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We prove an optimal relative isoperimetric inequality in concave cylindrical domains in
1n, which generalizes the well-known two-dimensional relative isoperimetric inequality
L > 27rA in a planar sector with angle greater than or equal to
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1. INTRODUCTION

The aim of this paper is to point out an optimal relative isoperimetric
inequality in concave cylindrical domains in I1n which plays an impor-
tant role in the Sobolev inequalities and the mixed boundary value
problems of partial differential equations.

LetSbe a sector in I12 with the sector angle 0 < 27r. It is well-known that
a domain f c S satisfies the optimal relative isoperimetric inequality

Length(0Ft- 0S) > 20Area(Ft)
Length(0f- 0S) > 2zrArea(Ft)

if 0 < rr, (1)
if 0 >_ 7r. (2)
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In [3] Lions and Pacella have obtained a generalization of (1) to sub-
domains of convex cones in Rn, n > 2 (see also [4]). In the same paper
they have also pointed out some applications to symmetrization prob-
lems and Sobolev inequalities.

In this paper we will give a higher dimensional generalization of the
inequality (2). To state the result we first fix notations. Let f: 1t 11
be a Lipschitz continuous convex function i.e. for any A E [0, 1] and
any t, t2 E

f[(1 A)tl + At2] < (1 A)f(tl)+ f(t2).
Let W be the closed cylindrical concave (the complement of a convex)
domain in n, n > 2, defined by

W-- {(Xl,X2,...,Xn)Ix2 _<f(x)}.

For n 2, W is just the set V of points on and under the graph off
in Ii2 and, for n > 2, W is the product ofV and n-2. With this notation
we state

MAIN THEOREM Let f be a compact domain in W with rectifiable
boundary Of. Then we have the relative isoperimetric inequality

Voln-1 (Of O]/Y) >_ n Woln()(n-1)/n,

where wn is the volume ofthe unit ball in n. The equality case occurs ifand
only ifgl is a Euclidean halfball with Of OVa; an Euclidean halfsphere.

Remark For n--2, we recover the well-known relative isoperimetric
inequality i.e. for g/c V

Length(0f- 0V)2 27rArea(ft).
By the well-known arguments we can deduce optimal Sobolev type

inequality.

COROLLARY Suppose the convexfunctionf is continuously differentia-
ble. Let be a smoothfunction with compact support in 14; (note that may
not vanish on OW). Then we have

JW ix7 _> n I1
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We now sketch a brief outline of the proof of the Main Theorem.
Precise statements will be given in the next two sections. We consider the
abstract geodesic metric space (in the sense ofAlexandrov and Gromov)
A4 defined by the disjoint union of W with itself under the identifica-
tion along OW. We will show A//is nonpositively curved in the sense of
Gromov, i.e. CAT(0)-inequality holds for any geodesic triangle in 3//.
Since A4 is piecewise-linear we may apply the optimal isoperimetric
inequality in [2] recently proved by Cao and Escobar. Then the required
relative isoperimetric inequality in W follows from the existence of
canonical isometric reflection in i.e. the reflection with respect
to OW.

2. PRELIMINARIES

We list some aspects of the theory of geodesic metric space in the sense
of Alexandrov and Gromov which will be used in the proof. For details
we refer the reader to [1] and [2].

Let (A’, d) be a locally-compact, geodesic metric space. Then any two
pointsp and q ofA’ can be connected by a geodesic (i.e. distance-realizing
curve). We denote this geodesic byff-. Let A A(a0, al, a2) be a geodesic
triangle with vertices a0, al and a2. The corresponding comparison
triangle A’ A’(a, a, a) is a triangle in ]12 with the same side lengths
as A. A is said to satisfy CAT(0)-inequality (comparison inequality of
Alexandrov and Toponogov) if, for anyp E and the corresponding
pointp’ E aa’2 such that d(al,p) dR2(dl,p’), we have the comparison
inequality

d(ao,p) < dR2(ao,p’).

A is said to satify CAT*(0)-inequality if, for any p E and q aoa2
and the corresponding points p’ q’aoal and aoa2, we have

d(p, q) <_ d:(p’, q’).

