Journal of Applied Analysis 1, 1 (1995), pp. 47–69

THE EXISTENCE AND UNIQUENESS OF SOLUTIONS OF EQUATIONS FOR IDEAL COMPRESSIBLE POLYTROPIC FLUIDS

K. KANTIEM AND W. M. ZAJA̧CZKOWSKI

Abstract. The local existence of classical solutions for a characteristic initial boundary value problem for the equations of ideal compressible polytropic fluids is proved. The problem is replaced by a system of well–posed problems and then the method of successive approximations is used.

1. Introduction. In this paper we prove the existence and uniqueness of solutions of an initial–boundary value problem for equations of ideal compressible polytropic fluids in a bounded domain with an impermeable boundary.

In the particular case of the barotropic fluid motion the problem was considered in [1], [8].

Since, as in our case, a boundary condition with vanishing normal velocity component is characteristic for the Euler equations we are not able to use the general methods [4], [7], [9] for first order hyperbolic systems.

The proof presented here is close to the method in [8] and is strictly connected with the form of the Euler equations. Only the local existence of classical solutions can be shown.

1991 Mathematics Subject Classification. 35L50, 35L65, 35Q35.

Key words and phrases. Euler equations, local existence, ideal polytropic compressible fluid. 47

Neither classical nor weak global solutions are known. However, the existence of measure–valued solutions of the Euler equations was proved in [5].

2. Statement of the problem. Let us consider the problem [3], [6] ρ_t + div (ρv) = 0 in Ω^T = Ω × (0, T ) , ρv_t + ρv · ∇v + ∇p = ρf in Ω^T , (2.1) e_t + div ( v ( e + p ) ) = ρf · v in Ω^T , ρ|_{t=0} = ρ_0 , v|_{t=0} = v_0 , e|_{t=0} = e_0 in Ω , v · n̄ = 0 on S^T = S × (0, T ) , where Ω ⊂ R^n, n = 2, 3, is a bounded domain with boundary S, ρ = ρ(x, t) is the density, v = v(x, t) the velocity vector, p = p(x, t) the pressure, e = e(x, t) the total energy, n̄ is the unit outward vector normal to S and f = f(x, t) is the external force field, ρ_0 ≥ ρ^∗ > 0, ρ^∗ = const. The total energy has the form e = 1 2 ρv^2 + ρε , (2.2) where ε is the specific internal energy.

For the ideal gas we have the following equation of state p = ρRϑ , (2.3) where R is the gas constant and ϑ = ϑ(x, t) is the absolute temperature.

Our considerations are restricted to polytropic gases which satisfy ε = c_v ϑ , (2.4) where c_v is the specific heat at constant volume.

Then we have (see [3], Ch. 1) p = A(S)ρ^γ , (2.5) where A(S) = (γ − 1)e^{S−S0c}v ≡ A_0e^s . (2.6) Here S is the density of the entropy, s =^S_{cv} , γ is the adiabatic exponent, γ > 1, c_v =^R_{γ−1} and A_0 = (γ − 1)e^{− S0c}v is constant.

Therefore, instead of (2.1) we get using the entropy

ρ_t + div (ρv) = 0 in Ω^T , ρv_t + ρv · ∇v + ∇p = ρf in Ω^T , (2.7) s_t + v · ∇s = 0 in Ω^T , ρ|_{t=0} = ρ_0 , v|_{t=0} = v_0 , s|_{t=0} = s_0 in Ω , v · n̄ = 0 on S^T .

Problem (2.7) has a characteristic boundary as described in [4], [7], [9]. Since we do not know how to solve it directly we replace the problem by a system of uniquely solvable problems.

Let ρ, v, s, p be as smooth as we need. From (2.5) and (2.6) follows p = A_0e^sρ^γ (2.8) and with (2.7)_3 we obtain ∂_tp + v · ∇p − γp ρ (ρ_t + v · ∇ρ) = 0 . (2.9)

Using the continuity equation (2.7)_1 we have ∂_tp + v · ∇p + γp div v = 0 . (2.10) Let δ = ln p. Then

div v = − 1 γ (∂_t + v · ∇) δ . (2.11)

Applying the operator div to (2.7)_2 we get

(div v)_t + v · ∇ (div v) + div ( 1 ρ ∇p ) = (2.12)

= −∂_{xj} v_i ∂_{xi} v_j + div f ρ . Using (2.11) in (2.12) yields

Q^2δ − div ( γ p ρ ∇δ ) = γ ( ∂_{xj} v_i ∂_{xi} v_j − div f ) , (2.13)

where Q = ∂_t + v · ∇ . (2.14) Multiplying (2.7)_2 by n̄ and projecting the result on S we get with (2.7)_5 the boundary condition ∂δ ∂n | | |_{ST} = ρ(v_iv_j ∂_{xi} n_j + f · n̄)

e^δ | | |_{ST} . (2.15)

Furthermore the initial conditions are δ|_{t=0} = ln (A_0e^{s0} ρ^γ_0 ) , (2.16)

δ_t|_{t=0} = − v_0 · ∇s_0 − γ ρ_0

(v_0 · ∇ρ_0 + ρ_0 div v_0) ,

where we used (2.7)_1 and (2.7)_3.

Hence from (2.13), (2.15), (2.16) for given v and ρ we obtain the following problem for δ

Q^2δ − div ( γe^δ ρ ∇δ ) = γ ( ∂_{xi} v_j ∂_{xj} v_i − div f ) , δ|_{t=0} = ln (A_0e^{s0} ρ^γ_0 ) , (a)

δ_t|_{t=0} = − v_0 · ∇s_0 − γ ρ_0

(v_0 · ∇ρ_0 + ρ_0 div v_0) , ∂δ ∂n | | |_{ST} = ρ(v_iv_j n_{i,xj} + f · n̄) e^δ | | | |_{ST} .

Applying the operator rot to (2.7)_2 we obtain the problem for the vorticity vector ω = rot v ω_t + v · ∇ω − ω · ∇v + div v ω + ∇ 1 ρ × ∇e^δ = rot f , (b)

ω|_{t=0} = ω_0 ≡ rot v_0 , where ρ, δ and v are treated as given functions.

Now for given ω and ρ we have the elliptic problem for v rot v = ω ,

div v = − 1 ρ Qρ , (c)

v · n̄|_S = 0 .

Finally, s is a solution of the problem s_t + v · ∇s = 0 , (d) s|_{t=0} = s_0 , where v is given.

Let us emphasize that we calculate ρ from (2.8) for given s and δ by the relation ρ = ( 1 A_0 e^δ e^{−s}

) 1_γ ≡ z(δ, s) . (e)

The next sections are organized in the following way. After providing the notation used in the paper we present in Section 4 the method of successive approximations in order to solve the problems (a)–(d). In Section 5 we prove the boundedness of the sequence constructed in Section 4, and in Section 6 we show its convergence. The existence and uniqueness of the solution of problem (2.7) are shown in Section 7.

