/0 1 1 .
_lmd.x:z—s(l'i'O(S)) (8——)0 )

The left-hand side reduces, after a calculation, to

4 0 1 1
(1- 25)2/_1 (1—x)?(1+x)% dx+ O(1)

1 0 1
= 2/ 7 dx
(1-2)"J1(1+x)

0
+(1+2€)2-/_1(3 - x)(1+x)*dx+0(1)

_ mi_(l +0(E) (e— 0%).
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Thus the quotient (left-hand side)/(right-hand side) tends to the limit 1
as € — 07, and the bound 1 is best-possible for the inequality.
There is a similar argument for the second of the two inequalities.
To prove that the only case of equality is the null function start by
noting that a consequence of the first inequality of Case 2 is that

/-]1 (1 —lx)2 /xl 1 —ll—tf(t) dt de < /_11 (1 _lx)Z {/xll _li_ t|ﬂt)|dl‘}2dx
< [ ras (5)

since f'€ L*(—1,1) if and only if | /] € L*(—1,1). Thus it is sufficient to
argue with the case of equality when

Sx) 20 (xe€(-1,1)). (5-8)

Thus, on integration by parts,

/;11 (1 _lx)l {/xl 1 _li_tf(t)dt}zdx
x 1
) [/1 7 dt‘{/xlﬁzfm d’}z]

-1

+2/_11{/_):(1_1t)2 dt} {(f)x{/xll_ll_tf(t)dt}dx. (5.9)

From the formula for K(-) above with p=¢=2

x LS | 1
/.lmd’/x sy el (5.10)

Thus the integrated term in (5.9) becomes

— 1
[3{ [l ([ d,}z] ]

and this expression is seen to be zero by the methods of Section 3.
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Hence (5.9) becomes, noting that f; (1+2)*dr=(1—-x)x
201+ (xe (-1,1)),

/-11 ( —1x)2 {/xl 1 -ll- U dt}zdx

- /_llﬁf(x){/xlﬁ—;f(t)dt} dx.

At this stage it is important to note that this last result is an equality to
which the Cauchy—Schwarz inequality is applied to give

/—11 (1 .}x)2 {/xl 1 _l‘_tf(t)dl}zdx
) {/11 T {/l 0 dt}zdx}l/z

v {/_lllf(x)|2dx}l/2 (5.11)

unless, for some o € R,

(67

flx) = T— x/xll;-i-tﬂt) dz (almost all x € (-1, 1)). (5.12)

From (5.8) it follows that a >0; if @« =0 then fis null on (-1, 1), so
suppose that a > 0.
Now since #(1+ 0)f(¢) € L} ,(~1,1) it follows from (5.12) that

f€C(=1,1), and then that fe CP(—1,1). Differentiating (5.12) then
gives

(1= xf(x)" = (1 =x)f'(x) = f1x) = a1+ x)7f(x) (x € (=1,1))

ie.

(14x—a)

) =m0 (xe(=L1)) (5.13)

This last result is a first-order, linear differential equation for f that is
regular on (—1,1) but is singular at £1. Since f>0 on (—1,1) and
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fe C(-1,1) either fis null on (—1,1), or for some point xy € (—1,1) it is
the case that f{xo) > 0. In the second case apply standard methods of
solution to (5.13) to give

f(x) =ﬂxo)ﬁexp( / -7 dt) (x e (-1,1)).
(5.14)

If o € (0,1] then (5.14) implies that, for k> 0, near 1~

Sz k(1 =)

and this result gives f¢ L*(—1,1); if o € (1, 00) then, similarly, near —17
the same result holds and again f¢ L*(—1,1). This contradiction on the
hypothesis '€ L*(—1,1) implies that fis null on (—1,1).

Returning now to (5.11) we have either fis null on (—1,1) or fis not null

and
{/-11 (1 jx)z {/xl i/ dt}ldx}l/: ‘

in which case we can cancel this factor from both sides and then, on
squaring the result, obtain, noting again (5.7),

o Lo g
/—1(1—x)2/x 1+tﬂt)dt

unless fis null on (—1,1).

There is a similar proof for the case of equality in the second inequality
of Case 2.

This result completes the proof for Example 3.

In Case 1 it is not known if there is an explicit formula for the upper
bound of K{(-) on the interval [—1,1], in terms of the parameters p and g,
nor if there are any cases of equality other than the null function.

1
dx</ f)fPdx (fe L(—1,1))
-1

6. AN APPLICATION

There is an important connection between orthogonal polynomials,
defined on thereal line and generated as solutions of ordinary differential
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equations with a spectral parameter, and the spectral theory of self-
adjoint operators in Hilbert function spaces; for a survey of the main
results, up to 1990, see [4]. The operator and integral inequalities of [1]
and the results in this paper have played a significant rdle in the
determination of the domains of the unbounded self-adjoint operators
in this connection, see the results in [8, 14]. For an example the case of
the Legendre differential operator is considered as an application of
Theorem 1.

The Legendre differential expression M:D(M)cC L*(—1,1)—
L*(—1,1) is defined by

M[f]:=—-((1-x)f"(x))" (x€(-1,1) and f€ D(M))
where

D(M) = {f:(-1,1) = C: (i) £.f € ACioe(—1,1),
(ii) £, M[f] € L* (-1, 1)}.

In general the elements of D(M) have singular behaviour near the end-
points +1. For example the function [(x):=In((1+x)/(1—x))
(xe(—1,1)) is a member of D(M) but has logarithmic singularities
near £1, and /(x) =2/(1 — x%) so that /' ¢ L'(—1,1).

The self-adjoint operator S in L*(—1,1) associated with the Legendre
polynomials is defined by, see [3, 4],

D(S) := € D(M): Jim (1 - )/ (x) = 0)
and
Sf:=M[f] (f€D(S)).

The elements of this domain D(S), in comparison with D(M), enjoy
remarkably smooth properties; from the results in [5]:

COROLLARY 4 Let f€ D(S) then:

(i) feAdcC[-1,1]
(i) f'eL*(-1,1).
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Proof The idea for this proof is taken, in part, from the forthcoming
paper [5]; see also [3, pp. 58,59].

Let f'e D(S); then M[ f]€ L?[0,1) so that M[ f] € L'[0,1); hence for
O<x<éxl

13
/ MI1(1) de = (1 - €)7(€) — (1 - ) (v).
In this result let £ — 17 to obtain, from the definition of D(S),
1
/ MU de = —(1 - P)f'(x) (xe[0,1)),

ie.

1
l_l/x M dr (xe[0,1)).

f'x) =

x2

To this last result apply Theorem 1 with p=¢=2, a=0,b=1 and
o(x)=(1—x%71, ¥(x) =1 for all x € (0,1). In this case

X 1
K(x)2=/0 ﬁdt/x 2dt (xe (0,1))

and it may be seen that K( -) is bounded on (0, 1).
Hence an application of Theorem 1 gives

f'=4fe [*0,1) (fe D(S)).

A similar argument shows that /' € L*(— 1,0); thus f’ € L*(— 1, 1).
Since f'€L*(—1,1) implies that f’ e L!(—1,1) it follows that
fe AC[-1,1].
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