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Let Ebe a real separable and reflexive Banach space, Xc_ Eweakly closed and unbounded,
,I and two non-constant weakly sequentially lower semicontinuous functionals defined
on X, such that +A is coercive for each A > 0. In this setting, if

inf sup((I)(x) + A((x) + p))sup inf((x) + A((x) + p))
xX >_oA>O xX

for every p E R, then, one has

inf sup((x)+ A(x) + h(A)),sup,x_>o xexinf((x) + A(x) + h(A)) xex ,>_o

for every concave function h’[O, +[ R.
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Weakly sequentially lower semicontinuity
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1. INTRODUCTION

Here and throughout the sequel, E is a real separable and reflexive
Banach space, X is a weakly closed unbounded subset of E, and ,
are two (non-constant) sequentially weakly lower semicontinuous
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262 G. CORDARO

functionals on X such that

lim ((x) + Aq(x)) +
xe.V, llxll--./c

for all A > 0.
In this setting, the importance of finding a continuous concave func-

tion h’[0, +c[ R such that

SUPxinxf((x + A(x) + h(A)) < infsup((x) + A(x) + h(A)), (1)>0 xeX )>_0

has been clearly shown by Ricceri in a series of recent papers ([2-4]).
Actually, if that happens, there is an open interval I c_ ]0, +o[ such that,
for each A E/, the functional +A has a local non-absolute mini-
mum in the relative weak topology of X. In turn, under further appro-
priate assumptions, this fact leads to a three critical points theorem
(Theorem of [4] improving Theorem 3.1 of [3]) which is a new, useful
tool to get multiplicity results for non-linear boundary value problems
([1,2,4]).

In [3], just in view of an application to the Dirichlet problem, Ricceri
pointed out a natural way to get (l), with a linear h ([3], Proposition 3.1).
At the same time, he asked ([3], Remark 5.2) whether it may happen that
for a suitable continuous concave function h, (1) holds, while, for every
p E R, one has

inf sup ((x)+ A((x)+ p)).sups_>0 xexinf ((x) + A((x) + p))
xeX >_o

The aim of this paper is to answer, in negative, Ricceri’s question.
Our result is as follows.

THEOREM
equivalent."

Under the assumptions above, thefollowing assertions are

(i) For every p R, one has

inf sup((x)+ A((x) p)).sup,x>_0 xxinf((x) + A((x) P))
xX ,>_o
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(ii) For every p E ]infx, supx[, one has

O(x) -infv-(]_oo,p])
sup

xe*-’(lp,+o[) p- (x)

{I,(x)- inf,-,(]-o,t,])< inf
x,-l(]-oo,p[) p- (x)

(iii) For every concave function h:[0, +cxz[ R, one has

inf sup((x) + A(x) + h(A))sup xinxf((x) + A(x) + h(A))
xeX ,>_oA>_o

2. PRELIMINARY LEMMAS

The proof of Theorem needs some rather delicate lemmas. We prove
them in this section. From now on, we denote l.s.c, as lower semicon-
tinuous, u.s.c, as upper semicontinuous, X[a,b] the characteristic function
of a real interval [a, b].

Except for Lemmas and 4, we also assume that the two functions,
satisfy (ii) ofTheorem 1.

LEMMA Assume that a,/3 R+ with a </3, then the following asser-
tions are equivalent:

(il ) For every p R, one has

inf sup (I’(x) + A((x) p)).sup xinxf((x)+ A((x)P))=xXa[,,a][,]

(iil) For every p ]infx,supx[, one of the following two pairs of
inequalities holds:

sup
b(x) a(p)

x-,(]p,+oo[) P- (x)
>/3, (2)

sup
,(x) b(p) (x) b(p)

x,V-’(]p,+oo[) P- t(x)
< inf

x,--,(]-,,[) p- tI,(x) (3)
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or

((x) a(p)
sup _</3,

x,-,(],,+oo[) p- (x)

sup ((x) a(p) < inf
(b(x) a(p)

p- p-

(4)

whereas

a(p) inf (b(x) + a((x) p))
x,I,-’ (]-oo,p])

and

b(p) inf ((I,(x) +/3((x) p)).
x-’ (1,,+oo[)

eroof
(il)= (iil)
Fix p ]infx, supx[, we have

inf sup ((I)(x) + A((x) p)) min{a(p),b(p)}.
xEX

We prove that

b(p) < a(p) = (2) and (3)

a(p) < b(p) = (4)and (5).