3. Notation. In this paper we consider a simply–connected domain Ω ⊂ R^n, n = 2, 3, with the boundary S of class C^5. We assume that in a neighbourhood of the boundary there exists a vector field n̄(x) ∈ C^4 such that n̄(x)|_{x∈S} is the unit outward vector normal to S.

We denote the norms of the spaces L_p(Ω), p ∈ [1, ∞] and the Sobolev spaces H^l(Ω), l ∈ N ∪ {0}, by | · |_{p,Ω} and ‖ · ‖_{l,Ω}, respectively.

Let B be a Banach space with the norm ‖ · ‖_B , k ∈ N ∪ {0} and T some positive constant. Then L^k_r (0, T ; B) denotes a Banach space of functions f(t) on [0, T ] with values in B for every fixed t ∈ [0, T ], whose k–

th derivative with recpect to t has a bounded norm (∫_T 0 ‖ · ‖^r_B dt

) 1_r , where r = ∞ or r = 2.

Moreover, let us introduce the spaces Π^l_{k,r}(Ω^T ) =

⋂_l

i=k L^{l−i}_r (0, T ; H^i(Ω)) with the norm

|u|_{l,k,r,Ω}T = l∑ i=k (∫_T 0 ‖ ∂^{l−i}_t u ‖^r_{i,Ω} dt

) 1_r

and Γ^l_k(Ω) with the norm

|u|_{l,k,Ω} = l∑ i=k ‖ ∂^{l−i}_t u ‖_{i,Ω} .

4. The method of successive approximations. We prove the existence of solutions of the problem (a, b, c, d, e) by the following method of succesive approximation. Let v_{m−1}, δ_{m−1}, s_{m−1} be given. Then δ_m is a solution of the problem

Q^2_{m−1}δ_m − div ( γe^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) = = γ ( ∂_{xi} v_{m−1,j} ∂_{xj} v_{m−1,i} − div f ) , (a_m)

δ_m|_{t=0} = ln (A_0e^{s0} ρ^γ_0 ) ,

δ_{m,t}|_{t=0} = − v_0 · ∇s_0 − γ ρ_0

(v_0 · ∇ρ_0 + ρ_0 div v_0) ,

∂δ_m ∂n | | |_{ST} = z(δ_{m−1}, s_{m−1})(v_{m−1,i}v_{m−1,j} n_{i,xj} + f · n̄) e^{δm−1} | | | |_{ST} , where Q_{m−1} = ∂_t + v_{m−1} · ∇.

For given v_{m−1}, δ_{m−1}, s_{m−1} the function ω_m is a solution of the problem ω_{m,t} + v_{m−1} · ∇ω_m − ω_m · ∇v_{m−1} + div v_{m−1} ω_m + + ∇ 1 z(δ_{m−1}, s_{m−1})

× ∇e^{δm−1} = rot f , (b_m) ω_m|_{t=0} = ω_0 .

For v_m we obtain the elliptic problem

rot v_m = ω_m ,

div v_m = − Q_{m−1} ln z(δ_m, s_m) + 1 |Ω| ∫ Ω Q_{m−1} ln z(δ_m, s_m) dx , (c_m) v_m · n̄|_S = 0 , where ω_m, s_m, δ_m are given.

Finally, s_m is determined for a given v_{m−1} from s_{m,t} + v_{m−1} · ∇s_m = 0 , (d_m) s_m|_{t=0} = s_0 .

and ρ_m from ρ_m = z(δ_m, s_m) . (e_m) The additional term on the right–hand side of (c_m)_2 is necessary in order to satisfy the compatibility condition for problem (c). Let F_1 =‖ ρ_0 ‖_{2,Ω} + ‖ s_0 ‖_{2,Ω} + ‖ v_0 ‖_{2,Ω} , F_2 =‖ ρ_0 ‖_{3,Ω} + ‖ s_0 ‖_{3,Ω} + ‖ v_0 ‖_{3,Ω} , (4.1) F_3 =‖ f(0) ‖_{1,Ω} + ‖ rot f(0) ‖_{1,Ω} , F_4 =‖ div f(0) ‖_{1,Ω} , F_5 = |rot f|_{2,0,1,Ω}T , F_6 = |div f|_{2,1,∞,Ω}T , F_7 = |f · n̄|_{3,1,∞,Ω}T .

In the following lemmas g_i, h_i, f_i, G_i will be different positive, increasing functions of its arguments. Different constants are denoted by C.

Lemma 4.1. Let s_0, ρ_0, v_0 ∈ H^3(Ω), rot f ∈ Π^2_{0,1}(Ω^T ), rot f(0) ∈ H^1(Ω), f(0) ∈ H^1(Ω) and v_{m−1}, δ_{m−1}, s_{m−1} ∈ Π^3_{1,∞}(Ω^T ). Then there exists a unique solution of the problem (b_m) such that ω_m ∈ Π^2_{0,∞}(Ω^T ) and the estimate

|ω_m|_{2,0,Ω} ≤ e^{cT |vm−1|3,1,∞,ΩT} · [ h_1(T (|δ_{m−1}|_{3,2,∞,Ω}T + + |s_{m−1}|_{3,2,∞,Ω}T ) + F_1)(1 + |δ_{m−1}|^4_{3,1,∞,Ω}T + (4.2) + |s_{m−1}|^4_{3,1,∞,Ω}T )T + F_5 + h_2(F_2)(F_2 + F_3) ]

holds.

Moreover, ω_m ∈ C(0, T ; Γ^2_0(Ω)).

Proof. The existence of the solution ω_m follows from the method of characteristics.

Let us show estimate (4.2). From ∑ μ≤2 ∫ Ω D^μ_{t,x} ω_{m,t} + v_{m−1} · ∇ω_m − ω_m · ∇v_{m−1} +

+ div v_{m−1} · ω_m + ∇ 1 z(δ_{m−1}, s_{m−1})

× ∇e^{δm−1} ) D^μ_{t,x} ω_mdx = = ∑ μ≤2 ∫ Ω D^μ_{t,x}(rot f)D^μ_{t,x} ω_mdx ,

where D^μ_{t,x} = ∑ i_0+i_1+...+i_3≤μ

∂^{i0} ∂t^{i0}

∂^{i1} ∂x^{i1}_1

. . .

∂^{i3} ∂x^{i3}_3 , we get using formula (e_m) d dt |ω_m|_{2,0,Ω} ≤ |v_{m−1}|_{3,1,Ω} |ω_m|_{2,0,Ω} + (4.3) + g_1 (|s_{m−1}|_{2,2,Ω}, |δ_{m−1}|_{2,2,Ω}) · · |δ_{m−1}|_{3,1,Ω} (|s_{m−1}|_{3,1,Ω} + |δ_{m−1}|_{3,1,Ω}) · · ( 1 + |s_{m−1}|^2_{3,1,Ω} + |δ_{m−1}|^2_{3,1,Ω} ) + |rot f|_{2,0,Ω} .

