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Abstract

A partition 7 of the set [n] = {1,2,...,n} is a collection {By, ..., Bi} of nonempty
pairwise disjoint subsets of [n] (called blocks) whose union equals [n]. In this paper,
we find exact formulas and/or generating functions for the number of partitions of
[n] with k blocks, where k is fixed, which avoid 3-letter patterns of type = — yz
or zy — z, providing generalizations in several instances. In the particular cases
of 23 — 1, 22 — 1, and 32 — 1, we are only able to find recurrences and functional
equations satisfied by the generating function, since in these cases there does not
appear to be a simple explicit formula for it.

1. Introduction

A partition of [n] = {1,2,...,n} is a decomposition of [n] into nonempty pairwise
disjoint subsets Bj, Bs, ..., By, called blocks, which are listed in increasing order
of their least elements (1 < k < n). The set of all partitions of [n] with exactly
k blocks will be denoted by P(n, k) and has cardinality given by S(n, k), the well-
known Stirling number of the second kind [16]. We will represent a partition IT =
By, By, ..., By in the canonical sequential form 7 = w7 -+ m, such that j € By,
1 < 7 < n. From now on, we will identify each partition with its canonical sequential
form. For example, if IT = {1,4}, {2,5,7}, {3}, {6,8} is a partition of [8], then its
canonical sequential form is 7 = 12312424 and in such a case we write II = 7. Note
that 7 = myme -+, € P(n, k) is a restricted growth function from [n] to [k] (see,
e.g., [13] for details), meaning that it satisfies (i) 3 = 1, (ii) 7 is onto [k], and (iii)
mir1 < max{my, ma,...,mt+1foralli, 1 <i<n-—1.

A generalized subword pattern T is a (possibly hyphenated) word of [¢]™ which
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contains all of the letters in [¢(]. We say that a word o € [k]™ contains a generalized
subword pattern 7 if o contains a subsequence isomorphic to 7 in which entries
of o corresponding to consecutive entries of 7 not separated by a hyphen must be
adjacent. Otherwise, we say that o avoids 7. For example, a word o = ajas - --ay,
avoids the pattern 1 — 32 if it has no subsequence a;a;a;; with j < i and a; <
ai+1 < a; and avoids the pattern 13 — 2 if it has no subsequence a;a;+1a; with
j>i+1and a; < a; < aj41. Generalized patterns that allow the requirement
that two adjacent letters in a pattern must be adjacent in the word were first
introduced by Babson and Steingrimsson [1] in identifying Mahonian statistics on
the symmetric group S,,.

Pattern avoidance is a classical problem in enumerative combinatorics. The first
consideration of pattern avoidance began with that of permutations avoiding a pat-
tern 7 of length 3 with distinct letters and no adjacency requirements. Knuth [10]
found that for any 7 € S3, there are C,, members of S,, which avoid 7, where C,,
denotes the n-th Catalan number. Later, Simion and Schmidt [15] determined the
number of elements of S;,, avoiding the patterns in any subset of S3, which was
extended to words in [k]™ by Burstein [2]. More recently, there has been compa-
rable work done on pattern avoidance in set partitions, using various definitions
for avoidance. The reader is referred to the papers by Klazar [9], Sagan [14], and
Jelinek and Mansour [8] and to the references therein.

In this paper, we consider the problem of enumerating the partitions of [n] with
k blocks, where k is fixed, which avoid a single pattern of type x — yz or of type
xy — z, where partitions are construed as words in their canonical sequential forms.
(We shall refer to 3-letter patterns of the forms z — yz and xy — z as type (1,2) and
type (2,1), respectively.) This extends earlier work by Claesson and Mansour [5] on
permutations, by Burstein and Mansour [3] on words in [k]", and by Heubach and
Mansour [7] on compositions.

Given a generalized pattern 7, let Pr(n,k) denote the subset of P(n,k) which
avoids 7, where k is fixed. If a,, :== |P;(n, k)| for n > 0, then we define the generating
function F,(z; k) by

F (z;k) = Z anx"”.
n>0
In the next two sections, we find exact formulas and/or generating functions for
the cardinality of P(n,k) for patterns 7 of type (1,2) and type (2,1), providing
generalizations in several instances. In the particular cases of 23 — 1, 22 — 1, and
32 — 1, we were unable to find explicit formulas for F,(x;k), but were able to
derive recurrences as well as functional equations satisfied by F;(z; k) through use
of generating functions and generating trees, respectively.
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2. Type (1,2) Patterns

We start with a theorem concerning a general class of patterns.

Theorem 1. Let 7 = — 7' be a generalized pattern with one dash such that 7' is
a subword pattern over the alphabet [¢ — 1]. Then

Fr(aik) = ﬁ dUbEe
- _HJ 1( = (@5 j = 1)

where W, (x;m) is the generating function for the number of words of length n over
the alphabet [m] that avoid the pattern 7’.

Proof. First note that each member 7 of P(n, k) may be expressed as
1 =17Wog(2 ... ]{m(k)’
where 7() is a word over the alphabet [j] which we decompose further as

20D ) Gt )

where each 79 is a word over the alphabet [j — 1]. Thus, in terms of generating
functions, we may write

ﬁ (3 j -1)
e (z;5 —1)
From the definitions, we have W/ (2;j) = == for all j = 0,1,...,¢ — 2, which

completes the proof. O

For example, Theorem 1 for 7 =3 — 12 or 7 = 3 — 21, together with Wiy (z;5) =
Wor(x;j) = ﬁ, yields an explicit formula in these cases.