Suppose b(p) < a(p), then infxxSupa[,#] ((x) + A((x) p)) b(p),
moreover there exists E -(]p,+c[) such that ()+
/3(() p) < a(p), then

that implies (2).
Since sup<, infxex((x) + A((x) p)) b(p), there exists

[a,/3] such that

inf((I)(x) + Ap((x) p)) b(p),
xX
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thus we have

’(x) b(p) fig(x) b(p)
sup inf

xe,I,-,(],,+[) P- (x)
< Ap <

x,I,--,(]-,p[) p (x)

that implies (3).
Supposea(p) _< b(p), then infxxSupa<,l ((x) + A((x) p)) a(p).

The inequality (4) holds, in fact if it does not hold, we have

sup (x) a(p)
x,i,-l(lp,+[) p- (x)

>/3,

that implies b(p) < a(p) against the hypothesis.
Since supaet, infxex((x) + A((x) p)) a(p), there exists Ap E

[a,/3] such that

inf((x) + Ap((x) p)) a(p)
xX

thus we have

(x) a(p) (x) a(p)
sup inf

x,I,-’(l,,+[) P (x)
< Ap <

x-,(l-,p[) p- (x)

that implies (5).

(iil ) = (il )
Let p E ]infx 9, supx[ be such that (2) and (3) hold. In the previous
proof"(//) = (iil)" we saw that (2) =, b(p) < a(p), then at first we have

inf sup ((x) + A((x) p)) b(p).
xeX

Put

(x) b(p)
Ap sup

9(x)Lx,i,-(]p,+[) P
inf

x-(]-,p[)
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it is Ap J. In fact, Ao is empty iff

inf
(x) b(p)

x-(l-o,[ p- (x) < a or sup
x--, (]p,+o[)

If it is

(x) b(p)
inf

x,X,-,(l-,p[) p- (x)

then a(p) < b(p) that contradicts (2).
If it is

sup
(x)- b(p)

> ,
x-,(lp,+[) P- (x)

the absurd

I,() + fl((2) p) < inf ((x) + fl((x) p)),
x-(],+[)

for some g -(]p, +o[ ), is obtained.
Thus we can choose Ap Ap for which infxx’b(x) + Ap(q(x) p) >

b(p), that implies the equality

inf sup ((x)+A((x)- p)).sup inf((x)+A((x) p)) b(p)
xX[a,] xX

Let p E ]infx, supx[ be such that (4) and (5) hold. It is

inf sup ((x) + A((x) p)) a(p).
xX[,a]

Put

(x) a(p)
Bp sup

Lx-,(]p,+[) p- ,(x)
inf

x,- (]-o,p[)

(x)- -)P)] N [a, fl]
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it is Bp O. In fact, Bp is empty iff

inf
(x) a(p) +(x) a(p)

xe-(l-o,p[) p (x) < a or sup >/3.
xe-,(lp,+oo[) P (x)

The second inequality contradicts (4).
The first inequality implies that, for some E -l (]-o, p]),

(.) + a(()- p) < inf ((x) + a((x) p)),
xC,-(]-oo,p])

and this is absurd.
Thus we can choose AR E Bp, then infxex((x) + Ap((x) p)) _> a(p),

that implies the equality

inf sup ((x)+ A((x)- p)).sup in_.f.(I,(x)+ A(I,(x)- p))- a(p)=
xXe[,]

It is easily seen that, if p E R\]infx, supx[- 0, the equality

inf sup ((x) + A((x) p))sup inf((x) + A((x) p))
xeX,x[,] xX

holds.

COROLLARY
one has

Fix arbitrarily a, 3 R+ with a < fl, thenfor any p R,

inf sup ((x) + A((x) p)).sup inf((x) + A((x) p))
xeX[,]e[,] xeX

Proof Let us consider arbitrary a,/3 R+ with a </3, by Lemma it is
enough to prove that (iil) is true.