From the relation u(t) =

∫_t 0 u_τ (τ)dτ + u(0) we obtain |u|_{2,s,∞,Ω}t ≤ t |u|_{3,s,∞,Ω}t + C |u(0)|_{2,s,Ω} , (4.4) for s ≤ 2. Integrating (4.3) with respect to time and applying (4.4) to the arguments of g_1 we get |ω_m|_{2,0,Ω} ≤ e^{ct|vm−1|3,1,∞,Ωt} [ g_1 (t |δ_{m−1}|_{3,2,∞,Ω}t + F_1 , t|s_{m−1}|_{3,2,∞,Ω}t + F_1) t (1 + |δ_{m−1}|^4_{3,1,∞,Ω}t + (4.5) + |s_{m−1}|^4_{3,1,∞,Ω}t ) + |rot f|_{2,0,1,Ω}t + |ω_m(0)|_{2,0,Ω} ] . Estimating ω_m|_{t=0}, ω_{m,t}|_{t=0}, ω_{m,tt}|_{t=0} using (b_m) for t = 0 it can be shown that |ω_m(0)|_{2,0,Ω} ≤ C ‖ v_0 ‖_{3,Ω} (1+ ‖ v_0 ‖_{3,Ω}) · · (1 + g_2(‖ ρ_0 ‖_{2,Ω} , ‖ s_0 ‖_{2,Ω}) ‖ v_0 ‖_{3,Ω}) · (4.6) · (‖ s_0 ‖_{3,Ω} + ‖ ρ_0 ‖_{3,Ω})(1+ ‖ s_0 ‖^2_{3,Ω} + ‖ ρ_0 ‖^2_{3,Ω}) + + C(1+ ‖ v_0 ‖_{3,Ω}) · (‖ rot f(0) ‖_{1,Ω} + ‖ f(0) ‖_{1,Ω}) .

Substituting (4.6) into (4.5), using the notation (4.1) we obtain (4.2).

The continuity of |ω_m|_{2,0,Ω} with respect to time follows from (4.3). This concludes the proof.

Lemma 4.2. Let δ_m, δ_{m−1}, s_{m−1} ∈ Π^3_{1,∞}(Ω^T ), v_{m−1}, ω_m ∈ Π^2_{0,∞}(Ω^T ), v_{m−1,xt} ∈ L_∞(0, T ; L_4(Ω)), div f_t ∈ L_∞(0, T ; L_2(Ω)), then there exists a unique solution of the problem (c_m) such that v_m ∈ Π^3_{1,∞}(Ω^T ) and |v_m|_{3,1,∞,Ω}T ≤ C |ω_m|_{2,1,∞,Ω}T + + h_3(T |v_{m−1}|_{3,1,∞,Ω}T + h_4(F_1)F_1 + F_3 , (4.7) T |δ_{m−1}|_{3,1,∞,Ω}T + h_5(F_1)F_1 , T |s_{m−1}|_{3,1,∞,Ω}T + h_6(F_1)F_1) |δ_m|_{3,1,∞,Ω}T + + C(T |v_{m−1}|_{3,1,∞,Ω}T + h_7(F_1)F_1 + F_3) sup_{t≤T} |v_{m−1,tx}|_{4,Ω} +

+ CF_6 .

Proof. Using (d_m) and (e_m) we obtain

Q_{m−1} ln z(δ_m, s_m) = 1 γ Q_{m−1} δ_m .

Then (c_m) simplifies to rot v_m = ω_m ,

div v_m = − 1 γ Q_{m−1}δ_m + 1 γ 1 |Ω| ∫ Ω Q_{m−1}δ_m dx , (4.8) v_m · n̄|_S = 0 .

The existence of the solution of (4.8) follows from [2] and we have the estimate |v_m|_{3,2,∞,Ω}t ≤ C { |ω_m|_{2,1,∞,Ω}t + (4.9) + (|v_{m−1}|_{2,1,∞,Ω}t + 1) |δ_m|_{3,1,∞,Ω}t } .

In order to estimate |v_{m,tt}|_{1,1,∞,Ω}t we differentiate (4.8)_2 twice with respect to time and replace the third time derivative of δ_m by (a_m)_1. We obtain

div v_{m,tt} = − 1 γ ∂_t (∂_t Q_{m−1}δ_m) + 1 γ 1 |Ω| ∫ Ω ∂_t (∂_t Q_{m−1}δ_m)dx = = − 1 γ ∂_t (Q^2_{m−1}δ_m − v_{m−1} · ∇Q_{m−1}δ_m) + + 1 γ 1 |Ω| ∫ Ω ∂_t (Q^2_{m−1} δ_m − v_{m−1} · ∇Q_{m−1}δ_m) dx = = − 1 γ ∂_t ( div ( γe^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) + + γ∂_{xi} v_{m−1,j} ∂_{xj} v_{m−1,i} − γdiv f − v_{m−1} · ∇Q_{m−1}δ_m ) +

+ 1 γ 1 |Ω| ∫ Ω ∂_t ( div ( γe^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) + + γ∂_{xi} v_{m−1,j} ∂_{xj} v_{m−1,i} − γdiv f − v_{m−1} · ∇Q_{m−1}δ_m ) dx ≡ ≡ H .

Then the problem for v_{m,tt} has the form rot v_{m,tt} = ω_{m,tt} , div v_{m,tt} = H , (4.10) v_{m,tt} · n̄|_S = 0 and we get the estimate |v_{m,tt}|_{1,1,∞,Ω}t ≤ g_1 ( |δ_{m−1}|_{2,2,∞,Ω}t , |s_{m−1}|_{2,2,∞,Ω}t ) · · |δ_m|_{3,2,∞,Ω}t ( 1 + |δ_{m−1}|_{2,1,∞,Ω}t + |s_{m−1}|_{2,1,∞,Ω}t ) + (4.11) + |v_{m−1}|_{2,2,∞,Ω}t sup_{τ ≤t} |v_{m−1,xt}(τ)|_{4,Ω} + + ( |v_{m−1}|_{2,1,∞,Ω}t + 1 ) |v_{m−1}|_{2,1,∞,Ω}t |δ_m|_{3,1,∞,Ω}t + + |div f_t|_{0,0,∞,Ω}t .

Combining (4.9), (4.11) and using (4.4) we obtain

|v_m|_{3,1,∞,Ω}t ≤ C|ω_m|_{2,1,∞,Ω}t + + g_6(t|v_{m−1}|_{3,1,∞,Ω}t + g_2(F_1)F_1 + F_3) · (4.12) · |δ_m|_{3,1,∞,Ω}t + g_3(t|δ_{m−1}|_{3,2,∞,Ω}t + F_1, t|s_{m−1}|_{3,1,∞,Ω}t + + F_1) · (1 + t|δ_{m−1}|_{3,1,∞,Ω}t + t|s_{m−1}|_{3,1,∞,Ω}t + + F_1 · g_4(F_1))|δ_m|_{3,2,∞,Ω}t + + (t|v_{m−1}|_{3,1,∞,Ω}t + g_5(F_1)F_1 + F_3) · · sup_{τ ≤t} |v_{m−1,xt}(τ)|_{4,Ω} + |div f_t|_{0,0,∞,Ω}t .