We now recall three Lemmas from [1].

LEMMA 1 [1, Lemma 3] CAT(O)-inequality andCAT*(O)-inequality are
equivalent on any convex subset ofX.
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LEMMA 2 [1, Lemma 4] Let A(ao, b, c) and A(al, b, c) be geodesic
triangles satisfying CA T*(O)-inequality. Suppose aob tA bal is a (minimal)
geodesic between ao and al. Then the geodesic triangle A(ao, al, c) also

satisfies the CAT*(O)-inequality.

LEMMA 3 [1, Corollary 5] Let "1 and ,’9(2 be geodesic spaces satisfying
CA T*(O)-inequality. SupposeA1 C 2(1 andA2 C 2(2 are closedandconvex
subsets such that there is an isometry ofA1 onto A2. Then the glueing 2( of
2(1 and 2(2 under the identification ofA andA2 via the isometry is also a
geodesic space satisfying CA T*(O)-inequality with the canonical glueing
metric given by

f dxj(p,q) ifp, q E 2(j (j= 1,2)
dx(p,q) inf[dxl(p,r) + dx:(q,(r))] ifp 2(1 and q 2(2.

rEAl

A geodesic space 2( is said to be nonpositively curved in the sense of
Gromov ifCAT(0)-inequality is satisfied, locally. It was recently proved
by Cao and Esocobar that the Euclidean isoperimetric inequality
remains true in a simply-connected, complete, piecewise-linear space
which is nonpositively curved in the sense of Gromov.

THEOREM [2] Let .Mn be a simply-connected, complete, piecewise-
linear manifold which is nonpositively curved in the sense of Gromov.
Then,for any compact domain 9t c iV[ with rectifiable boundary Of, the
Euclidean isoperimetric inequality

Voln-1 (O) nwln/n Vol,(ff) (n-1)/n

holds, and the equality occurs if and only if f is isometric to a Eucli-
dean ball.

3. PROOF OF THE MAIN THEOREM

First note that the convex functionfdefining the cylindrical domain 14
may be assumed to be piecewise-linear by simple approximation argu-
ments. IV is clearly a geodesic space with respect to the intrinsic metric
i.e. for any p, q W,

dw(p, q) inf Length(c),
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where the infimum is taken over all continuous paths c lying in W and
connecting p to q. With respect to this metric the boundary 0"14; is a
closed and convex subset ofW. Note also that OW is isometric to IRn-l,
because cOW is the product of the graph off: IR IR and IRn-2. Now we
consider the piecewise-linear geodesic space Mn obtained from glueing
W with itself under the identification along OW. We claim that M is
nonpositively curved in the sense ofGromov. In view ofLemmas and 3
it suffices to check the validity of CAT*(0)-inequality in 14;.

Let A A(a, b, c) be a geodesic triangle in W. If A is an Euclidean
triangle, there is nothing to prove. If A lies entirely in OW, CAT*(0)-
inequality is also trivial because OW is isometric to IR-1. The remaining
case can be handled with the aid ofLemma 2. In fact, since the functionf
is piecewise-linear and the closed domain W is concave (i.e. the com-
plement of a convex domain in n), we can decompose A into the union
of finite number of Euclidean triangles Aj,j 1,2,..., l. Hence, apply-
ing Lemma 2 successively, we conclude that A satisfies CAT*(0)-inequal-
ity and thereby we have proved the claim.

Let f be any compact domain in W with rectifiable boundary 0[2.

Note that the space 3d has the canonical isometric reflection (with
respect to OW) and thus there is a compact domain 2 c 2M, the union
of f with itself under the identification along 0f 0W, satisfying the
following volume relation

Voln(fi) 2Voln()),
Vol_ (Off) 2Vol_l (0f2 cOW).

Since AA is a simply-connected, complete, piecewise-linear and non-
positively curved space we may apply the isoperimetric inequality by
Cao and Escobar and then, substituting the above volume relation, we
obtain the required relative isoperimetric inequality. The equality case
follows easily from the equality case of [2] and the proof is completed.
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