Let p E ]infx, supx[, since a(p) < inf-,(l_,pl) the following
inequalities hold:

sup (b(x) a(p) < sup
xe,-,(lp,+oo[) P- (x) x--l(lp,+o[)

(x) -inf-,(]_oo,p])
p- ,(x)
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and

,I,(x) -inf.-. ,b ,b(x) a(p)
inf (]-o,]) < inf

x-.(]-o.[) p- (x) -.(]-o.,[) p- (x)

owing to (ii), then we have

’(x) a(p) ’b(x) a(p)
sup < inf

x-.(l.+o<) P- (x) -x-.(l-.() p- (x)

So, if a(p) < b(p) then (4) and (5) hold.
Ifb(p) < a(p), then (2) holds, moreover since b(p) < inf,-,U_o,p]) (I) and

by (ii), we also have (3).

LEMMA 2 Let a, e R+ with a < and p

_
]infx, supx[ such that

b(p) < a(p), then t-l(p) andfor any "7 E [a, fl] one has

inf I, (x).inf (,I,(x) + 7((x) p))
xe-()x-’(l-,d)

Proof Fix a, fle R+ with a < fl and p e]infx,supx[ such that
b(p) < a(p), by (ii), (2) of (ill) Lemma and a(p) <_ inf-,(l-o,pl) I,, we
have

inf
,I,(x) infm-,(]_,p])

>/3.
x-,(]-,o[) p- (x)

Then, for every 7 [0, fl], since infx-,(l-oo,pl) (q(x)+ 7((x)- p))<
inf-,(l_o,pl) q), it turns out that

inf
+(x) c(p)

> %
x-’(l-o,p[) p-- (x)

where c(p) infxe,-,O-o,pl) ((x) + 7((x) p)).
x e ,I,-(1-o, p[),

Thus for every

(x) + 7((x) p) > inf (x) + 7((x) p))
xe-’(l-o,p])

((b
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moreover there exists x* E q-(]-c, p]) such
7((x*) p)= c(p), so it is necessarily x* E -l(p) and

that (x*) +

inf ((x) + "y((x)- p)) inf (x).

LEMMA 3 Consider a,/R+ with a < and a subdivision a ol. (_

a2 <_"" <_ a,-2 < a,_ of the interval with n >_ 3. Define thefunction
h’[a, fl]R

n-I

h(A) E X[,,,+,](A)(piA + ai) for each A [a, 3],
i=l

where {Pk} l<k<.-I is a non-increasingfinite sequence ofreal numbers and
ai+l :ai+ (pi- pi+l)OZi+lfor < < n 2, with al R arbitrarily chosen.

Then one has

inf sup ((x) + A(x) + h(A))e[a,]sup xexinf((x) + A(x) + h(A))
xeX,xe[a,/]

(6)

Proof By Corollary 1, we have

sup xinxf((x)+ A(x)+ h(A))
[,1

max inf sup ((x) +A((x) +pi) +ai),
<i<n- xX)t[Oti,Oi+l]

thus there existsj E { 1,2,..., n } such that

sup xinxf((x)+ A((x)+h(A)))--- inf sup (x)+ (x)+pA+

(7)

For the sake of simplicity, we denote

f.(x, A) (x) + A((x) + Pi) + ai

for _< <_ n being x and A on the respective domains.
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Ist Step
At first, we prove the thesis when infx <-p< supx9 for every
l<i<n-l. Fix l<i<n-2 for every xE-(]-o,-pi+]) and
<_ k < n 1, we have

sup ((b(x) + A((x) + Pk) + ak)

> sup ((x) + A((x) + Pk+) + ak+l),

hence

max sup ((x) + A((x) + Pk) + ak)
i<k<n-I

sup (,I,(x) + A(tg(x) + pi) + ai).