Simplifying (4.12) we get (4.7). This concludes the proof.

Lemma 4.3. Assume that S ∈ C^5, v_0 · n̄|_S = 0, s_0, ρ_0, v_0 ∈ H^3(Ω), div f ∈ Π^2_{1,2}(Ω^T ), s_{m−1}, δ_{m−1}, v_{m−1} ∈ Π^2_{1,∞}(Ω^T ), f · n̄ ∈ Π^3_{1,∞}(Ω^T ). Then there exists a unique solution of the problem (a_m) such that δ_m ∈ Π^3_{1,∞}(Ω^T ) and it holds

|δ_m|_{3,1,∞,Ω}T ≤ h_8(T^a(|δ_{m−1}|_{3,1,∞,Ω}T + |s_{m−1}|_{3,1,∞,Ω}T + + |v_{m−1}|_{3,1,∞,Ω}T ) + h_9(F_1)F_1 + F_3, F_2, T ) · (4.13) · ( F_2 + F_3 + F_4 + F_6 + F_7 + T^a|v_{m−1}|_{3,1,∞,Ω}T ) , where a > 0.

Proof. In order to apply Proposition 8.2 from [1], we have to show that γA 1 γ 0 e^{γ−1γ δm−1} e^{1γ sm−1} ≥ C_m > 0 , where C_m = const. This follows from the assumption that s_{m−1}, δ_{m−1} ∈ Π^3_{1,∞}(Ω^T ).

Then we have (see formula (8.4) in [1]) |δ_m|_{3,1,∞,Ω}t ≤ P_0 (‖ δ(0) ‖_{3,Ω} + ‖ δ_t(0) ‖_{2,Ω} + + ‖ v^2_{0,x} ‖_{1,Ω} + ‖ div f(0) ‖_{1,Ω} ) e^{t P2} + (4.14) + P_1 e^{t P2} t^{12} [ |v_{m−1}|^2_{3,2,∞,Ω}t + |div f|_{2,1,∞,Ω}t + + g_1 ( |δ_{m−1}|_{2,2,∞,Ω}t , |s_{m−1}|_{2,2,∞,Ω}t ) · · ( 1 + |δ_{m−1}|^3_{,1,∞,Ω}t + |s_{m−1}|^3_{,1,∞,Ω}t ) ( |v_{m−1}|^2_{3,1,∞,Ω}t + + |f · n̄|_{3,1,∞,Ω}t )] , where

P_0 =P_0 ( |v_{m−1}|_{2,1,∞,Ω}t , |δ_{m−1}|_{2,1,∞,Ω}t , |s_{m−1}|_{2,1,∞,Ω}t , e^{C|δm−1|2,2,∞,Ωt} , e^{C|sm−1|2,2,∞,Ωt} ) , P_1 =P_1 ( |v_{m−1}|_{3,2,∞,Ω}t , |δ_{m−1}|_{3,2,∞,Ω}t , |s_{m−1}|_{3,2,∞,Ω}t , e^{C|δm−1|2,2,∞,Ωt} , e^{C|sm−1|2,2,∞,Ωt} ) , P_2 =P_2 ( |v_{m−1}|_{3,1,∞,Ω}t , |s_{m−1}|_{3,1,∞,Ω}t , |δ_{m−1}|_{3,1,∞,Ω}t , e^{C|δm−1|2,2,∞,Ωt} , e^{C|sm−1|2,2,∞,Ωt} ) are polynomials. From the relation (4.4) follows for s = 1

|v_{m−1}|_{2,1,∞,Ω}t ≤ t|v_{m−1}|_{3,1,∞,Ω}t + g_2(F_1)F_1 + C · F_3 , |δ_{m−1}|_{2,1,∞,Ω}t ≤ t|δ_{m−1}|_{3,1,∞,Ω}t + g_3(F_1)F_1 , (4.15) |s_{m−1}|_{2,1,∞,Ω}t ≤ t|s_{m−1}|_{3,1,∞,Ω}t + g_4(F_1)F_1 .

Using (4.15) in (4.14) we see that for a certain a > 0 the expression t^a is a coefficient of |v_{m−1}|_{3,1,∞,Ω}t , |s_{m−1}|_{3,1,∞,Ω}t , |δ_{m−1}|_{3,1,∞,Ω}t . Moreover, ‖ δ(0) ‖_{3,Ω} ≤ g_5(F_1)F_2 , ‖ δ_t(0) ‖_{2,Ω} ≤ g_6(F_1)F_2 .

From the above considerations it follows that |δ_m|_{3,1,∞,Ω}t ≤ g_7 ( t|δ_{m−1}|_{3,1,∞,Ω}t + g_3(F_1)F_1 , t|s_{m−1}|_{3,1,∞,Ω}t + g_4(F_1)F_1 , t|v_{m−1}|_{3,1,∞,Ω}t + (4.16) + g_8(F_1)F_1 + F_3 , t^a|δ_{m−1}|_{3,1,∞,Ω}t , t^a|s_{m−1}|_{3,1,∞,Ω}t , t^a|v_{m−1}|_{3,1,∞,Ω}t , F_2, t ) · · ( F_2 + F_3 + F_4 + F_6 + F_7 + t^a|v_{m−1}|_{3,1,∞,Ω}t ) . Simplifying (4.16) we get (4.13). This concludes the proof.

Lemma 4.4 Let v_{m−1} ∈ Π^3_{1,∞}(Ω^T ), s_0 ∈ H^3(Ω), ρ_0 ∈ H^2(Ω), f(0) ∈ H^1(Ω). Then there exists a unique solution of (d_m) such that s_m ∈ Π^3_{1,∞}(Ω^T ) and |s_m|_{3,1,∞,Ω}T ≤ e^{CT |vm−1|3,1,∞,ΩT} · (h_{10}(F_1) + F_3) F_2 . (4.17) Proof. The existence follows from the method of characteristics.

As in the proof of Lemma 4.1 we obtain d dt |s_m|_{3,1,Ω} ≤ C |v_{m−1}|_{3,1,Ω} |s_m|_{3,1,Ω} . (4.18)

The integration of (4.18) yields |s_m|_{3,1,Ω} ≤ e^C

∫_t

0 |v_{m−1}(0)|_{3,1,Ω} ds |s

m(0)|_{3,1,Ω} , (4.19) where |s_m(0)|_{3,1,Ω} ≤ C ‖ s_0 ‖_{3,Ω} ( 1+ ‖ v_0 ‖^2_{,Ω} + (4.20) + g_1(‖ s_0 ‖_{2,Ω}, ‖ ρ_0 ‖_{2,Ω}) ) + ‖ f(0) ‖_{1,Ω} ‖ s_0 ‖_{3,Ω} .

Inserting (4.20) into (4.19) using the notation in (4.1) we get (4.17). This concludes the proof.