Example 2. For each positive integer k,

M1/ — z)it
I /(1 —x)

Fs_1a(xik) = Fs o1 (w1 k) = 1—z/(1—z)i—1

Writing the 709 in reverse order for all i and j shows directly that F5_jo(x; k) =
F5_91(x; k), where the 709 are as defined in the proof above. Also, Theorem 1 for

7 =2 — 11 together with Wy, (x;j) = % (see [3, Section 2]) yields
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Example 3. For each positive integer k,

k
1+
Fy_q11(xk) = H G- Dz—22

Theorem 4. Let 7 =1—1---1 be a generalized pattern with one dash having length
m, where m > 3. Then

1 — gm— 1

k) =a* .
(w3k) == Hlfijr — Dgm—1

Proof. Let a(n,j) :=|P-(n,j)| for n,j > 0. If j > 2, we have

m—1 m—2
a(n,j) =Y an—i,j—1)+(G -1 aln—1ij), n>j
=1 i=1

the first term counting all members of P, (n, j) where the letter j can be followed by
no letter other than j, the second term counting those members of P, (n, j) ending
in a run of exactly i letters of the same kind for some 7, 1 < i < m — 2, and where
the letter j is followed by a letter other than j on at least one occasion. Multiplying
both sides of the above recurrence by ™ and summing over all n > j implies
Ff(x;jfl)zznllx (1 —am VY (z;5 - 1)

FT $7] = m - = s - ) j227
() 1-G-1)>,; 1295% 1—jz+(j—1amt

and iterating this yields our result, upon noting the initial condition F,(z;1) =

z(1—z™ 1)
== O

When m = 3 in Theorem 4, we get

b

P k) =a(14+2)F | 2*~ 1H1—jl‘

which implies the following explicit formula.

Corollary 5. The number of partitions of [n] with k blocks avoiding the subword
pattern 1 — 11 is given by

min{k,n—k}

3 S(n—j—l,k—l)(?).

=0

We can provide a combinatorial explanation as follows. First note that the only
places where a member of P;_11(n, k) can have a level (i.e., an occurrence of 11)
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are at the first appearances of letters. So to form a member of P;_11(n, k) having
exactly j levels, first choose a member A € P(n — j, k) having no levels, which as is
well-known can be done in S(n—j — 1,k — 1) ways (see, e.g., [12]), and then select
a subset T of [k] having cardinality j. Now insert a copy of the letter ¢ just after
the first appearance of ¢ within A for each i € T to obtain a member of P;_11(n, k)
having exactly j levels. O]

Theorem 6. Let 7 =1—2---2 be a generalized pattern with one dash having length
m, where m > 3. Then

k k m—2

T 1—x
Fo(n: k) = - .
(1' ) 1—1‘j1;[21—j$+(]—2)$m_1+xm

Proof. Let a(n,j) := |P-(n,j)| for n,j > 0. If j > 2, we have

m—2 m—2

a(n,j) =Y an—i,j—1)+ (-1 an—ij)+an-m+1,j), n=>j
i=1 =1

the first term counting all members of P, (n, j) where the letter j can be followed by
no letter other than j, the second term counting those members of P, (n,j) ending
in a run of exactly 7 letters of the same kind for some 7, 1 < i < m — 2, and where
the letter j is followed by a letter other than j on at least one occasion, and the
third term counting those members of P, (n, j) ending in a run of the letter 1 having
length at least m — 1. Multiplying both sides of the above recurrence by z™ and
summing over all n > j implies

Frla;j— )Y 21 —a™ )P (x5 — 1)
L—am=l— (-1 %t 1—jo+(j—2am -t +am’

and iterating this yields our result, upon noting the initial condition F,(z;1) =

=g O
Letting m = 3 in Theorem 6 gives

Example 7. For each positive integer k,

k k

T 1
i k) = .
1-22(23K) l—mgl—(j—l)x—aUQ

Taking & = 2 in this implies that P;_s2(n,2) has cardinality f, — 1, where f,
denotes the n-th Fibonacci number with fo = f; = 1. This may be verified directly
using the interpretation for f, in terms of square-and-domino tilings of length n.
For there are f,_o members of P;_95(n,2) ending in a 2, upon noting that every
2 (except the last) must be directly followed by a 1, and f,—1 — 1 members of
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Py_95(n,2) ending in a 1, upon noting that there must be at least one occurrence
of a 2 followed directly by a 1 (which we treat as a domino, hence the all-square
tiling of length n — 1 is ruled out).

Proposition 8. The number of partitions of [n] with k blocks avoiding either 1—21
or 1 —12 is given by (Z:%)

Proof. First note that a member of P;_51(n, k) cannot have a descent, hence it must
be increasing. A member of P;_12(n, k) must be of the form 12--- ka, where « is
a word of length n — k in the alphabet [k] and decreasing, which implies that there

are (("_I;)jk_l) = (Zj) members of Pj_13(n, k) as well. O

Proposition 9. The number of partitions of [n] with k blocks avoiding either 2—21

or 2 — 12 is given by (n+n(§)k_1),

Proof. Suppose m € Py_91(n, k) is written in the form 1m27s - - - kg, where each
m; is a word in the alphabet [i] of length a; and a3 + ag + -+ +ar = n — k.
Then each m; must be increasing in order to avoid an occurrence of 2 — 21. Thus,
there are ZH?:I (“;r_zfl) members of P,_21(n, k), where the sum is over all k-
tuples (a1, as,...,ar) of non-negative integers having sum n — k. Note that this

quantity is exactly the coefficient of ™"~ * in the k-fold convolution Hle ﬁ =

1
(17:13)(]9‘2*’1)

pattern 2 — 12, with the m; now required to be decreasing. O

k+1 k
, which is (”’“n(_"i )’1) — ("tl(f)k*l). A similar argument applies to the

Theorem 10. Let 7 =1 —32---2 be a generalized pattern of length m > 3. For
each positive integer k,

xm—?)

xm—B _ xm—Q -1 + (1 _ xm—2)j—1 :

k
Fy(ask) = (1 — 22 ]
j=1
Proof. Let 7/ = 21---1 be a subword pattern of length m — 1. In [4, Section 2.1],

Burstein and Mansour showed that the generating function for the number of words
0 of length n over the alphabet [k] such that 6 avoids the subword 7/ is given by

1
1—z5-m(1— (1 — am-2)k)°

G (k) =

They also showed that the generating function for the number of words # of length
n over the alphabet [k] such that (k + 1)8 avoids the subword 7’ is given by

1— xm72 k
H,(x; k) = 1= xg_fn(l —a _)xm—Q)k).