Fix 2 _< < n 2, if II/-I(]--Pi, --Pi+I])
x e ffJ-l(]-pi,-Pi+d) and 2 < k _< i, we have

then

sup ((x) + A((x) +
[Ok,k+l

>_ sup ((x) + A(tg(x) + Pk-) + ak-l),
e[k-,k]

for

(8)

every

whence, by (8), it follows that

max sup ((I,(x) + A((x) + Pk) + ak)
l<k<n-I ,,[O/k,Ok+l

(X) + Oi+1 (tX/(x) q-- Pi)zt" ai.

For every x -l(]-p._t, +o[) and <_ k < n 2, we have

sup ((x) + A((x) q- Pk+l) -k- ak+l)
,e[c+ ,a+2]

>_ sup ((X) -I- ,k((X) -I" Pk) -b ak),
e[,k+]
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hence

max sup ((I)(x) + A((x) + Pk) + ak)
l<k<n-I/[Ok,Ok+l

(X) -+" ((X) -k- Pn-1) -k- an-l.

We set N= { <_ < n 2/-(]-pi, -Pi+d) :/: } and

+
6 min inf

iN x,-(]-p,-p+])

if N=0
f.(x, ai+) if N : O’

then it follows that

inf sup ((I’(x) + A(x) + h(A))
xX

min{6, inf f(x,a), inf fn-(x, fl)}.,-(]-o,-p]) x-’ (]-p._ ,+o

Now we state and prove the following assertions:

(a) If

inf f(x,a+) < min{6, inf f(x,a)),x-(]-,+o[) x-(]-o,-A)

then for every j_< k < n 1, we have

inf f(x, Ok+l) inf f.(x, aj+)
x-(]-p,+[) x-(]-,+[)

< inf f(x,
x-,(]-oo,-p])

(b) If

inf fj(x, aj) < inf f.(x, aj+)x-(]-,-pA) x-(]-p,+[)

and

inf fj.(x, aj) < 6,
x,- (]-,-p/])

(9)
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then for every < k <j, we have

inf fk(X, ak) inf fj(x, aj).
xeO-(l-,-p1) xe- (]-o,-py])

Let us prove (a).
Ifj n- the thesis is obvious.
Let j<n-1, inequalities obviously hold for k=j. Put T=

{j < k < n 1/such that the inequalities hold}, then T since j E T.
-iLet rn E T with rn < n 2, we denote Am,m+l (I--Pro,--Pm+l]),

then

inr fm+ (X, O/m+l
xe,I,- (]-,-p,+])

inf fm (X, O/m+

inr fm X, Om+
x,-(l-o,-p])

if Am,m+l O,

min{ inf
xe-(1-,-,,1)

fro(X, Om+l inf fro(X, O/re+l)
XAm,m+l

if Am,m+l 7 .
(10)

Since m T,

inf (x) q-- Om+ (kit(x) + Pro))xe- (1-,+o[)

< inf (t(X) "nt- Ol,m((X + Om)),

then, by Lemma 2, we have txt-l(-pm) and

inf (+(x) + Om+l (tI/(x) + tim))
xe,I,-’ (]-,-p])

inf (t(X) "It" Om((X) ’t- Pm)),
xe,V- l-,-p,,l)
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so one has

inf J)(x, aj+,) < inf fm(X, Om+ ).
X.ff- ]--pj,+O[ X.- ]--O,--pm])

Moreover, if Am, m+l , then the hypotheses imply that

inf f.(x, aj+) < inf fro(x, O/m+l ).
XE- ]--py,q-Cx3[ XffJ-l ]--pm,--Pm+ ])

Consequently, by (10), it follows

inf J)(x, aj+) < inf fm+ (X, Ogm+l ).
Xffff-l ]--pj,q’O0[ Xffd-l ]--OO,--Pm+l ])

(11)

By (7), we have

inf
xc,I,- (]-pj,+o[)

fj(x, aj+) max inf sup
l<i<n- xX/[oi,oi+1

f,.(x,

hence

inf [)J)(x, aj+) > inf sup fm+ (x, A)
XCz ffff pj,-.[-O0 xCX ,E[Om+1,0tm+2

f
min inf fm+ (X, Ol,m+ ), inf

txC-1 (]--O0,--Pm+l ]) XC-l(]--Pm+l ,-bOO[)
fm+l (X, Om+2)},

therefore, by (11), it turns out that

inf fj(x, aj+ >_ inf fm+l (X, Om+2).
Xc@-l ]--pj,-t-O0[ X_ffff-l ]--Pm+l ,q-’O0[)

Thus we have proved that rn E T with rn < n 2 = rn + E T, then the
thesis of assertion (a) is proved.