5.The boundedness of the sequence. Let us define

α_m = |δ_m|_{3,1,∞,Ω}T + |v_m|_{3,1,∞,Ω}T + |s_m|_{3,1,∞,Ω}T , (5.1) β_m = sup_{t≤T} |v_{m,xt}|_{4,Ω} (5.2) and F = F_2 + F_3 + F_4 + F_5 + F_6 + F_7 . (5.3) First we show

Lemma 5.1. The sequences {α_m}, {β_m} satisfy the following inequalities α_m ≤ G(T^aα_{m−1}, F )(T^{a′} + F ) + (5.4) + C (T α_{m−1} + F )β_{m−1} ≡ K_1(T ) and β_m ≤ εG(T^aα_{m−1}, F )(T^{a′} + F ) + (5.5) + C εβ_{m−1}(T α_{m−1} + F ) + C ε [T (G (T^aα_{m−1}, F ) · · (T^{a′} + F ) + Cβ_{m−1}(T α_{m−1} + F ) ) + h_1(F )F ] ≡ K_2(T ) where ε ∈ (0, 1), a, a^′ > 0, G is a positive increasing function of its arguments and T < ∞.

Proof. From Lemma 4.1 we obtain |ω_m|_{2,0,Ω} ≤ G_1(T^aα_{m−1}, F_2)(T^{a′} + F_5 + F_2 + F_3) . (5.6) Lemma 4.2 implies, using (5.6)

|v_m|_{3,1,∞,Ω}T ≤ G_1(T^aα_{m−1}, F_2)(T^{a′} + F_2 + F_3 + F_5) + + G_2(T α_{m−1} + g_1(F_1)F_1 + F_3) |δ_m|_{3,1,∞,Ω}T + (5.7) + C(T α_{m−1} + g_2(F_1)F_1 + F_3)β_{m−1} + CF_6 .

From Lemma 4.3 and Lemma 4.4 follow the relations |δ_m|_{3,1,∞,Ω}T ≤ G_3(T^aα_{m−1} + g_3(F_1)F_1 + F_3, F_2, T ) · (5.8) · (F + T^aα_{m−1}) and |s_m|_{3,1,∞,Ω}T ≤ G_4 (T α_{m−1} , g_4(F_1) + F_3) F_2 , (5.9) where F is as in (5.3) and a, a^′ > 0. Simplifying (5.6)–(5.9) we get |δ_m|_{3,1,∞,Ω}T ≤ G_5(T^aα_{m−1}, F, T )(F + T^aα_{m−1}) , (5.10) |s_m|_{3,1,∞,Ω}T ≤ G_6(T α_{m−1}, F )F , (5.11) |v_m|_{3,1,∞,Ω}T ≤ G_7(T^aα_{m−1}, F )(T^{a′} + F ) + (5.12) + G_8(T^aα_{m−1}, F, T )(F + T^aα_{m−1}) + + C(T α_{m−1} + F )β_{m−1} .

The combination of these inqualities leads to (5.4).

In view of the interpolation inequality we get |v_{m,xt}|_{4,Ω} ≤ ε ‖ v_{m,xxt} ‖_{0,Ω} + C ε ‖ v_{m,t} ‖_{0,Ω}≤ (5.13) ≤ ε ‖ v_{m,xxt} ‖_{0,Ω} + C ε (T sup_{t≤T} ‖ v_{m,tt} ‖_{0,Ω} + + ‖ v_{m,t}(0) ‖_{0,Ω}) and therefore β_m ≤ εα_m + C ε (T α_m + g_5(F )F ) . (5.14) From (5.14) follows (5.5) using (5.4). This concludes the proof.

To show the boundedness of the sequences {α_m} and {β_m} we need the following

Lemma 5.2. There exist ε > 0 and sufficiently large M = M(ε), M^′ = M^′(ε) such that if α_{m−1} ≤ M and β_{m−1} ≤ M^′ it follows that α_m ≤ M and β_m ≤ M^′ for T < T_∗, where T_∗ is sufficiently small.

Proof. Let T = 0 in K_1(T ) and K_2(T ) defined in (5.4) and (5.5). We are looking for M, M^′, ε > 0 such that K_1(0) ≤ G(0, F ) F + CF M^′ ≤ 1 2 M , (5.15)

K_2(0) ≤ ε G(0, F ) F + C εM^′F + C ε h_1(F )F ≤ ≤ 1 2 M^′ .

Let ε C F =^1_4 . Then (5.15)_2 implies 1 4CF G(0, F ) F + 4CF^2h_1(F ) ≤ 1 4 M^′ . (5.16) We define M^′ by (5.16). Inserting it into (5.15)_1 we obtain M.

Since K_1 and K_2 in (5.4) and (5.5), respectively, are increasing functions of T , which at T = 0 satisfy the relations (5.15), there exists T_∗ such that for T ≤ T_∗ K_1(T ) ≤ M , (5.17) K_2(T ) ≤ M^′ .

This concludes the proof.

Finally, we have

Conclusion 5.3. Let s_0, ρ_0, v_0 ∈ H^3(Ω), S ∈ C^5, f ∈ Π^3_{1,∞}(Ω^T ), v · n̄|_S = 0. We choose the sequence {δ_m, v_m, s_m} in such a way that δ_m|_{m=0} = δ_0 = ln(A_0e^{s0} ρ^γ_0 ), v_m|_{m=0} = v_0, s_m|_{m=0} = s_0. Let α_0 = ‖ v_0 ‖_{3,Ω} + ‖ ∂_tv(0) ‖_{2,Ω} + ‖ ∂^2_t v(0) ‖_{1,Ω} + + ‖ s_0 ‖_{3,Ω} + ‖ ∂_ts(0) ‖_{2,Ω} + ‖ ∂^2_t s(0) ‖_{1,Ω} + + ‖ δ_0 ‖_{3,Ω} + ‖ ∂_tδ(0) ‖_{2,Ω} + ‖ ∂^2_t δ(0) ‖_{1,Ω} and β_0 = |v_{xt}(0)|_{4,Ω}, where the time–derivates are calculated from equations (1.1) at t = 0. We assume that α_0 ≤ M and β_0 ≤ M^′. Then Lemma 5.2 implies that α_m ≤ M , m = 0, 1, . . . . (5.18)

6. Convergence of the sequence. In this section we show that the sequence {δ_m, v_m, s_m} converges strongly in Π^2_{1,∞}(Ω^T )×Π^2_{1,∞}(Ω^T )×Π^2_{1,∞}(Ω^T ) and weakly in Π^3_{1,∞}(Ω^T ) × Π^3_{1,∞}(Ω^T ) × Π^3_{1,∞}(Ω^T ).

Let us introduce the following differences D_m = δ_m − δ_{m−1}, Ω_m = ω_m − ω_{m−1}, V_m = v_m − v_{m−1}, R_m = ρ_m − ρ_{m−1} and S_m = s_m − s_{m−1}, where m = 1, 2, . . . .

