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Abstract
In a previous paper, the author studied the distribution of differences between the
multiplicative inverses of consecutive integers modulo p and raised two conjectures.
In this paper, one of the conjectures is resolved by an elementary method.

1. Introduction and Main Results

In this article, p stands for an odd prime number. For any integer 0 < n < p,
n denotes the integer between 0 and p satisfying nn ≡ 1 (mod p). In [1], the
author studied the distribution of the distances between multiplicative inverses of
consecutive integers (mod p) and showed that

p−2∑

n=1

|n− n + 1| =
1
3
p2 + O(p3/2 log3 p). (1)

Hence the distance between inverses of consecutive integers, |n − n + 1|, is about
p/3 on average which is what one expects if taking multiplicative inverse behaves
like a random permutation. A similar study on the distribution of |n − n| was
made by Zhang [3] earlier. Since multiplicative inverse x can be interpreted as the
y-coordinates of the algebraic curve f(x, y) = xy − 1 = 0 modulo p, Zhang’s work
was generalized to the study of distribution of points on irreducible curves modulo
p in two-dimensional space by Zheng [4] and in higher dimensional case by Cobeli
and Zaharescu [2].

Going back to (1), its proof boils down to showing

T+(p, k) = T−(p, k) = k − k2

2p
+ O(p1/2 log3 p),

for 0 < k < p, where

T+(p, k) := #{n : 0 < n < p− 1, 0 < n− n + 1 ≤ k},

T−(p, k) := #{n : 0 < n < p− 1,−k ≤ n− n + 1 < 0}.
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Based on numerical evidence, it was conjectured that

m+
p −m−

p = o(p1/2),

where

m+
p := max

0<k<p

∣∣∣T+(p, k)−
(
k − k2

2p

)∣∣∣ and m−
p := max

0<k<p

∣∣∣T−(p, k)−
(
k − k2

2p

)∣∣∣.

However, a closer look at the tables towards the end of [1] suggests that m+
p −m−

p =
O(1). Indeed, we have the following:

Theorem 1. For any integer 0 < k < p,

|T+(p, k)− T−(p, k)| ≤ 9.

Corollary 2. We have
|m+

p −m−
p | ≤ 9.

2. Proof of Theorem 1 and Corollary 2

Proof of Theorem 1. From the definition of T+(p, k), with a = n and b = n + 1, we
have

T+(p, k) = #{(a, b) : 1 ≤ a, b ≤ p− 1, b− a = 1, 0 < a− b ≤ k}.

As 0 < a, b < p,

b− a = 1⇔ b− a ≡ 1 (mod p) ⇔ a− b ≡ ab (mod p)

⇔ (a + 1)(b− 1) ≡ −1 (mod p),

we have

T+(p, k) = #{(a, b) : 1 ≤ a, b ≤ p− 1, (a + 1)(b− 1) ≡ −1 (mod p),
0 < a− b ≤ k}

= #{(a′, b′) : 2 ≤ a′ ≤ p− 1, 1 ≤ b′ ≤ p− 2, a′b′ ≡ −1 (mod p),
2 < a′ − b′ ≤ k + 2}.

Similarly, with a = n + 1 and b = n, we have

T−(p, k) = #{(a, b) : 1 ≤ a, b ≤ p− 1, b− a = −1, 0 < a− b ≤ k}.
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As 0 < a, b < p,

b−a = −1⇔ b−a ≡ −1 (mod p)⇔ a−b ≡ −ab (mod p)⇔ (a−1)(b+1) ≡ −1 (mod p),

we have

T−(p, k) = #{(a, b) : 1 ≤ a, b ≤ p− 1, (a− 1)(b + 1) ≡ −1 (mod p), 0 < a− b ≤ k}
= #{(a′, b′) : 1 ≤ a′ ≤ p− 2, 2 ≤ b′ ≤ p− 1, a′b′ ≡ −1 (mod p),

− 2 < a′ − b′ ≤ k − 2}.

One can see that T+(p, k) and T−(p, k) are almost the same except:

• when a′ = p− 1 and b′ = 1 which may contribute at most one to T+(p, k).

• when a′ = 1 and b′ = p− 1 which may contribute at most one to T−(p, k).

• when 2 ≤ a′, b′ ≤ p − 2 and a′ − b′ = k − 1, k, k + 1 or k + 2 which may
contribute at most eight to T+(p, k).

• when 2 ≤ a′, b′ ≤ p − 2 and a′ − b′ = −1, 0, 1 or 2 which may contribute at
most eight to T−(p, k).

Here we use the fact that any quadratic polynomial has at most two solutions
(mod p). Therefore −9 ≤ T+(p, k)− T−(p, k) ≤ 9. !

Proof of Corollary 2. For any 0 < k < p, let

E+(p, k) := T+(p, k)−
(
k − k2

2p

)
and E−(p, k) := T−(p, k)−

(
k − k2

2p

)

Theorem 1 tells us that

−9 ≤ E+(p, k)−E−(p, k) ≤ 9.

By definition,
−m+

p ≤ E+(p, k) ≤ m+
p .

Hence

−m+
p − 9 ≤ E+(p, k)− 9 ≤ E−(p, k) ≤ E+(p, k) + 9 ≤ m+

p + 9.

Thus |E−(p, k)| ≤ m+
p + 9 which implies that m−

p ≤ m+
p + 9 or −9 ≤ m+

p −m−
p .

Similarly, one can show that m+
p −m−

p ≤ 9 and we have the corollary. !

Note and Acknowledgement The reference on Cobeli and Zaharescu in the
end note of [1] is incorrect. The correct reference should be the paper [2] quoted
in this paper. The author would like to thank the anonymous referee for helpful
suggestions.
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