Let us prove (b).
Ifj the thesis is obvious.
Letj > 1, the equality obviously holds when k =j. Put T { < k <fl

the equality holds}, then T- becausej T. Suppose rn Twith rn > 1,
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we have that

inf fm(X, Om)
x,-’ (]-oo,-])

inf fm-l (X, Om)
XE-l ]--OO,--pm])

inf fm-l (X, Om)x- ]-oo,-pm-])

if hm-l,m ,
min( inf

X-l ]--Oo,--Pm_l ])
fm--1 (X, Om), inf fm-1 (X, Om)

xAm-l,m

if Am-l,m 0,

(12)

then it is seen, by similar arguments to those in the proofofassertion (a),
that

inf fm(X, Om) inf fm- (X, am).

Because of (7) and rn E T, we also have

inf fm-l (X, Ogm)= inf fj(x, aj)
x’-’ ]-oo,-,m_, ]) x-(I-oo,--A)

> min{ inf fm-l(X, OZm-1), inf fm_l(X,Om)},X-l(]_Cxa,_Pm_l]) Xff-l(]--Pm_l,-t-O0[)

which implies, by Lemma 2,

inf fm- (X, Ogm) inf fm-I (X, Ogre_ ).
xg2-1( ]-oo,-pm--I ]) xgff-l ]-oo,-Pm-I ])

Since O/m_ _< O/m, the opposite inequality holds too, therefore the thesis
is proved.
Now we can prove the equality (6) with the further hypothesis we

stated at the beginning of this step.
If

inf f.(x, a+,) < inf J)(x, a),
x-’ (]-p,+oo[) x-’(]-,-pA)
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then by (7),

inf fj’(x, a+),sup in.f((x) + A(x) + h(A))
xe-(]-o.+[),e[,]

owing to (a), it follows that

inf
x,I,- (]-pj,+[)

j’)(x, +) > 6

or

inf J)(x, a+) _> inf f,_ (x,/3),x-(]-pj.+[) x-(]-p,_ .+o[)

hence

sup inf((x) + A(x) + h(A)) >_ inf sup (,(x) + A(x) + h(A)),
),e[,l xeX xeX e[,l

that implies (6).
If

inf J)(x, aj) _< inf J)(x, a)+,),
Xeql-l ]--OO,--pj]) Xe--l ]--pj,’+O[

then the equality (6) is implied by assertion (b).

2nd Step
We prove that the equality (6) holds, when infxex(x) :fi- and there
exists </ _< n- 2 such that

for < < k -pi < inf (x)
xeX

for/+l <i<n-1 inf(x)<-pi<sup(x).
xX xX

We have

sup inf((x) + A(x)+ h(A))
e[,] xeX

max inf sup ((x)+A((x)+pi)+ai),
/+ <i<n- xX,e[0i,0i+1

(13)
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and

inf sup (,I,(x) / A(x) + h(A))
xXA[,]

inf max sup (,b(x) + ((x) + pi) + ai).
xX/+1<i<n-I

(14)

Put g hl[+,,], then the equality (6) follows from the st step, where g
takes the place of h, and from (13), (14).