From (a_m) we obtain for D_m

Q^2_{m−1}D_m − div ( γe^{δm−1} z(δ_{m−1}, s_{m−1})

∇D_m ) = F_{m−1} ,

D_m|_{t=0} = 0 , (A_m) D_{m,t}|_{t=0} = 0 , ∂D_m ∂n |_ST = G_{m−1} ,

where

F_{m−1} = − V_{m−1}∇(Q_{m−1}δ_{m−1}) − Q_{m−2}(V_{m−1}∇δ_{m−1}) + + A 1 γ 0 div {( S_{m−1}e^{δm−1 (γ−1)/γ}

∫_1 0 e^{1γ (tsm−1+(1−t)sm−2 )}dt +

+ (γ − 1)D_{m−1}e^{sm−2/γ}

∫_1 0 e^{γ−1γ (tδm−1 +(1−t)δm−2 )}dt ) · · ∇δ_{m−1} } + γ ( ∂_{xi} V_{m−1,j} ∂_{xj} v_{m−1,i} + ∂_{xi} v_{m−2,j} ∂_{xj} V_{m−1,i} ) ,

G_{m−1} = − A^− 1 γ 0 γ^{−1} { (γ − 1)D_{m−1}e^{− sm−1/γ} · · ∫_1 0 e^{− γ−1γ (tδm−1 +(1−t)δm−2 )} dt +

+ S_{m−1}e^{−δm−2 γ−1γ}

∫_1 0 e^{− 1γ (tsm−1+(1−t)sm−2 )} dt } · · (v_{m−1,i}v_{m−1,j} n_{i,xj} + f · n̄)|_S +

+ A^− 1 γ 0 e^{−δm−2 γ−1γ} e^{sm−2/γ} ( V_{m−1,i}v_{m−1,j} n_{i,xj} +

+ v_{m−2,i}V_{m−1,j} n_{i,xj} ) |_ST .

Ω_m is a solution of the problem

Ω_{m,t} + v_{m−1} · ∇Ω_m − Ω_m · ∇v_{m−1} + div v_{m−1} · Ω_m = − V_{m−1} · ∇ω_{m−1} + ω_{m−1} · ∇V_{m−1} − div V_{m−1} ω_{m−1} + (B_m) − A 1 γ 0 γ^{−1}∇ { −D_{m−1}

∫_1 0 e^{−(tδm−1 +(1−t)δm−2 )/γ} dt e^{sm−1 /γ} +

+ e^{−δm−2 /γ} S_{m−1}

∫_1 0 e^{(tsm−1 +(1−t)sm−2 )/γ} dt } × ∇e^{δm−2} + − A 1 γ 0 ∇ ( e^{(−δm−1+sm−1)/γ} ) × × ∇ ( D_{m−1}

∫_1 0 e^{tδm−1 +(1−t)δm−2} dt ) , Ω_m|_{t=0} = 0 .

Finally, we get for V_m and S_m the problems rot V_m = Ω_m , div V_m = − 1 γ (Q_{m−1}D_m + V_{m−1}∇δ_{m−1}) + (C_m) + 1 γ 1 |Ω| ∫ Ω (Q_{m−1}D_m + V_{m−1}∇δ_{m−1})dx , V_m · n̄|_S = 0 and S_{m,t} + v_{m−1} · ∇S_m + V_{m−1} · ∇s_{m−1} = 0 , (D_m) S_m|_{t=0} = 0 .

Similarly as in Lemma 4.1 and Lemma 4.4 we obtain the estimates d dt |Ω_m|_{1,0,Ω} ≤ C|v_{m−1}|_{3,2,Ω}|Ω_m|_{1,0,Ω} + + C (|ω_{m−1}|_{2,1,Ω}|V_{m−1}|_{2,1,Ω} + f_1 (|δ_{m−1}|_{3,2,Ω}, (6.1) |s_{m−1}|_{3,2,Ω}, |δ_{m−2}|_{3,2,Ω}, |s_{m−2}|_{3,2,Ω}) · · (|D_{m−1}|_{2,1,Ω} + |S_{m−1}|_{2,1,Ω})) and d dt |S_m|_{2,1,Ω} ≤ C (|v_{m−1}|_{3,2,Ω} |S_m|_{2,1,Ω} + (6.2) + |V_{m−1}|_{2,1,Ω} |s_{m−1}|_{3,2,Ω}) .

From (C_m) follows the estimate

‖ V_m ‖_{2,Ω}≤‖ Ω_m ‖_{1,Ω} +|D_m|_{2,1,Ω}(1+ ‖ v_{m−1} ‖_{2,Ω}) + (6.3) + ‖ V_{m−1} ‖_{1,Ω}‖ δ_{m−1} ‖_{3,Ω} .

In order to get an estimate for V_{m,t} we differentiate (c_m) with respect to time and calculate δ_{m,tt} from (a_m)_1, i.e.

rot v_{m,t} =ω_{m,t} ,

div v_{m,t} = − 1 γ ∂_t(Q_{m−1}δ_m) + 1 γ 1 |Ω| ∫ Ω ∂_t(Q_{m−1}δ_m)dx = = − 1 γ [ Q^2_{m−1}δ_m − v_{m−1}∇(Q_{m−1}δ_m) ] + + 1 γ 1 |Ω| ∫ Ω ( Q^2_{m−1}δ_m − v_{m−1}∇(Q_{m−1}δ_m) ) dx =

= − div ( e^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) + − ∂_{xi} v_{m−1,j} ∂_{xj} v_{m−1,i} + div f + 1 γ v_{m−1}∇(Q_{m−1}δ_m) + + 1 |Ω| ∫ Ω [ div ( e^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) + + ∂_{xi} v_{m−1,j} ∂_{xj} v_{m−1,i} − div f − 1 γ v_{m−1}∇(Q_{m−1}δ_m) ] dx ,

v_{m,t} · n̄|_S = 0 .

Then we obtain for V_{m,t}

rot V_{m,t} = Ω_{m,t} ,

div V_{m,t} = −H_m + 1 |Ω| ∫ Ω H_mdx , (6.4)

V_{m,t} · n̄|_S = 0 , where

H_m =div ( e^{δm−1} z(δ_{m−1}, s_{m−1})

∇D_m ) + + A 1 γ 0 1 γ div [( e^{δm−1 (γ−1)γ} S_{m−1}

∫_1 0 e^{(tsm−1+(1−t)sm−2 )/γ} dt +

+ e^{sm−2/γ} (γ − 1)D_{m−1}

∫_1 0 e^{(γ−1)γ (tδm−1 +(1−t)δm−2 )} dt ) ∇δ_{m−1} ] + + ∂_{xi} V_{m−1,j} ∂_{xj} v_{m−1,i} + ∂_{xi} v_{m−2,j} ∂_{xj} V_{m−1,i} − 1 γ V_{m−1}∇(Q_{m−1}δ_m) − 1 γ v_{m−2}∇(Q_{m−1}D_m + V_{m−1}∇δ_{m−1}) .

