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Let p(z)= "=oavZ be a polynomial of degree n, M(p,R)= maxlzl=R.>_l }p(z)l and
pll- maxl=l---llp(z)[. If p(z) o in Izl < l, then according to a well known result of

Ankeny and Rivlin, M(p,R) < {(R + 1)/2}llell for R > 1. In this paper, we generalize
and sharpen this and some other related inequalities by considering polynomials having no
zeros in Izl < K, K > 1.
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1 INTRODUCTION AND STATEMENT OF RESULTS

Let p(z)-- Y.vn=0 avz be an algebraic polynomial of degree n, z being
a complex variable, Ilpll =maxlzl=lp(z)l and let M(p,R)=
maxlzl=Rlp(z)l. It is well known that

M(p,R) <_ Rnll PlI, R >_ 1. (1.1)

Further, ifp(z) has no zeros in Izl < 1, then

g(p, R) < P II, R>_ 1. (1.2)
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Both the above inequalities are sharp. The inequality (1.1) becomes
equality for p(z)= 2z", 2 6 C while in (1.2) the equality holds for
p(z) 2z" +/t, 2 6 C, # 6 C and 121 I#l.

The inequality (1.1) follows immediately from the maximum modu-
lus principle and the inequality (1.2) is a well-known result due to
Ankeny and Rivlin ]. In the literature there already exists some refine-
ments of these inequalities (for example, see Aziz and Dawood, [2]
Frappier, Rahman and Ruscheweyh, [4] Govil, [5,6] Sharma and
Singh, 11 Szeg6[ 12]).

For polynomials not vanishing in Izl < K, K >_ 1, Rahman and
Schmeisser [9, p. 87] proved that if p(z) is a polynomial of degree n
having no zeros in Izl < K, K > 1, then for < R < K2

PlI. (1.3)

Although the above result (1.3) is sharp, with equality holding for
p(z) (z + K)", this result unfortunately holds only in the range
<R <K2.
As a generalization and refinement of (1.2), Govil [6, Theorem 2]

proved that ifp(z) ’,.=0 a.z is a polynomial of degree n > 2, having
no zeros in Izl < K, K > 1, and m minlzl=/( Ip(z)l, then for R > 1,

< (R’ + K’M(p,R)
_\ +K,I m

,Rn-lal
n

Rn-2 1)n 2
(1.4)

if n > 2, and

M(p,R) <
\ +X ]11 pll- \1 +g) (R 1)n

m- lal, (1.5)
2

ifn =2.
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As a generalization of the above inequalities, we prove

THEOREM Ifp(z) ao + ]=s avzv is a polynomial ofdegree n >_ 2,
having no zeros in Izl < K, K _> 1, then for R >_ 1,

(Rn-l Rn-2-1)-lal n n-2

m

(1.6)

/fn > 2, and

M(p, R) <
\ + Ks ]

pll
k,1 + g}

rn lal
(R- 1)n

(1.7)

ifn =2.
Since, as is easy to see, {[(Rn + x)/(1 + x)]ll ell [(e 1)/

(1 + x)]m} is a decreasing function ofx, hence for s > 1, the bound ob-
tained by inequalities (1.6) and (1.7) is always sharper than the bound
obtainable from inequalities (1.4) and (1.5), respectively. For s 1,
the inequalities (1.6) and (1.7), respectively reduce to inequalities
(1.4) and (1.5), while for K 1, inequalities (1.6) and (1.7) together
sharpen both, the inequality (1.2) and the inequality due to Aziz and
Dawood [2, Theorem 3].

If in (1.6) and (1.7) we divide both sides by Rn and make R c, we

get

COROLLARY If p(z) ao + n=s avz is a polynomial of degree
n >_ 2, having no zeros in Izl < K, K >_ 1, then

lanl + la < IlPll
n

(1.8)

Inequality (1.8) for K 1 clearly sharpens the well known inequality

la, + la___l < Pll (1.9)
n 9.
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which can be obtained by applying Visser’s inequality [13] to the poly-
nomial p’(z) and then combining it with the well known inequality of
Lax [8] conjectured by Erd6s.

2 LEMMAS

For the proof of the Theorem, we shall need the following lemmas.

LEMMA If p(z) -,=o is a polynomial of degree n, n <_ 2,
then for all R >_

max p(z)l _< R" pll (R R"-2)I p(0)l,
IzI-R

(2.1)

./f n > 2, and

(R 1)n
max p(z)l < Rnll Pll lall, (2.2)
Izl=R 2

/fn 2.

The above result is due to Frappier, Rahman and Ruscheweyh [4].

LEMMA 2 If p(z)- ao + ’,n.=La,,z" is a polynomial of degree n,
having no zeros in [z < K, K >_ then on [z 1,

KI p’(z)l _< Iq’(z)l, (2.3)

where q(z) znp(1/2).

This lemma is due to Chan and Malik [3], however for the sake of
completeness, we present here the brief outlines of its proof.

