Journal of Applied Analysis Vol. 1, No. 2 (1995), pp. 145–158

ON TRANSLATIONS OF SETS AND FUNCTIONS

A.B. KHARAZISHVILI

Abstract. We consider some properties of sets and functions in connection with their translations. We give an application of those properties to the theory of invariant measures (in particular, to the theory of invariant extensions of the classical Lebesgue measure).

Let E be a basic set (we assume, as a rule, that E is infinite) and let G be a group of transformations of E. In such a case the pair (E, G) is usually called a space equipped with a transformation group. If G acts transitively in E, then E is called a homogeneous space (with respect to G).

Let X be an arbitrary infinite subset of a homogeneous space (E, G). Then it is reasonable to study a behaviour of X under the action of transformations from the group G. Namely, the following two general problems arise in a natural way:

1. Find the cardinality of the family of sets

{g(X) : g ∈ G}.

2. Find the supremum of the family of cardinal numbers

{card(g(X)△X) : g ∈ G}, where the symbol △ denotes the operation of symmetric difference of sets.

1991 Mathematics Subject Classification. 28A05, 28D05.

Key words and phrases. Transformation group, commutative group, almost invariant set, invariant measure, Sierpiński set, uniformization. 145

Of course, the solution of each of these two problems essentially depends on the algebraic (or, if one prefers, on the geometric) properties of the original objects E, G and X. Notice that in the classical situation, when E coincides with the real line R and G coincides with the group of all translations of R, these problems, in fact, were completely investigated by Sierpiński (see, e.g., [5] and [4]).

The following two examples can be applied, in particular, to the classical situation mentioned above.

Example 1. Let (G, +) be an arbitrary uncountable commutative group. As usual, we identify G with the group of all translations of G. Let α be an arbitrary infinite cardinal number less or equal to the cardinality of G. Then it can be shown that there exists a subset X of G satisfying the equality

card({g + X : g ∈ G}) = α.

Moreover, X can be a subgroup of the group G (see, for instance, [6] where a much stronger assertion is established).

In connection with the presented result, notice that it is essentially based on the Axiom of Choice. Indeed, let us consider a particular case when G = R and α = ω. Suppose that Y is a subset of R satisfying the relation

card({g + Y : g ∈ R}) = ω.

Let us put Γ = {g ∈ R : g + Y = Y }.

Then it is easy to see that Γ is a subgroup of R and the equality

card(R/Γ) = ω

holds. Now, using the standard argument (see, e.g., [3]), we can deduce that Γ is a Lebesgue nonmeasurable subset of the real line (and, in addition, Γ does not have the Baire property with respect to the usual Euclidean topology on the real line). Thus we can conclude that any proof of the existence of the set Y mentioned above needs an uncountable form of the Axiom of Choice. On the other hand, applying a Hamel basis of R, it is not difficult to show the existence of the set Y . Namely, let us consider R as a vector space over the field Q of all rational numbers and let us take a vector hyperplane Y in this space. Then it is clear that the family of all translates of Y is infinite and countable.

Suppose now that Γ is an arbitrary proper subgroup of R measurable in the Lebesgue sense (hence, Γ is a Lebesgue measure zero subgroup of R). Then the equality card(R/Γ) = c is fulfilled. The same equality also holds if Γ is any proper subgroup of R having the Baire property (i.e. if Γ is a first category subgroup of R). From these facts it can be deduced that if X is a nonempty proper subset of R measurable in the Lebesgue sense (respectively, having the Baire property), then card({g + X : g ∈ R}) = c.

Notice also that if X is an arbitrary nonempty proper subset of R, then the inequality card({g + X : g ∈ R}) ≥ ω holds (this result is due to Sierpiński, too). Actually, it can be proved that, if G is an arbitrary nontrivial (i.e. nonzero) commutative divisible group and X is an arbitrary nonempty proper subset of G, then the family {g + X : g ∈ G} is infinite. In particular, from this fact we immediately obtain that any nontrivial commutative divisible group is infinite.

Example 2. Let (G, +) be again an arbitrary uncountable commutative group. Then, using an argument essentially due to Sierpiński (see [5] or [4]), it can be shown that there exists a partition {X, Y } of G such that 1) card(X) = card(Y ) = card(G);

2) for each translation g ∈ G we have the inequalities

card((g + X)△X) < card(G), card((g + Y )△Y ) < card(G).

Indeed, let α be the first ordinal number of the cardinality of G. Obviously, there exists a family {G_β : β < α}

consisting of subsets of G and satisfying the following conditions:

a) this family is increasing with respect to inclusion; b) the union of this family coincides with G; c) card(G_β ) ≤ card(β) + ω, for all β < α; d) G_β is a subgroup of G, for all β < α.