Since each word k6 over the alphabet [k] can be decomposed as k(D kOPk - - - ko),
where 6(9) is a word over the alphabet [k — 1], we have that the generating function
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H!,(z; k) for the number of words k6 of length n over the alphabet [k] that avoid
the subword 7’ is given by

cHo(vsk—1) x(1 — gm—2)k-1

H/ (IE k) 1—{L‘H (l’,k/’_1> - 1—$3_m(1_ (1_x7n—2)k)'

We will say that a word 6 = 0y ---0,, almost avoids 7’ if there exists no i such
that 8; > 60,41 = -+ = 0;1;u—2 > 1. Now let us find the generating function J(z; k)
for the number of words kf = k@ ---0,, of length n over the alphabet [k] which
almost avoid 7/. Since the word k6 can be written as k00101 ...10(4) where
6\ is a word over the alphabet {2,3, ..., k}, we obtain

H//(LE' k - 1)
J(z; k) = T ,
(z: k) 1—2Gr(z;k—1)
for all k > 2. Suppose 7 € Py (n, k) is written as 17027 ... kx(®) where each 70
is a word over the alphabet [j]. Note 7 avoids 7 if and only if j7(@) almost avoids 7/
for all j. Hence, the generating function for the number of partitions © € Py (z, k)
is given by
k k .
HY (215 = 1)
F; -
(@ 1;[ H 1—aGr (5 —1)
T f[ M 2(1 l,m72)j72
11—z i gm=3 —gm=2 — 1 4 (1 —gm—2)i-1’
which yields the desired result. O
Letting m = 3 in Theorem 10 gives
Example 11. For each positive integer k,
k
Fy_ k) =2a%(1 - .
1-32(; k) a* ) 1;[ 1—2)i—1—z

Theorem 12. Let 7 =1 —23---3 be a generalized pattern of length m > 3. For
each positive integer k > 2,

k
xm3

. _ .k m=3 m2k2
Fr(zk)=a"(1—2m" +x Jl_lem?’—xm?—lJr(lfxm 251
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Proof. Let 7/ = 12---2 be a subword pattern of length m — 1. In [4, Section 2.1],
Burstein and Mansour showed that the generating function for the number of words
6 of length n over the alphabet [k] such that 6 avoids the subword 7/ is given by

1

Gr(x k) = 1—ax3-m(1 — (1 —am=—2)k)’

We will say that a word 6 = 6y - - - 0,, almost avoids 7" if there exists no ¢ such that
1<6; <01 = =0;1m-o. Nowlet us find the generating function H(x;k)
for the number of words 6 of length n over the alphabet [k] that almost avoid 7’.
Since the word 6 can be written as #0101 ...10@ | where 1) is a word over the
alphabet {2,3,...,k}, we obtain

i o GT/(I';/{ - ].) o 1
Hw; k) = 1—2Go(r;k—1) 1—x—a3m(1 — (1 —x2)k-1)’

Suppose 7 = 7Ok r(MEe27(2) .. gosx(s) € P (n, k), where 7(°) does not con-
tain the letter k, each a; is a positive integer, and each 7() is a nonempty word
over the alphabet [k — 1] if 1 < j < s, with 7(*) possibly empty. Since 7 starts with
the letter 1, it avoids 7 if and only if (1) 7(°) is a partition with exactly k — 1 blocks
that avoids 7, (2) 7() almost avoids 7/ for all j = 1,2,...,s, and (3) if a; >m—3,
then the rightmost letter of 70U~ is 1 for all j = 1,2,...,s. Hence, the generating
function for the number of partitions m € P, (x, k) is given by

Fr(z:k) = H(a; k — 1)(m_1xj; + m;:r VFr(z;k — 1)
N T T e T k- 1) 1) - T H (s k1)

which, by using the expression above for H(x; k), implies that

z—g™ 24z ]

Fr(x;k) = =
1—z—x3m(1 — (1 —am2)k=2) —
221 —am 3 4 2m ) E (v k — 1)
am=3 — gm=2 _ 1 4 (1 — gm—2)k-1"

F(xz;k—1)
(azfmmfz)(l

- H(m;llc—l) )+1m71

1—x

for all £ > 3. Tterating the above recurrence relation and using the fact that

F(z;2) = Wi_%) yields the desired result. O

Letting m = 3 in Theorem 12 gives

Example 13. For each positive integer k > 2,

b

k

1
Fiogs(aik) =2 [ -—5—
' 23(m7 ) ! j=1 (1*53)]7171’

with F1_23(£L’; 1) = 1%

T
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Comparing Examples 13 and 2, we see that the cardinality of P;_o3(n+k —2,k)
is the same as that for P3s_o1(n, k) for k& > 2. For a direct bijection, first write
7€ Pi_os(n+k—2,k) as 1nM 27 (13)7®) ... (1k)7(®) | where a 1 directly precedes
the first occurrence of each i € {3,4,...,k} and 7" is a word in the alphabet [i].
Then remove each of these k—2 1’s and replace each word 7(9 = ajas - - - a, with the
word #() = (i+1—ay)(i+1—ay)--- (i+1—a,) to obtain & = 17(N27(2)37G) ... 7(k)
belonging to Ps_s1(n, k), as may be verified.

The results of this section are summarized in Table 1 below.

T ‘ Reference H T | Reference || T | Reference
1—11 | Corollary 5 1—32 | Example 11 2 — 21 | Proposition 9
1—12 | Proposition 8 || 2 —11 | Example 3 2—-31| [6]

1 —21 | Proposition 8 || 2 — 12 | Proposition 9 || 3 — 12 | Example 2
1—22 | Example 7 2-13 | [11] 3 —21 | Example 2

1 —23 | Example 13

Table 1: Three letter generalized patterns of type (1,2)

3. Type (2,1) Patterns

We open with a general theorem which follows immediately from the fact that each
partition 7 with exactly & blocks may be uniquely expressed as n’kw where 7’ is a
partition with exactly k — 1 blocks and w is a word over the alphabet [k].

Theorem 14. Let 7 = 7 —{ be a generalized pattern with one dash such that 7' is
a subword pattern over the alphabet [¢ — 1]. Then

F(x; k) = aWo(a; k) Frr (23 k — 1),

where W, (x;r) is the generating function for the number of words of length n over
the alphabet [r] which avoid the pattern T.

The following formula for Fi5_3(z; k) follows from taking 7 = 12 — 3 in Theorem
14 and is also obvious from the definitions.