Since p(z) 0 for Izl < K, K > it follows from a well known
theorem of Laguerre (see for example [10, p. 463]) that

np(z)- zp’(z) -(p’(z) for I(I < K, Izl < K,
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which implies

p’(z) 1
_<g for Izlg. (2.4)

The function

f(z)
np(Kz) Kzp’(Kz)

is therefore holomorphic in Izl _< 1, where it satisfies f(z)l _< 1. Further
f(0) =f’(0) =f(s-2)(0) = 0, hence by Schwarz’s lemma

for Izl < 1. In particular, this holds also for Izl- 1/K, and so

K
p’(z)

np(z) zp’(z)
for Izl 1. (2.5)

On combining (2.5) with the fact that on
Inp(z)- zp’(z)l--Iq’(z)l, Lemma 2 follows.

Izl=l, we have

LEMMA 3 If p(a)--ao + -=savzv is a polynomial of degree n,
having no zeros in Izl < K, g >_ then on Izl

Iq’(z)l >_ mn, (2.6)

where q(z) znp(1/3) is as in Lemma 2 and m minlzl=/ p(z)l.

Proof We can assume without loss of generality that p(z) has no zeros
in Izl _< K, for ifp(z) has a zero on Izl K, the result holds trivially.
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Since p(z) has no zeros in [z[ _< K, K >_ the polynomial q(z) has no
zeros in [z[ >_ 1/K, and therefore by the maximum modulus principle
for unbounded domains

< for Iz! >--K’Iq(z)l

and because minlzl=/K Iq(z)l- m/Kn, the above inequality is equiva-
lent to

Iq(z)l > mlzl" for Izl > (2.7)

It clearly follows from (2.7) that for every 2, 121 < 1, the polynomial
q(z)- 2mz" has all its zeros in Izl < 1/K and therefore by Gauss-
Lucas Thereom, the polynomial q’(z)- 2mnzn-I also has all its zeros
in Izl < 1/K, which implies

Iq’(z)l > 121mnlzl- for Izl >_ . (2.8)

As 1/K < 1, the inequality (2.8) in particular implies that

Iq’(z)l >_ 121mn for Izl-- 1. (2.9)

Since (2.9) holds for every 2, 121 < 1, making 121 in (2.9), we get
(2.6).

LEMMA 4 Ifp(z) ao + ’,’,=s avzV is a polynomial of degree n, having
no zeros in ]z < K, K >_ 1, then on ]z 1,

Iq’(z)l > Xl p’(z)l + mn, (2.10)

where q(z) z"p(1/2) and m minlzl=K p(z)l are as in Lemma 3.

Proof For every 2,121 < 1, the polynomial p(z) 2m has no zeros in

Izl < K, g >_ a, hence applying Lemma 2 to the polynomial p(z)-
2m, 121 < 1, we get

KI p’(z)l _< Iq’(z)- mnz-l on Izl-- 1. (2.11)
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Since by Lemma 3, Iq’(z)l > mn on Izl 1, we can choose arg 2 suita-
bly so that

Iq’(z)--2mnzn-l--lq’(z)l-lAlmn on [z[--1, (2.12)

and (2.12) when combined with (2.11) gives

KI p’(z)l _< Iq’(z)l- I2lmn, on [zl-- 1. (2.13)

Now, if we make 121 in (2.13), we get (2.10) and Lemma 4 is thus
established.

LEMMA 5 Let p(z) be a polynomial ofdegree n. Then on Izl 1,

p’(z)l + Iq’(z)l nil pll, (2.14)

where q(z)--znp(1/2) is as defined in Lemma 2.

The above Lemma is a special case of a result due to Govil and
Rahman [7, Lemma 10].

LEMMA 6 If p(z)- ao + -=savz is a polynomial of degree n,
having no zeros in [z[ < K, K >_ then on [z 1,

t n )p’(z)l _< -K (ll pll m). (2.15)

The result is best possible and the equality holds for the polynomial
p(z) (z + KS)n/s, n being a multiple ofs.

Proof Since (2.14) holds for any polynomial p(z), inequality (2.15)
follows immediately from Lemma 4 and Lemma 5.

It may be remarked here that the above Lemma 6 generalizes and
sharpens Erd6s-Lax Theorem (see [8]) and so is of interest in itself.
In general, it sharpens a result of Chan and Malik [3, Theorem 1],
while for K 1, it reduces to a result of Aziz and Dawood [2,
Theorem 2].
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3 PROOF OF THE THEOREM

We first consider the case when p(z) is of degree n > 2. Note that for
every 0, 0 < 0 < 2n

p(Rei) p(ei)! P’(rei)eidr

<_ p’(rei)ldr. (3.1)

Since p(z) is of degree n > 2, the polynomial p’(z) is of degree
(n- 1) > 2, hence applying (2.1) to if(z) in (3.1) we get

R

P(Rei) p(ei)] < (r"- P’II r’-- rn-3)l p’(O)l)dr

R.".. fill n n 2
p’(0)l

(3.2)

Combining (3.2) with Lemma 6, we get for n > 2, R > and
0<0<2r

P(ReiO) p(ei)]
\ + K} (11 pI] m)

(Rn-1 Rn-:-l)n n 2
P’(0)l, (3.3)

implying that for n > 2, R > and 0 < 0 < 2?t

m

(3.4)
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which gives (1.6). The proof of (1.7) follows on the same lines as the
proof of (1.6) except that instead of using (2.1), here we use (2.2).
We omit the details.
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