Applying the method of transfinite recursion, we can construct two injective families {x_β : β < α}, {y_β : β < α} of elements of G such that (G_β + x_β) ∩ (G_θ + y_θ) = ∅,

for all ordinals β < α and θ < α.

Now, if we put X = ∪{G_β + x_β : β < α}, Y = G \ X, then it is easy to check that the partition {X, Y } of G satisfies relations 1) and 2).

The sets X and Y are usually called almost G–invariant subsets of the given group G.

For some applications of almost invariant subsets of the real line R to the theory of invariant measures (in particular, to the theory of invariant extensions of the classical Lebesgue measure), see monograph [3].

Let c denote, as usual, the cardinality of the continuum. From the above result it follows, in particular, that if the Continuum Hypothesis holds and G = R, then there exists a partition {A, B} of R such that

card(A) = card(B) = c

and, for any translation g ∈ R, we have the inequalities

card((g + A)△A) ≤ ω, card((g + B)△B) ≤ ω.

Conversely, it is not difficult to show that if there exists a partition {A, B} of R satisfying these inequalities, for all translations g ∈ R, and satisfying the relation card(A) = card(B) = c, then the Continuum Hypothesis is true.

Also it is not difficult to prove that, for an arbitrary partition {Z_1, Z_2} of the group G into two infinite subsets, there exists a translation g ∈ G such that card((g + Z_1) ∩ Z_2) ≥ ω.

For G = R this fact was established many years ago by Trzeciakiewicz (see [8]), with the aid of the well known Vitali partition of the real line R. The proof of this result applying the method of Trzeciakiewicz is presented in monograph [4]. The same result can be established in another way. Indeed, let {Z_1, Z_2} be a partition of R into two infinite subsets. Evidently,

card(Z_1) > ω or card(Z_2) > ω.

Without loss of generality we may assume that

card(Z_2) > ω.

Suppose now that card((g + Z_1) ∩ Z_2) < ω, for each translation g ∈ R. Then we have

card((g + Z_1)△Z_1) < ω,

for each g ∈ R. Let us fix an infinite countable set

Z ⊆ Z_1.

It is easy to check the inclusion

Z_2 ⊆ ∪{(Z_1 − z) \ Z_1 : z ∈ Z}.

From this inclusion we obtain the inequality

card(Z_2) ≤ ω,

which gives us a contradiction.

A similar argument can be applied to an arbitrary uncountable commutative group G. More precisely, it can be proved that if G is an uncountable commutative group, {Z_1, Z_2} is a partition of G into two subsets such that

card(Z_1) = card(Z_2) = card(G)

and β is a cardinal number strictly less than card(G), then there exists an element g ∈ G satisfying the inequality

card((g + Z_1) ∩ Z_2) ≥ β.

Example 3. Let Q be the additive group of all rational numbers and let {X, Y } be a partition of Q into two infinite subsets. It is mentioned in [7] that there always exists an element q ∈ Q such that

card((q + X) ∩ Y ) = ω.

This fact is proved in detail in paper [1]. Moreover, it is shown in [1] that an analogous fact is true for any countable, torsion free, not finitely generated commutative group. On the other hand, if (G, +) is an arbitrary infinite countable periodic commutative group, then it is not difficult to prove that there exists a partition {A, B} of G into two infinite subsets satisfying the relations card((g + A)△A) < ω, card((g + B)△B) < ω, for each element g ∈ G.

Example 4. Let {X, Y } be a partition of the real line R into two uncountable Borel subsets. It is known that in this case there exists a translation g ∈ R satisfying the equality

card((g + X) ∩ Y ) = c.

Notice that a nice proof of this fact is given in [2], using Shoenfield’s absoluteness theorem from mathematical logic. Obviously, an analogous result is valid for an arbitrary uncountable commutative Polish topological group. More generally, let (G, +) be a commutative Polish topological group and let {X_n : n < ω} be a countable partition of G into uncountable Borel subsets. Then there exist two distinct natural numbers n, m and an element g ∈ G such that card((g + X_n) ∩ X_m) = c.

In connection with this result, the following question arises in a natural way: is an analogous fact true for any ω_1–partition {X_ξ : ξ < ω_1} of G into uncountable Borel subsets? It turns out that we cannot answer this question within theory ZFC. Indeed, it is not difficult to show that if the negation of the Continuum Hypothesis holds, then the answer is positive, i.e. there exist two distinct ordinals ξ < ω_1, ζ < ω_1 and an element g ∈ G such that card((g + X_ξ) ∩ X_ζ ) = c.