Example 15. Fip 3(2;1) = 1%, Fi2-3(2;2) = %, and Fia_s(z;k) =0
for all £ > 3.

Taking 7 = 21 — 3 in the prior theorem together with

k
Wor_3(z3 k) = H
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(see Theorem 3.6 of [3]) and Foy(z;k —1) = )k T yields

Example 16. For each positive integer k,

ok i—2
. (1—x)
Fr-alask) = 7 H (1—z)yi—t—g

Taking 7 = 11 — 2 in the prior theorem together with

1—(G -1
Wii—a(z; k) Hil—jjx—ﬁ

(see Theorem 3.2 of [3]) and

xkfl

F11 1’;]€— 1) = 9. .
( : H?;(l_]x)

(see, e.g., [12]) yields

Example 17. For each positive integer k,

k-1
1
F; k) =2"(1 .
ooz k) =281 + Jl_‘[)l—jl‘—$2

Letting k£ = 2 in the last formula, we see that Py1_s(n,2) has cardinality

n—2
7=0

where f,,, denotes the m-th Fibonacci number. Note that the sum counts all mem-
bers of Pi1_2(n,2) according to the number, n — 2 — j, of trailing 1’s.

Theorem 18. For each positive integer k,
Fl...lfl(.’lf; k’) = F1,1...1(3?; k),
where the generalized patterns have the same length m > 3.

Proof. We first express a member A € Pi_1..1(n, k) as A\ = zjwixaws - - TpWy,
where each z; is a (maximal) sequence of consecutive 1’s and each w; is a word in
the alphabet [k] — {1} (with w, possibly empty). Let \; = x,wiz,_qws - T1W,
be the partition gotten by reversing the order of the runs of consecutive 1’s. Now
reverse the order of the runs of consecutive 2’s in A1, and, likewise, reverse the order
of the runs for each subsequent member of [k]. The resulting partition o will belong
to Pj..1—1(n, k) since all runs (except possibly the last) of a given letter will have
length at most m — 2, and the mapping A — « is readily seen to be a bijection.
For example, if n =12, k = 3, m = 3, and A = 111213323132 € P;_1;(12,3), then
a = 121323111332 € P1;-1(12,3). O
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The bijection of the preceding proof shows, more generally, that the statistics
recording the number of occurrences of 1---1 —1 and 1 — 1---1 are identically
distributed on P(n, k). We next look at the patterns 12 — 1 and 12 — 2.

Proposition 19. The number of partitions of [n] with k blocks avoiding either
12 —1 or 12 — 2 is given by (Z:})

Proof. A member of Pja_1(n, k) cannot have a descent since the first descent in a
partition always produces an occurrence of 12 — 1. If a member of Piy_o(n, k) is
expressed in the form 1727y - - - kmg, where each 7; is a (possibly empty) word in
the alphabet [¢], then it must be the case that each m; consists only of 1’s, whence
there are (("_Z)_“ik_l) = (Zj) members of Pio_o(n, k) in all. To see this, note first
that w9 in the above decomposition must consist only of 1’s in order to avoid an
occurrence of 12—2. This in turn implies that 73 must consist of all 1’s, for if it had
a 2 or a 3, then there would be an occurrence of 12 — 2 when taken with the first

occurrence of 2 or 3. And so on, inductively, each m; must consist only of 1’s. O

Theorem 20. The number of partitions of [n] with k blocks avoiding 21 —2 is given
by (n—i-n(é)k—l) .

Proof. Within a partition, we’ll call a group of consecutive letters of the same type
i an i-block. First note that within any member of Pa1_o(n, k), all of the letters k
must occur within a single block. The letters & — 1 either occur as a single block
to the left of the k-block or occur as two blocks, one to the left and another to the
right of the k-block. In general, suppose one has chosen the relative positions of
the j blocks for each j € {2,3,...,k} and one wishes to insert 1-blocks. One must
place a 1-block at the beginning. Once this is done, you may then place a 1-block
directly to the right of the last j-block for any j > 1.

Let z = 1%;. Upon conditioning on the number, i, of 1-blocks to be inserted
following j-blocks for j € {2,3,...,k} (note that for each of the (kl_.l) choices
regarding the insertion sites for the ¢ additional 1-blocks, there is a contribution of
2+ towards the generating function), we see that

For_o(x; k) = <zkzl (k; 1) z> Foy_o(z;k —1)

=0
:Z(1+Z)k71F21,2(1';]€—1), k 2 2.

Iterating this and noting the initial condition Fa_o(x;1) = z, we get

2k

For_o(x; k) = 27 (1 + Z)(’;) —

(1 _ x)(k;rl) s
which implies that Ps;_s(n, k) has cardinality (”_k‘;(_kgl)_l) = (”té)k_l). O
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Theorem 21. The number of partitions of [n] with k blocks avoiding 21 —1 is given

by (")),

Proof. We construct an explicit bijection between the set Pa1_o(n, k) and the set
Py1_1(n, k) and use the prior theorem. Suppose A = A\ = ajaz---a, € Py1_a(n, k)
and that the first (maximal) descent occurs at index i and has length ¢, where
t > 2. Then there are no occurrences of the letters a;, a;y1, ..., a;1¢—2 past position
i1+t —1. Replace any occurrences of the letter a; ;1 past position i+t —1 with the
letter a;, letting A2 denote the resulting member of P(n, k). (By maximal descent,
we mean a descent which is not strictly contained within any other.)

Now suppose the second (maximal) descent of Ay occurs at index k and has length
s (note that the first maximal descent of Ay occurs at index i, since the first i +¢—1
positions of A; were not changed by the above replacement, and hence k > i+t—1).
Then replace any occurrences of the letter ag4s—1 past the (k + s — 1)-st position
with the letter ax4s—2. Then look at the new partition and replace any occurrences
of the letter aj,s_o past the (k+ s—1)-st position with the letter axys—3 and so on
until one makes the replacement of ay, for agy; in all positions past the (k+s—1)-st
position. (Note that the second and subsequent steps must be defined in this fashion
since, for instance, the element a; might be part of the second maximal descent of
A2 and therefore create a 21 — 1 that needs to be removed). Similarly, define A3
using Ao, and so on. After a finite number of steps, say m, all occurrences of 21 — 1
will have been removed and thus the resulting partition A, belongs to Py1_1(n, k).
The mapping A — A,,, may be reversed by starting on the right and considering the
(m—1)-st (maximal) descent in the partition A, the (m —2)-nd (maximal) descent
in A;,—1, and so on (note that, by construction, the partition \; has at least i — 1
maximal descents for all 7). O

In what follows, we let F.(x;k|as---a1) denote the generating function for the
number of partitions 7 = mmy -1, of [n] with exactly k blocks that avoid the
pattern 7 and have m,41—; = a; for all j =1,2,...,s. The next proposition gives
a recursive way of finding the generating functions Fy3_1(x;k|a) for all positive
integers a and k.