The estimate for V_{m,t} has the form ‖ V_{m,t} ‖_{1,Ω} ≤ ‖ Ω_{m,t} ‖_{0,Ω} +f_2 (‖ δ_{m−1} ‖_{2,Ω} , ‖ s_{m−1} ‖_{2,Ω}) · (6.5) ‖ D_m ‖_{2,Ω} +f_3 (‖ δ_{m−1} ‖_{3,Ω} , ‖ s_{m−1} ‖_{3,Ω} , ‖ δ_{m−2} ‖_{3,Ω} , ‖ s_{m−2} ‖_{3,Ω}) · · (‖ S_{m−1} ‖_{1,Ω} + ‖ D_{m−1} ‖_{1,Ω}) + + ‖ V_{m−1} ‖_{1,Ω} (‖ v_{m−1} ‖_{3,Ω} + ‖ v_{m−2} ‖_{3,Ω} + (1+ ‖ v_{m−1} ‖_{3,Ω} + + ‖ v_{m−2} ‖_{2,Ω}) · ‖ δ_{m−1} ‖_{3,Ω}) + ‖ v_{m−2} ‖_{2,Ω} · · (1+ ‖ v_{m−1} ‖_{2,Ω}) ‖ D_m ‖_{2,Ω} .

Finally, we obtain for D_m |D_m|^2_{,1,∞,Ω}T ≤ (6.6)

≤ P_1e^{P2T}

∫_T 0 ( ‖ F_{m−1}(s) ‖^2_{1,Ω} +|G_{m−1}(s)|^2_{,1,Ω} ) ds , where

‖ F_{m−1} ‖_{1,Ω} ≤ C|V_{m−1}|_{2,1,Ω} (1+ ‖ v_{m−1} ‖_{3,Ω} + ‖ v_{m−2} ‖_{3,Ω}) · · (1 + |δ_{m−1}|_{3,2,Ω}) + f_4 (‖ δ_{m−1} ‖_{3,Ω} , ‖ s_{m−1} ‖_{3,Ω} , ‖ s_{m−2} ‖_{3,Ω} , ‖ δ_{m−2} ‖_{3,Ω}) (‖ S_{m−1} ‖_{2,Ω} + ‖ D_{m−1} ‖_{2,Ω}) and |G_{m−1}|_{2,1,2,Ω}T ≤ f_5 ( |s_{m−1}|_{3,2,∞,Ω}T , |s_{m−2}|_{3,2,∞,Ω}T , |δ_{m−1}|_{3,2,∞,Ω}T , |δ_{m−2}|_{3,2,∞,Ω}T ) ( |D_{m−1}|_{2,1,2,Ω}T + |S_{m−1}|_{2,1,2,Ω}T ) · · ( |v_{m−1}|^2_{,1,∞,Ω}T + |f|_{2,1,∞,Ω}T ) + ( |v_{m−1}|_{2,1,∞,Ω}T + |v_{m−2}|_{2,1,∞,Ω}T ) · · f_6 ( |δ_{m−2}|_{2,1,∞,Ω}T , |s_{m−2}|_{2,1,∞,Ω}T ) |V_{m−1}|_{2,1,2,Ω}T .

Now we can prove

Lemma 6.1. Let the assumptions of Conclusion 5.3 hold. Let y_m = |D_m|_{2,1,∞,Ω}T + |V_m|_{2,1,∞,Ω}T + |S_m|_{2,1,∞,Ω}T (6.7) for m ≥ 1. Then y_m ≤ h_{11}(T, M) T^{12} y_{m−1} (6.8) and {y_m} converges to zero, for sufficiently small T .

Proof. In view of the result of Conclusion 5.3 we get from (6.1), (6.2), (6.3), (6.5) and (6.6)

|Ω_m|_{1,0,∞,Ω}T ≤ g_1(T, M) T ( |V_{m−1}|_{2,1,∞,Ω}T + (6.9) + |D_{m−1}|_{2,1,∞,Ω}T + |S_{m−1}|_{2,1,∞,Ω}T ) , |S_m|_{2,1,∞,Ω}T ≤ g_2(T, M) T |V_{m−1}|_{2,1,∞,Ω}T , (6.10) |V_m|_{2,1,∞,Ω}T ≤ g_3(M) ( |Ω_m|_{1,0,∞,Ω}T + |D_m|_{2,1,∞,Ω}T + (6.11) + |V_{m−1}|_{1,1,∞,Ω}T + |S_{m−1}|_{1,1,∞,Ω}T + |D_{m−1}|_{1,1,∞,Ω}T ) , |D_m|_{2,1,∞,Ω}T ≤ g_4(T, M) T^{12} ( |V_{m−1}|_{2,1,∞,Ω}T + (6.12) + |D_{m−1}|_{2,1,∞,Ω}T + |S_{m−1}|_{2,1,∞,Ω}T ) . With U_{m−1} =

∫_T 0 ∂_tU_{m−1} dt we have |U|_{1,1,∞,Ω}T ≤ T |U|_{2,1,∞,Ω}T (6.13) and using (6.13) for V_{m−1}, S_{m−1}, D_{m−1} at the right–hand side of (6.11) yields

|V_m|_{2,1,∞,Ω}T ≤ g_3(M) ( |Ω_m|_{1,0,∞,Ω}T + |D_m|_{2,1,∞,Ω}T + + T ( |V_{m−1}|_{2,1,∞,Ω}T + |S_{m−1}|_{2,1,∞,Ω}T + |D_{m−1}|_{2,1,∞,Ω}T )) . (6.14) From (6.9), (6.10), (6.12) and (6.14) we obtain (6.7). This concludes the proof.

7. Existence and uniqueness. Finally, we present the main result of this paper.

Theorem 7.1. Let s_0 ∈ H^3(Ω), ρ_0 ∈ H^3(Ω), v_0 ∈ H^3(Ω), f ∈ Π^3_{1,∞}(Ω^T ), div f ∈ Π^2_{1,∞}(Ω^T ), f(0) ∈ H^1(Ω) and v_0 · n̄|_S = 0 where ∂Ω = S ∈ C^5. Assume the compatibility conditions ∂ ∂n (ln(A_0e^{s0} ρ^γ_0 )) | | | S = z(δ_0, s_0)(v_{0,i}v_{0,j} n_{i,xj} + f(0) · n̄) e^{δ0} | | | | S , ∂ ∂n ( −v_0 · ∇s_0 − γ ρ_0

(v_0 · ∇ρ_0 + ρ_0 div v_0 )| | S = = ∂ ∂t ( z(δ, s)(v_iv_jn_{i,xj} + f · n̄) e^δ )| | | |_{S,t=0} ,

where δ_t(0), s_t(0), v_t(0) are calculated from (2.7).

Then there exists a solution of problem (a)–(d) such that ω ∈ Π^2_{0,∞}(Ω^T ), v, s, ρ ∈ Π^3_{1,∞}(Ω^T ) for sufficiently small T .

Proof. From Conclusion 5.3 follows that the sequence {δ_m, ω_m, v_m, s_m} is bounded in Π^3_{1,∞}(Ω^T ) × Π^2_{0,∞}(Ω^T ) × Π^3_{1,∞}(Ω^T ) × Π^3_{1,∞}(Ω^T ) ≡ Λ, for sufficiently small T . Therefore there exists a subsequence which converges weakly star in Λ to {δ, ω, v, s} ∈ Λ.