On the other hand, suppose that the Continuum Hypothesis holds. Then it can be proved (cf. [4]) that there exists a partition {A_ξ : ξ < ω_1} of the real line R, satisfying the following conditions:

1) for each ordinal ξ < ω_1, the set A_ξ is an uncountable G_δ–subset of R; 2) for any translation g of R and for any two distinct ordinals ξ < ω_1 and ζ < ω_1, we have card((g + A_ξ) ∩ A_ζ ) ≤ 1.

Hence, we see that in this situation the answer to the question formulated above is negative. Notice that a much simpler partition can be defined for the three–dimensional Euclidean space R^3. Namely, applying some elementary geometrical properties of hyperboloids in the space R^3, we can effectively construct a partition of R^3 consisting of straight lines such that any two distinct lines of this partition do not lie in one plane (consequently, they are not parallel). Obviously, if the Continuum Hypothesis holds, then the corresponding analogs of conditions 1) and 2) are fulfilled for this partition.

Example 5. Let S^2 be the unit sphere in the space R^3. Equip S^2 with the group G of all its rotations. Clearly, G is not a commutative group (but it is a locally commutative group). Let {X, Y } be an arbitrary partition of S^2 into two infinite subsets. It can be shown that there exists a rotation g ∈ G satisfying the inequality

card(g(X) ∩ Y ) ≥ ω.

This result is precise in a certain sense. Indeed, assuming the Continuum Hypothesis and applying the method of Sierpiński, we can construct a partition {A, B} of S^2 such that

1) card(A) = card(B) = c;

2) for any rotation g ∈ G, we have the inequalities card(g(A)△A) ≤ ω, card(g(B)△B) ≤ ω.

We see, in particular, that card(g(A) ∩ B) ≤ ω, for each rotation g ∈ G.

In our further considerations connected with translations of functions it is convenient to identify any function with its graph.

Let E be a nonempty basic set and let S be a σ–algebra of subsets of E. In other words, the pair (E, S) is a measurable space. We need the following simple lemma.

Lemma 1. Let f be an arbitrary S–measurable function acting from E into R and let Φ : E × R → E × R be a mapping defined by the formula Φ(x, y) = (x, f(x) + y).

Then the mapping Φ is a bijection and transforms the family of graphs of all S–measurable functions onto itself. The inverse mapping Φ^{−1} has the same property.

Let E be a nonempty basic set, let S be a σ–algebra of subsets of E and let μ be a σ–finite complete measure defined on S. Equip the real line R with the standard Lebesgue measure. We need the following simple auxiliary proposition concerning translations of μ–measurable real functions.

Lemma 2. Let f be an arbitrary μ–measurable function acting from E into R and let {f_n : n < ω} be an arbitrary sequence of μ–measurable functions also acting from E into R. Then, for almost all h ∈ R (in the sense of the Lebesgue measure), the set {x ∈ E : (x, f(x) + h) ∈ ∪{f_n : n < ω}} is a μ–measure zero subset of E.

The proof of Lemma 2 can directly be deduced from Lemma 1, using the classical Fubini theorem. Notice that a proposition analogous to Lemma 2 also is true in the case of real functions having the Baire property. In this case we apply, instead of the Fubini theorem, the classical Kuratowski– Ulam theorem (for the formulation and the proof of the Kuratowski–Ulam theorem and for its various applications, see, e.g., [5]).

Obviously, an analogue of Lemma 2 is true for the unit two–dimensional Euclidean sphere S^2 equipped with the group of all its rotations, and, more generally, for other manifolds M equipped with some transitive groups of diffeomorphisms of M.

The assumption of measurability of functions in Lemma 2 is very essential. This can be shown by the following statement.

Theorem 1. Suppose that the Continuum Hypothesis holds. Then there exists a subset Z of the plane R^2, satisfying the next three relations:

1) pr_1(Z) = R × {0};

2) for every straight line P lying in R^2 and parallel to the line {0} × R, we have the inequality card(P ∩ Z) ≤ ω;

3) for every translation g of R^2 parallel to the line {0} × R, we have the inequality card(g(Z)△Z) ≤ ω.

Proof. Let {x_ξ : ξ < ω_1} be an injective family of all points of the straight line R × {0}. Let {G_ξ : ξ < ω_1} be a family of subgroups of the line {0} × R such that

(a) this family is increasing with respect to inclusion; (b) the union of this family coincides with {0} × R; (c) card(G_ξ) ≤ ω, for all ordinals ξ < ω_1. Now, let us define

Z = ∪{G_ξ + x_ξ : ξ < ω_1}.