Proposition 22. The generating function Foz_1(x; k) is given by

k
Zanfl(UC;kM)’
a=1

where the generating functions Fa3_1(x; k|a) satisfy the recurrence relation

F23_1(£C; k|(1)
a—1
T

2 a

x

B e —— Foa_ . ; o Fou k114
(1—$)k*“—mj§:1: 23-1(z; klj) + (1—x)k*“—x]§:1 a3—1(x; k — 1|7),
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for 1 <a < k—2, with the initial conditions
Fos 1(x;k|k) = xFos_1(x; k) + wFoz_q (25 k — 1)

and
F23,1(CL’; k‘k — ].) = .’EF23,1($; ]{))

if k > 3, where Fog_q(x;2|1) = and Fa3_1(x;2]2) =

.’,83 $2
(1—z)(1—2z) 1-2z°
Proof. From the definitions, the initial conditions are obvious and Fhs_1(z;k) =

k
> Fosz_q1(x;kla). Also, forall 1 <a <k -2,
a=1

Fos_1(xikla)
a k
Z p3—1(z; k|b,a) + Fas_1(z;kla+ 1,a) + > Fas_1(x;klb, a)
b=1 b=at2 (1)
=z Z Fos—1(w;k|j) + aFas—1(x; kla) + Z Fos—1(x;klj, a).
j=1 j=a+2

We now find a formula for Fas_q(x; k|b,a), where k >b>a+1 > 2:
Foz_1(x;k|b, a)
= > Foz 1(x;K|j, b, 0)

j=1
- 2

=S Py a(w ki ba) 4 S Fayr(w:klj,ba) + ZFQS (@ kljba) P
j=1 Jj= a+1

=22 Y Fog_q1(x;klj) + Z Foz_1(x; k|j, a),

j=1 Jj=b
with
Fog_1 (23 K[k, )

a
= Z F23 1({,17 k‘])+$2 Z F23 1(1‘ k—1|j)+$FQ3 1((E k|k a)

Jj=1 Jj=1

1(x

= > Fas_1(z; k|, k,a) + Fag_1(x; klk, k,a)
j=1

22

Equations (1)-(2) imply

b—1
Fos_1(x;k|b,a) — xFas_1(z; k|a) = 22 Fas_1 (2; kla) — Z Fos_1(x; k|7, a),
Jj=a+2

with the initial condition Fhys_1(x;kla + 1,a) = xFs3-1(x;k|a) (which is obvious
from the definitions). Thus, by induction on b, we obtain

Fos_1(z;klbya) = 2(1 — 2)b 1 Fy_y(xsk|a), b=a+1,a+2,....k—1. (4)
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Therefore, equations (1), (3) and (4) imply

a k—1
Fs_1(z; kla) Z b3—1(z; k|j) + wFas_1(z;kla) > (1 —x)b-e !
j=1 b=a-+1
a
+1 Zl(Fzgq(ff; klj) + Fas—1(x;k — 1]5)),
J:
which is equivalent to
Fos_1(z; kla)
2 a—1 $2 a
= m ;Fxsfl(m%m]) + m ;Fﬁ,l(x; k —1[7),
as claimed. O

Note that Fa3_1(z;k|1) is determined by the recurrence in Proposition 3.6 above
for all £k > 3 by simple iteration. Comparing with Example 2.6 above, we see that
Fos_1(x;k|1) = xFy_o3(x; k) for all k > 2, which is easily seen directly. These
values determine the Faz_1(x;k|2) for all k, which may then be used to determine
the Fy3_1(x;k|3) and so on.

Remark. By induction on a, there is also the following direct relation between
Fys_1(x;kla) and Fas_q(x;k — 1|a) for all k > 3 and 1 < a < k — 2 which results
from Proposition 22:

F23,1($;]€|a)
a—1 (22 T[22} (1+7)
j=i+1 (1—z)k—Ji—z x
= F: k—1
Z (1—z)k—a—g (1 —xz)k- —xz 2313 )
=1 Jj=1
Y
+ Fgg 1 .13 k} — l‘j)
R

The above proposition may also be used to find an explicit formula for the gen-
erating function Fy3_1(x;k) for any given k. For k = 2, we have Fhs_1(x;2|1) =
2

2
Tna=zy 123-1(2:2(2) = 1555 and Fs1(%;2) = ggja=ss)- For k = 3, we
have
22 x®
Foz1(233(1) = -5 Fo31(2;2]1) =
23—1(w; 3[1) 1—3z+22 % 1(#:2[1) (1—-2)(1-22)1 -3z +22)’

Fosz_1(2;3|2) = xFoz_1(x;3),

73

Faz—1(x;3)3) = wFas—1(2;3) + (1—2)(1—2z)
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By summing the above equations, we obtain (1 — 2z)Fa3_1(z;3) = %, which
implies
23

(1—-3z+22)(1—2x)

Faz_1(2;3) =
Likewise, one has

41 — 5z + 8% — 43 + z4)
(1= )1 —20)°(1 -3z + 22)(1 — 4z + 322 — )’

Fy3 q(w54) =
Similarly, there are comparable recurrences satisfied by the generating functions
F22_1 (QZ, k|a)

Proposition 23. The generating function Foo_1(x; k) is given by

k
> Py (;kla),
a=1

where the generating functions Fas_1(x; k|a) satisfy the recurrence relation

Foo_q (x5 kla)

a—1

z(l+z) _ T
= Foo . Foo . 1
1f(kfa)x,x2j; 22 1($7/€|J)+17(kia)x7$2 o 1(2;k — 1la),

for all 1 < a <k — 2, with the initial conditions
Foo_1(x;klk) = xFoo_q(x;k) + xFoo_q1(x;k — 1)
and
Foo 1 (x;k|k — 1) = x(Fag_y (w3 k) — 22 Fao_ 1 (k) — 22 Fyo_1(z;k — 1))

if k > 2, where Foo_1(x;1|1) = Foo_q(z;1) = 2.