3rd Step
Let for <_ _< n 1, -pi _< infx - -c, then we have

in.f fn-i (x,/3)sup nxf((x + A(x) + h(A))
e.

inf sup ((x) + A(x) + h(A)).
xX

Let for < < n 1, -pi >_ supx(x) +o, then we have

4th Step
Suppose that there exists 2 _< k <_ n such that

for < _< k- 1, -pi <_ sup (x),
xX

for k < < n- 1, -p _> sup (x).
xX

We have

sup inf((x) + A(x) + h(A)) sup inf((x) + A(x) + g(A))
e[,] ex e[,] xeX

and

inf sup ((x) + A(x) + h(A)) inf sup (i,(x) + A(x) + g(A)),
xx[,,] xX

where g hl[,]. Therefore the equality (6) follows from the previous
steps, where g takes the place of h.
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LEMMA 4 Let a,/3 E R+ with a < and g [a, /3] - R be a concave

function such that max{lg(c)[, Ig(/3) l} +o. There exists a non-
increasing sequence offunctions {gn}neN pointwise convergent to g on

[a, 3] such thatfor every n N, gn isformally defined as thefunction h in
Lemma 3.

Proof Fix n E N, we set

6(kn) o + k fl-
2._

for 0 < k < 2n-l"

pn) gJ(c), p()2 gs(3) and for <j _< 2n

g,t6(n) j +
s k with k ifj is odd,

)n)=
2’

g(6(k)) with k
j, ifj is even,

-(")6kn) for 0 < j < 2na)n) g(6(")) .j

.(.)Oggn) Og, 2"+1 / and for <j _< 2"

6(k)

"j-I

with k -j/2 ifj is even, k (j+ 1)/2 ifj is odd.
Becauseg is concave, then {p(kn) }0<k<2. is non-increasing, moreover it is

that {a(n)}0_<k_<2.+ is a subdivision of the intervaleasily [, ].seen
Now we define the function:

2

g.(A) Z Xr.(.) .(.) ](A)’,p)(") A + uj=(’)x) for each
tj ’j+l

j=0

from the definition of j+l
n’(n) one has .,(.) a).) + (n) "(") )’(") for

every 0 sjs 2"- 1.
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We prove that {gn} is pointwise convergent to g on the interval [a, fl]:
FixA[a,]andnN, weputkn max{0 <_ k < 2-" (") < A};since
a(n) 6(n) and c() 6() (n) ,(n) then2kn kn 2kn+2 k.+, one has A E [O2kn, 2kn+2J’

[g.(A) g(A)l _< max{IgJ(a)l, ]g(/)l}

+ max { Ig(8(:)) g(A)l, Ig (8(n)+) g(A)l }.

The function g is continuous, then, since

lim 6(n) lim 6() A,
n--+x3 kn kn+l

we have

lim Ign(,) g(A)l 0.

Let n E N and A E [a,/3], it results that gn(A) > gn+l(A).
There exists 0 _<j _< 2+ such that A [a)"+), al-)], then we have to

examine the different cases which can occur.
Ifj is even and k =j/2 is also even, for some 0 < m < 2"-l, one has

j 2k 4m. In this case, at first, we have

(n+) (n+)
kflJ

hence

gn(A) gn+, (A) (p(n)A + a(kn)) (pn+’)A + an+’)) O.

If j is even and k=fl2 is odd, then j= 2k =4m + 2 for some 0 <
m < 2n- 1. In this case, it results that

(n+) (n+) ,(n)Since for every A ]aj Oj+l [f’) k-l’ [, we have

p(n) p(n) > 0g(A)-gn+(A)= 2m 4m+2--
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and

gn,j ) -gn+l,Otj .4m+l),O4m+2- O4m+

it follows that

(n+l)lgn(A) _> gn+l (), if A [a)n+) aj+ ]q [a), a(n)].
(n+l) (n+l) o(n) ,(n)Since for every A E ]aj aj+, [N] , k+l [, one has

gn(A) gn+l(A)

_
0,

and

g. (a)+ gn+ tl)+ O,

it follows that

g.(A) > g.+,(A) if A C [aJ"+’) Oj(_- 1)] f"l [OZ(kn), ’’(n)
k+l

In the remaining cases, the inequality gn(A) > gn+l(A) also holds, the
proof is analogous to the previous ones.