Lemma 6.1 implies that for sufficiently small T the sequence {δ_m, ω_m, v_m, s_m} converges strongly in Π^2_{1,∞}(Ω^T ) × Π^1_{0,∞}(Ω^T ) × Π^2_{1,∞}(Ω^T ) × Π^2_{1,∞}(Ω^T ), i.e. also to {δ, ω, v, s} ∈ Λ. Moreover, the sequence converges almost everywhere.

Let us show that {δ, ω, v, s} is a solution of (a,b,c,d). We consider the problems (a_m), (b_m) in the following integral form ∫ Ω^T ( Q^2_{m−1}δ_m − div ( γe^{δm−1} z(δ_{m−1}, s_{m−1})

∇δ_m ) + − γ ∂_{xi} v_{m−1,j}∂_{xj} v_{m−1,i} + γdiv f ) · ϕ_1 dx dt = 0 , ∫ Ω^T ( ω_{m,t} + v_{m−1} · ∇ω_m − ω_m · ∇v_{m−1} + div v_{m−1} · ω_m + + ∇ 1 z(δ_{m−1}, s_{m−1})

× ∇e^{δm−1} − rot f ) ϕ_2 dx dt = 0 ,

where ϕ_1, ϕ_2 ∈ C^∞(Ω^T ). Since we proved the convergence of the sequence {δ_m, ω_m, v_m, s_m} we can pass to the limit in the above identities. The limit functions {δ, ω} are weak solutions of (a), (b).

Since s_m, v_m ∈ Π^3_{1,∞}(Ω^T ) and s, v ∈ Π^3_{1,∞}(Ω^T ) the embedding theorem implies that s_m, v_m, s and v are continuous functions. On the other hand we have strong convergence s_{m,t} → s_t in Π^1_{,∞}(Ω^T ), s_{m,x} → s_x in Π^1_{0,∞}(Ω^T ), v_{m,x} → v_x in Π^1_{0,∞}(Ω^T ), δ_{m,x} → δ_x in Π^1_{0,∞}(Ω^T ) and δ_{m,t} → δ_t in Π^1_{,∞}(Ω^T ), i.e. all those sequences converge almost everywhere to their limits. From the continuity of the functions it follows that we can pass to the limits in (c_m), (d_m) classically.

It remains to show that

ψ(t) = 1 |Ω| ∫ Ω Qδ dx = 0 .

From (2.16) and v_0 · n̄ = 0 we have ψ(0) = 0. Relation (a)_1 implies

ψ_t = 1 |Ω| ∫ Ω ∂_t(Qδ) dx = = 1 |Ω| ∫ Ω Q^2δ dx − 1 |Ω| ∫ Ω v · ∇(Qδ) dx = = 1 |Ω| ∫ Ω { div ( γe^δ ρ ∇δ ) + γ ( ∂_{xi} v_j ∂_{xj} v_i − div f ) } dx − − 1 |Ω| ∫ Ω v · ∇(Qδ) dx .

Performing integration by parts in the first term on the right hand side and using (a)_4 we have

ψ_t = γ |Ω| ∫ S v_iv_j n_{i,xj} ds + γ |Ω| ∫ S n_iv_j∂_{xj} v_i ds − γ |Ω| ∫ Ω v · ∇(div v) dx − 1 |Ω| ∫ Ω v · ∇(Qδ) dx .

Finally, we obtain after integration by parts in the 2nd term and using div v = −^1_γ Qδ +^1_γ^1_{|Ω|} ∫ Ω Qδ dx, ψ_t = 0, ψ(0) = 0, that ψ = 0.

Hence {δ, ω, v, s} is a solution of problem (a,b,c,d). This concludes the proof.

Let us show the equivalence of the problems (2.7) and (a,b,c,d,e).

Lemma 7.2. Let v, p, s ∈ Π^3_{1,∞}(Ω^T ). Then problem (2.7) is equivalent to problem (a,b,c,d,e).

Proof. The proof in one direction follows from the construction of problem (a,b,c,d,e).

From problem (c)_2 follows (2.7)_1. Relation (c)_3 implies the boundary condition (2.7)_5. From (d)_1 we have (2.7)_3. Equations (a)_1, (b)_1, (e) and

(2.7)_5 lead to div Φ = 0 , rot Φ = 0 , Φ · n̄|_S = 0 ,

where Φ = ∂_tv + v∇v +^1_ρ ∇p − f.

For simply connected domains it follows that Φ = 0 [2]. This concludes the proof.

Remark 7.3. By the presented method we proved existence of the weakest possible solutions. However, the solution {δ, v, s} is Hölder continuous. Therefore, the system (2.7) is satisfied in a weak sense only. To show higher regularity we have to apply well-known regularization techniques.

Remark 7.4. The uniqueness of the solution {δ, ω, v, s} follows in a standard way.

Remark 7.5. More general results for general state equations can be shown in a similar way.

References

[1] Beirao da Veiga, H., On the barotropic motion of compressible perfect fluids, Ann.

Scuola Norm. Sup. Pisa ser. IV, 8 (1981), 317–351.

[2] Bykhowsky, E.B., Solvability of a mixed problem for the Maxwell system in the case of an ideal conductive boundary, Vest. Lenin. Univ. 13 (1957), 50–66 (in Russian).

[3] Courant, R. and Friedrich, K.O., Supersonic flow and shock waves, Springer– Verlag New York–Heidelberg–Berlin 1976.

[4] Kreis, H.O., Initial boundary value problems for hyperbolic systems, Comm. Pure Appl. Math. 23 (1970), 277–298.

[5] Kröner, O. and Zaja̧czkowski, W.M., Measure–valued solutions of the Euler equations for ideal compressible polytropic fluids, preprint no. 311, Bonn 1993 (to be published in Math. Meth. in the Appl. Sc.).

[6] Landau, L. and Lifschitz, E., Fluid mechanics, Moscow 1954 (in Russian). [7] Majda, A. and Osher, S., Initial boundary value problems for hyperbolic equations with uniformly characteristic boundary, Comm. Pure Appl. Math. 28 (1975), 607–675.

[8] Zaja̧czkowski, W.M., The existence and uniqueness of solutions of the barotropic perfect fluid motion, Arch. Mech. 36 (1984), 109–119.

[9] Zaja̧czkowski, W.M., Non–characteristic mixed problems for non–linear symmetric hyperbolic systems, Math. Meth. in the Appl. Sc. 11 (1989), 139–168.

K. KANTIEM W.M. ZAJA̧CZKOWSKI INSTITUTE OF APPLIED INSTITUTE OF MATHEMATICS MATHEMATICS AND MECHANICS

WARSAW UNIVERSITY POLISH ACADEMY OF SCIENCES BANACHA 2 ŚNIADECKICH 8 02-097 WARSAW, POLAND 02-350 WARSAW, POLAND