1—x

Proof. From the definitions, the first initial condition is obvious and

k
Fggfl(ib; k‘) = Z F22,1(£C; k:|a)
a=1

For the second condition, note that all members of Pys_1(n, k) ending in the letter

)

k — 1 may be obtained from the members of Pas_1(n — 1, k) not ending in two or
more k’s by adding a k — 1. Also, for all 1 <a <k — 2,

a

k
> Fooa(z;k[bya) + >0 Faa_1(z;k[b,a)
b=1 b=a+1 (5>

a k
=) Foo1(x;k|j) + > Faa-1(w;klj,a).
j=1 j=at1

Fggfl(a’}; k|a)



INTEGERS: 12 (2012) 16

We now find a formula for Fye_1(x; k|b,a), with & > b >a > 1:

k
Foo_1(x;klb,a) =Y Fao_1(x;klj, b, a)
j=1

a k
= > Faoa(z;klj,ba) + >0 Foei(x5klj,b,a) (6)
=1 j=a¥T.ib

a k
=a? ) Fooi(wiklj)+a Y. Faa(z;klj,a),
i=1 j=a’T.j#b
which, by (5), implies
x

1+
Also, Fao_1(z; klk,a) = xFoo_1(z;k—1|a)+xFos_1(z; kla)—xFaa_1(x; k|k, a), which
gives

Fgg_l(l‘;k‘“),a) = Fgg_l(l‘;k‘|a). (7)

€T T

Fooq(x; = Foo_q(x3k—1 Foo (x5 .
2o-1(z; k|k, a) Tzl 1(z;k —1la) + Trale 1(z; kla) (8)
Therefore, equations (5), (7) and (8) imply

- (k—a)x x
Foo—y(w;kla) = x;FM—l(ﬂJ;k‘|j)+H7xF22—1($;k|a)+ T —Fo2-1(z3k—1la),
for all 1 < a < k — 2, which gives

Fyo_1(z; kla)

a—1
z(l+x) ) T
= Foy_1(x; k Foy_y(z;k—1
1_(k_a)x_x2jz::l 22-1(7; |J)+1—(k—a)x—x2 22— 1(7; |a),

as claimed. O

Remark. By induction on a, there is the following direct relation between the
Fy_1(x;kla) and the Fas_q(z;k—1]a) for all k > 3 and 1 < a < k—2 which results
from Proposition 23:

T A= (k=1 =)
Foy (2 kla) = (1 4 2)2? Z (rllf‘:j—;l( (k( J)x ‘22))

i=1
Foo_1(x;k —1]a).
1o (k—a)e —a22 > 1z )

The above proposition may also be used to find an explicit formula for the gen-
erating function Fys_1(x; k) for any given k. For instance, the above proposition
for k = 2 yields

F22_1(JU; k — 1|’L)>

1,4

Fag 1 (;2|1) = (z — 2°) Faa 1 (7;2) — ,

1—=z

72

Fo-1(232]2) = P21 (2;2) + —.
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By summing the above equations, we get
Fggfl(l‘; 2) = (2.27 — $3)F22,1(l‘; 2) + .’L‘Q(l + LE),

which implies

2?(1+ )
P = a0 —s =7y
Likewise, we have
231+ — 222 — 23
Fyp 1(2;3) = ( )

(1-2)2(1 -z —2?)(1 — 22 — 22)’
Finally, there are similar relations involving the generating functions Fso_1(2; k|a).

Proposition 24. The generating function Fsa_1(x; k) is given by

k
ZF3271(3C§/€|(1),
a=1

where the generating functions Fzo_1(x; k|a) satisfy the recurrence relation
F32 1(xk|a)

(1—:E)k l—a
- (1—33 A—z)Fo—g ZF32 (3 klg) + ()—_wa—l(x;k—lla),

for all 1 < a <k — 2, with the initial conditions
F3o_1(x;k|k) = xF30_1(x; k) + 2 F3p 1 (25 k — 1)

and
F32,1($; k‘k — ].) = .’EF32,1($; ]{))

if k > 3, where F53_1(x;2|1) and Fsa_1(x;2|2) =

_ z3 z?
T (I-z)(1-2x) 1-2x°

Proof. From the definitions, the initial conditions are obvious and Fzo_1(z;k) =

k
> Fso_1(x;kla). Also, foralll1 <a <k -2,

a=1

Fso1(x;kla) Z Fyo_1(z;k|b, a) + Z Fso_1(z;k[b,a) + Fso—1(z; klk, a)
b a+1

= Z Fao_ 1($ k|j)+ Z Fso_ 1(1‘ /€|b a)+$F32 1(:L‘ k|a)
Jj=1 b=a+1

+.73F32_1(J};k‘— 1|a). (9)
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We now find a formula for F3o_1(x; k|b,a), with & > b >a > 1:

k
Fzp_1(x;klb,a) = Z F3o_1(x;kj,b,a)
=
= > Fso 1(x;K|j, b,a) + Z F3_1(x;klj, 0, a)
j=1 i= a+1
= 2? ZF32 1z klg) + Z F3y_1(w;klj,a),
Jj=1 Jj=a+1

where
F32,1(.’E; k|k, CL) = t’I?FgQ,l(ZL'; k\a) + .’EF32,1((E; k— 1|a)

Equations (9)-(10) imply

k
Fao_y(x;k|b,a) — aF32-1 (25 kla) = —x Z Fio_1(x;klj, a),
Jj=b+1

with the initial condition (11). Thus, induction on b yields

18

(10)

(11)

Fso_1(z;klb,a) = 2(1— m)k_ngg,l(x; kla) —x2(1 —x)k_l_bF32,1(x; k—1la), (12)

for a +1 < b <k — 1. Therefore, equations (9), (11) and (12) imply

k
Fso_q(x;kla) == Z Fio_1(z;Kk|j) + vF39_1(z;kla) > (1—z)F°

j=1 b=a+1

+z <1 -z E (1- x)k_l_b> Fso_1(z;k — 1]a),

b=a+1

which is equivalent to

F3o_1(z;kla) = (

forall 1 <a <k — 2, as claimed.