3. PROOF OF THEOREM 1

In the first instance, we remark that if p E ]infx, supx[, then

inf sup(,I(x) + A((x)- p)) inf
xX >_o -(]-,p])

(i)= (ii)
Let p E ]infx, supx[, thenlim_+ infxx((x) + A((x) p)) -,
moreover the function A E [0, +c[ infxsx((x) + A((x)- p)) is u.s.c.
then attains its supremum. Consequently there exists ApE[O, +[
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such that

inf(#(x) / Ap((x) p)) sup in.f((x) + A((x) p))
xX A>_O

inf- (1-,])

so we have

sup
xe-(]o,+o[)

(x) inf-,(]_o,p])
p- q (x)

< Ap < inf
xe--(]-o,p[)

(x) -inf-,(]_,])(I)

then owing to arbitrariness of/9 the thesis is proved.

(ii)= (i)
Let p E ]infx, supx I,[, since

,(x) infc,-,(]_,p])
0 < inf

xe-’(]-oo,p[) p- (x)

we can set

(I)(x) -inf,i,-,(]_o,p])Ap inf
x,-’ (]-,p[) p tI, (x)

so we have

in.f.((x) + Ap(g(x)- p)) > inf
xe -- (]-,])inf sup((x)+ A((x)- p)),

xeX ,>0

therefore the equality

inf sup((x)+ A((x)- p))sup xenxf((x)+ A((x) P)) -xeX >oA>0

holds.
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In order to complete the proof we have to prove that, if
R\]infx, supx[- }, for every p E R\]infx, supx[ the equality in
(i) holds.

If supx :+ and p > supx then

inf +(x)inf sup((x)+ A((x) P))
xeXxX A_>O

thus the equality follows because

sup xienxf((x + A((x) p)) _> xien;(x).A>O

Now we suppose that infxtI :- and p < infx. It is necessary to
distinguish the following two cases:

(1) does not have absolute minimum.
(2) has absolute minimum.

Let (1) be true.
Since for every x E X, (x) p > 0, it follows that infxexSup>_0 ((x) +

A((x) p))= +. We assume that

sup xienxf((x) + A((x) p)) < inf sup((x)+ A((x) p)),
)>_0 xeX )>_0

then there exists a R such that sups>_0 infxex((x) + A((x) p)) a.

Consequently, for every n N, there exists xn X such that (x.) +
n((x.) p) < a + 1, since for every n N, (x.) p > 0, it follows

(x,,) < a + 1, then the weak coerciveness of implies that {x.}.eN is
bounded. Because of the hypotheses about E and X, there exist x* X
and a subsequence {Xnk}keN such that x, x* weakly for k . The
function is weakly sequentially l.s.c., then

(x*) + lim infnk((x.k) p)
kcx

<_ liminf(Xnk) + nk((Xnk) p) <_ Oz + 1,

consequently, it follows lim infk- (x.) p.
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Therefore we have the absurd p < (x*) < liminfk_,o (xnk)= P,
being q weakly sequentially l.s.c. The absurd follows from the hypothesis
that the equality in (i) does not hold, so the thesis is proved.

Let (2) be true,

Ifwechoose p < infx 9, since for every x E X, (x) > p, wecanproceed
as in (1).

Let p infx, then

inf sup(q(x) + A((x) p)) inf (x),
xX A>O x’-1 (p)

in fact, if we assume that sup,>_oinfxx(,(x)+A((x)-p))<
infe-, (p)(x), we can choose 7 R such that

sup inf((x)+ A(9(x) p)) < "7 < inf (x).
A>_O xX x,-- (p)

Therefore for every A [0, +[ it results that

inf ((x) + A((x)- p)) < 7.
xX, ,(x)#p

hence, for every n E N, there exists x X with tP(x.)> p and I,(x,,)+
n(tg(x,,) p) < q,. Since for every n E N, (xn) < 7, there exist x* E Xand
a subsequence {Xnk}kzN such that xnk x* weakly when k , so
p < (x*) < liminfk_o (x,k) p, that implies x* E -(p). We also
have

q(x*) <_ liminf(xn) < 7 < inf q.(x).
k-,o x,-- (p)

that is absurd since x* E -(p).

(iii) = (i) is obvious.