(1 —a)*

1—2 k—1—a
_ ZFSZ (@ klj)+ (—)_96F32—1($§k—1|a)’

O

Remark. By induction on a, there is the following direct relation between
Fs5_1(x;kla) and Fsa_1(x;k — 1]a) for all & > 3 and 1 < a < k — 2 which re-

sults from Proposition 24:

a— —1—4770—1 1—xz)k—7I
! (1_x)k ! HJ i+1(1(_3c)%+j_3,j

Fao_1(z;kla) = 2° Z (1 —z)—o —z)((1 —a)k—7 — ) Fa 1 (z; k —1]i)

F3y_1(x;k — 1]a).
82 1(; |a)
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The above proposition may also be used to find an explicit formula for the gen-
erating function F3p_;(x;k) for any given k. For k = 2, we have Fzp_(7;2[1) =

z° z? 7&:2
Ty Fi2-1(03212) = 1555 and Fyp-1(2;2) = qjaay- For k=3, we
have
z(1—x) at
Fap q(2;3]1) = ——"5 F321(2;2]1) =
32 1($, | ) 1_3x+x2 32 1(3), ‘ ) (1—21’)(1—3‘%4‘1'2))
F3271($;3|2) = "EF3271(:E;3)7
23
Fso_1(2;3|3) = xF32-1(2;3) + —————F————.
32-1(253[3) = 2321 (73 )+(1_x)(1—2x)

By summing the above equations, we obtain (1 — 2x)F30_1(2;3) = ngﬁ-zz)v
which implies

3
(1-3z+2?)(1—-22)(1—2x)

The results of this section are summarized in Table 2 below.

Fzo_q1(;3) =

T ‘ Reference || T ‘ Reference

11 —1 | Theorem 18 21 — 2 | Theorem 20

11 — 2 | Example 17 21 — 3 | Example 16

12 — 1 | Proposition 19 || 22 — 1 | No explicit formula
12 — 2 | Proposition 19 || 23 — 1 | No explicit formula
12 — 3 | Example 15 31 -2 | Open

13 -2 | Open 32 — 1 | No explicit formula
21 —1 | Theorem 21

Table 2: Three letter generalized patterns of type (2,1)

4. Generating Trees

In this section, we use the methodology of generating trees to count set partitions
avoiding a pattern. A generating tree is an infinite rooted tree, which essentially
is a process that generates labels from a single label of the root by successively
applying certain rules. Formally speaking, a generating tree consists of the single
label of its root along with its succession rules, see [17].

For example, we can count the words in [k]™ by inserting a letter from [k] to the
right of the rightmost letter of a word. For the purpose of enumeration, we only
keep track of labels on words in the case when members of [k]™ are formed from the
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empty word. For example, the generating tree for the words in [k]™

Root : (k)
{ Rule : (k) ~ (k)k.

is given by

In this setting, partitions of [n] will be regarded as words of the form 7j over
the alphabet {1,2,...}, where the letter j belongs to the set {1,2,...,1+4 maxm}.
Thus, if we label each partition by a label (a), where a is the maximum element of
the partition, we see that the generating tree for the partitions of [n] is given by

Root : (1)
Rule: (a) ~ (a)*(a +1).
We now present the generating trees for partitions of [n] avoiding the patterns
23—1,22—1and 32 —1.
4.1. The Pattern 23 — 1

Theorem 25. The generating tree Taz—1 for the partitions of [n] that avoid 23 — 1
s given by

Root : (1,1,1)
Rule: (a,b,¢) ~ (a,b,a)---(a,b,¢)(¢c,b,c+ 1)+ (e, b,b)(c, b+ 1,b+1).

Proof. We label each partition 7 = 7y - - - m,, of [n] by (a,b, ¢), where

1, ifr=11---1;
c=Tp, b= max m;, and a= L ' .
1<i<n max{m; : m; < mi11}, otherwise.

Clearly, the partition {1} of [1] is labelled by (1,1,1) and ¢ > a (for otherwise,
m would contain the pattern 23 — 1). If we have a partition 7 associated with
a label (a,b,c), then each child of 7 is a partition of the form 7’ = ¢/, where
d =a,a+1,....,b+ 1, for if ¢ < a, then 7 would contain 23 — 1, which is not
allowed. Thus, we have the three cases:

e if b> ¢ > ¢, then 7' is labelled by (¢, b, ),

e if ¢ =b+1, then 7’ is labelled by (¢,b+ 1,0+ 1),

e if ¢ > > a, then 7’ is labelled by (a,b, ).

Combining the above cases yields our generating tree. O

Let Hoz—1(t;a,b,¢) be the generating function for the number of partitions of
level n that are labelled by (a,b,c¢) in the generating tree Ta3_1, as described in
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Theorem 25 above. Define Has_1(t,u,v,w) =Y Hoz 1(t;a,b, c)uv®we. Then

Theorem 25 implies

a,b,c

H2371 (t7 u, v, ’LU)

= tuvw
+t Z Hasz 1 (t;a,b, c)v®(u®(w® + - - 4+ w®) + u¢(w ™ + -+ wb) + uolw*)
a,b,c
= tuvw
a _ ,,c+1 c+1 _ ,,b+1
+1 E Hos_1(t;a,b, c)vb (u“w T _u;u + ucw . Z“UU + ucvlwb-s-l)

a,b,c
t
= tuvw + 1—(1‘[23,1(157 uw,v,1) — wHaz_1(t, u,v,w))
—w

t
+ l—w(Hgg,,l(t7 1,v,uw) — Haz—1 (¢, 1,vw,u)) + tvwHaz_1 (¢, 1, vw, u),
—w
which gives the following result.