(ii)= (iii)
Consider a concave function h:[0, +[ R, let 0 < a </3 be arbitrary
real numbers and set g h [,1, the function g meets the hypotheses of
Lemma 4, hence we can consider a non-increasing sequence of func-
tions {g,},N pointwise convergent to g such that, for every n E N,
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by Lemma 3,

inf sup ((x)+ A(x)+ gn(A)).sup inf((x) + A(x) + g,(A))
xXe[,][a,fl] xX

Since [a, ] is compact and {g,,}nrq is a monotone sequence offunctions
pointwise convergent tog, it follows thatgn guniformly on [a,/3] when
n +, by the Dini’s theorem. Hence

sup xinxf((x + A(x)+ g(A))
[,]

lim sup xinxf((x)+ A(x)+ gn(A))
n--,oo ,e[,]

lim inf sup ((x) + A(x) + gn(A))
n---,oo xX[,fl]

> inf sup ((x)+ A(x)+ g(A)),
xX[,]

where the last inequality is due to g(A)--infneN gn(A) for any A E [a,/3].
Thus the equality follows.

Since/3 > a is arbitrary, it follows that

sup xinxf((x)+ A(x)+ h(A))
,[,+o[

sup inf sup ((x) + A(x) + h(A)).
>xX,[,]

Let us suppose that

sup inf sup ((x) + A(x) + h(A))
fl> xX[c,fl]

< inf sup ((x) + A(x) + h(A)),
xX,[c,+[

then we can choose -y E R such that

sup inf sup ((x) + A(x) + h(A))
>o xeX,[c,]

< 7 < inf sup ((x) + Ag(x) + h(A)),
xX
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consequently for every/3 > a there exists x E X such that

sup (I,(x) + A(x) + h(A)) < -y

in particular (xa) + a(x) < 7 h(a), that implies {x}> is bounded
owing to the weak coerciveness ofthe functional (.) + a(.). Therefore
there exist x*E X and a subsequence {xnk}kN with x,,, x* when
k +o. Fix > a, there exists k N such that nk >_ for each k >_ k,
moreoverthefunctionx X--, sup[,61 ((x) + A(x) + h(A)) isweakly
sequentially l.s.c., then it is

sup (I,(x*) + A(x*) + h(A)) _< 7.
[,]

Because of the arbitrariness of 6 > a, it follows that

sup ((x*) + A(x*) + h(A)) < ")’,
,e[,+oo[

from which, we obtain the absurd

inf sup ((x) + A(x) + h(A))
xX

-< 3’ < inf sup ((x) + A(x) + h(A)).
xX

Thus, at this point, we have for each a > 0

sup inf((x) + A(x) + h(A))
e[,+oo[ xeX

inf sup (q,(x) + AI,(x) + h(A)),
xX,[,+c[

from which, it follows that

sup inf((x) + A(x) + h(A))
,]0,+oo[ x,V

sup inf sup ((x) + A(x) + h(A)).
c>O x_X ,[c,+o[
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It is easily seen, by similar arguments as above, that

sup inf sup ((x) + A(x) + h(A))
>0 xeX

inf sup ((x) + (x) + h()).
xX,X]O,+o[

Since h is concave, for each x E X the function A E [0, +o[ (x)+
Aq(x) + h(A) is 1.s.c., then

sup ((x) + A(x) + h(A)) sup ((x) + A(x) + h(A)),
[o,+oo[ ]o,+oo[

therefore

inf sup ((x)+ AI,(x)+A(A))e]o,+oo[sup xexinf ((x)+ A(x)+ h(A))
xeXe[o,+oo[

that implies the thesis.

References

G. Bonanno, Existence ofthree solutions for a two point boundaryvalueproblem, Appl.
Math. Lett. (to appear).

[2] B. Ricceri, A new method for the study of nonlinear eigenvalue problems, C.R. Acad.
Sci. Paris, Srie /, 325 (1999), 251-256.

[3] B. Ricceri, Existence ofthree solutions for a class ofelliptic eigenvalue problems, Math.
Comput. Modelling, Special issue on "Advanced topics in nonlinear operator theory",
edited by R.P. Agarwal and O’Regan (to appear).

[4] B. Ricceri, On a three critical points theorem, Arch. Math. (Basel) (to appear).