Theorem 26. The generating function Has_1(t,u,v,w) satisfies

t
Hoz_1 (t,u,v,w) = tuvw + 1—(H23_1(t, uw, v, 1) — wHaz_1(t, u, v, w))
—w

tw
+ m(Hgg_l(t, 1,v,uw) — Haz—1(t, 1, 0w, u))

+ tvwHas_1(t, 1, vw, u).

Using the above theorem, we see that the first fifteen values of the sequence
recording the number of partitions of [n], n > 1, which avoid the pattern 23 — 1 are
1, 2, 5, 14, 42, 132, 430, 1444, 4983, 17634, 63906, 236940, 898123, 3478623 and
13761820.

4.2. The Pattern 22 — 1

Theorem 27. The generating tree Taa_1 for the partitions of [n] that avoid 22 — 1
18 given by
Root : (1,1,1)
Rule: (a,b,¢) ~ (a,b,a) - (a,b,c — 1)(c, b, c)
(a,b,c+1)---(a,b,b)(a,b+1,b+1).
Proof. We label each partition 1 = m ---m, of [n] by (a,b,c), where ¢ = 7,

b= maxij<i<n i, and

1, if there is no 4 such that m; = m;41;
a= .
max{m; : m; = m;+1}, otherwise.
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Clearly, the partition {1} of [1] is labelled by (1,1,1) and ¢ > a (for otherwise,
m would contain the pattern 22 — 1). If we have a partition 7 associated with
a label (a,b,c), then each child of 7 is a partition of the form 7’ = ¢/, where
d =a,a+1,...,b+ 1, for if ¢ < a, then 7 would contain 22 — 1, which is not
allowed. Thus, we have the four cases:

e if ¢ > > a, then 7' is labelled by (a,b, ),

o if ¢ = ¢, then 7’ is labelled by (¢, b, ¢),

e if b > > ¢, then 7' is labelled by (a,b, ),

e if ¢ =b+1, then 7’ is labelled by (a,b+ 1,0+ 1).

Combining the above cases yields our generating tree. O

Let Hos_1(t;a,b,¢) be the generating function for the number of partitions of
level n that are labelled by (a,b,c¢) in the generating tree 7351, as described in
Theorem 27. Define Hao—1(t,u,v,w) =), pe H2o—1(t5 0,0, c)uv®we. Then, using
similar arguments as in the proof of Theorem 26 above, we obtain

Theorem 28. The generating function Haa_1(t,u,v,w) satisfies
H2271 (tv u,v, ’LU)

t
= tuvw + 1 o (Hog—1(t,uw,v,1) — Hoo_1(t,u,v,w)) + tHoo—1(t, 1, v, uw)
—w

t
+ T v (Haa—1(t,u,v,w) — Hoo_1(t,u,vw, 1)) + tvwHas—1(t, u, vw, 1).
—w

Using the above theorem, we see that the first fifteen values of the sequence
recording the number of partitions of [n], n > 1, which avoid the pattern 22 — 1 are
1, 2, 5, 14, 44, 153, 585, 2445, 11109, 54570, 288235, 1628429, 9792196, 623191991
and 419527536.

4.3. The Pattern 32 — 1

Theorem 29. The generating tree Tzo—1 for the partitions of [n] that avoid 32 — 1
s given by

Root : (1,1,1)

Rule: (a,b,¢) ~ (a,b,a) -+ (c—1,b,¢ — 1)(a,b,¢) - - (a,b,b)(a,b+ 1,0+ 1).

Proof. We label each partition # = 71 ---7, of [n] by (a,b,c), where ¢ = m,,
b = max;<;<p ;, and

o= 1, if there is no 4 such that m; > m;41;
| max{m11:m >my1}, otherwise.
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We label the partition {1} of [1] by (1,1,1), and clearly ¢ > a (for otherwise, 7
would contain 32— 1). If we have a partition 7 associated with a label (a, b, ¢), then
each child of 7 is a partition of the form «’ = nc/, where ¢/ = a,a+1,...,b+ 1, for
if ¢ < a, then 7’ would contain 32 — 1, which is not allowed. Thus, we have the
four cases:

e if ¢ > > a, then 7' is labelled by (¢/,b,¢),

e if ¢ = ¢, then 7’ is labelled by (a, b, ¢),

o if b>¢ >c+1, then n' is labelled by (a,b,c’),

o if ¢ =b+1, then 7’ is labelled by (a,b+ 1,6+ 1).

Combining the above cases yields our generating tree. ]

Let Hsa—1(t;a,b,c) be the generating function for the number of partitions of
level n that are labelled by (a,b,c) in the generating tree 7321, as described in
Theorem 29. Define Hso_1(t,u, v, w) = Za,b,c Hso 1(t;a,b,c)u®v®we. Then, using
similar arguments as in the proof of Theorem 26 above, we obtain

Theorem 30. The generating function Hsa_1(t,u,v,w) satisfies

H32—1(ta u, v, w)

t
(Hgg_l(t, uw, v, 1) — H32_1(t, 1, v, ’Uﬂ.U))
w

=t
uvw—|—1

t
+ m(Hgg_l(t, w, v, w) — wHss_1(t,u,vw, 1)) + tvwHsa—1 (¢, u, vw, 1).
Using the above theorem, we see that the first fifteen values of the sequence
recording the number of partitions of [n], n > 1, which avoid the pattern 32 — 1 are
1, 2, 5, 15, 51, 189, 747, 3110, 13532, 61198, 286493, 1383969, 6881634, 35150498
and 184127828.

5. Concluding Remarks

The enumeration problem of finding the generating function F,(z;k), where 7 is
a pattern of type (1,2), was completed in the first section above. However, the
problem of finding the generating function F.(x;k), where 7 is a pattern of type
(2,1), is not complete and we have the following remarks: (1) By using generating
functions, we obtained recurrence relations satisfied by F;(z; k) in the cases when
T equals 23 — 1, 22 — 1 or 32 — 1, and by using generating trees, we obtained
functional equations satisfied by Fi(z;k) in these cases. However, we were unable
to find explicit formulas for F.(x;k). (2) We also failed to find explicit formulas
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for the generating function F(z;k) in the cases when 7 equals either 13 — 2 or

31 — 2. On the other hand, we can write recurrence relations for these cases which

are analogous to the case 23 — 1 above, for example, but the recurrence relations
here are more complicated and require two indices.
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