Then it is not difficult to check that the set Z satisfies relations 1), 2) and 3). Furthermore, it can be shown, slightly changing the above argument, that the set Z may also have some additional properties. For instance, Z may be a massive (thick) subset of R^2 in the sense of the Lebesgue measure or in the sense of category. But we do not need here these additional properties of Z.

Now, let {f_n : n < ω} be a countable family of functions from R into R such that Z = ∪{f_n : n < ω}.

Evidently, the existence of such a family of functions follows from relations 1) and 2) of Theorem 1. Let us put

E = R;

μ = the Lebesgue measure on R; f = f_0.

Then it is easy to see that the assertion of Lemma 2 is false for the function f and for the family of functions {f_n : n < ω}. Moreover, if g is any translation of R^2 parallel to the line {0} × R, then we have the inequality card(g(f) \ Z) ≤ ω.

Remark 1. It can be proved that the existence of the set Z satisfying relations 1), 2) and 3) of Theorem 1 implies the Continuum Hypothesis.

Theorem 2. Let {A, B} be a partition of the unit two–dimensional Euclidean sphere S^2 into two Borel subsets A and B such that

card(A) = card(B) = c.

Then there exists a rotation g of R^3 satisfying the equalities

g(S^2) = S^2, card(g(A) ∩ B) = c.

Proof. For any point x belonging to the straight line R×{(0, 0)}, we denote by P_x the plane in R^3 containing x and orthogonal to the line R × {(0, 0)}. Only two cases are possible.

1. There exists a point x ∈ R × {(0, 0)} such that

card(P_x ∩ A) = card(P_x ∩ B) = c.

In this case we can consider the commutative group H of all rotations h of R^3 satisfying the equalities

h(S^2) = S^2, h(P_x ∩ S^2) = P_x ∩ S^2.

Taking into account the remark made in Example 4, we obtain that there exists a rotation h ∈ H such that

card(h(A) ∩ B) = c.

2. For each point x ∈ R × {(0, 0)}, we have

card(P_x ∩ A) ≤ ω or card(P_x ∩ B) ≤ ω.

In this case there exists a nonempty perfect subset X of [−1, 1] × {(0, 0)} such that at least one of the following two relations holds:

1) 0 < card(P_x ∩ A) ≤ ω, for all points x ∈ X;

2) 0 < card(P_x ∩ B) ≤ ω, for all points x ∈ X.

Without loss of generality we may assume that relation 1) is fulfilled. Let us consider the Borel set A∩(X ×R^2). According to relation 1), all sections of this set are at most countable. Consequently, there exists a countable family of Borel functions

f_n : X → S^2 (n < ω)

such that A ∩ (X × R^2) = ∪{f_n : n < ω}.

Applying an analog of Lemma 2 to the sphere S^2, to the function f_0 and to the countable family of functions {f_n : n < ω}, we get the required result.

Thus the proof of Theorem 2 is complete.

Of course, Theorem 2 can be generalized to the situation where we have the unit m–dimensional Euclidean sphere S^m (m > 2) equipped with the group of all its rotations. In that situation the proof can be obtained by induction on m starting with the corresponding result for the sphere S^2.

Theorem 3. Assume that the Continuum Hypothesis holds. Then there exists a subset Z of the Euclidean plane R^2 such that

1) card(Z) = c;

2) for every Lebesgue measure zero subset L of R^2, we have

card(L ∩ Z) ≤ ω.

3) for each translation g of R^2, we have

card(g(Z)△Z) ≤ ω.

Proof. Let {G_ξ : ξ < ω_1} be an uncountable family of subgroups of R^2 satisfying the following conditions:

(a) this family is increasing with respect to inclusion; (b) the union of this family coincides with R^2; (c) card(G_ξ) ≤ ω, for all ordinals ξ < ω_1.

Further, let us denote by {B_ξ : ξ < ω_1} the family of all Lebesgue measure zero subsets of R^2 belonging to the Borel σ–algebra of R^2. We can define, by the method of transfinite recursion, an injective family

{z_ξ : ξ < ω_1}

of points of R^2 such that the relation

(G_ξ + z_ξ) ∩ (∪{B_ζ : ζ < ξ}) = ∅ holds, for all ordinals ξ < ω_1. Then we put

Z = ∪{G_ξ + z_ξ : ξ < ω_1}.

Now, it is easy to check that Z is the required subset of the plane R^2.

Remark 2. Let us recall that a subset A of the plane R^2 is a Sierpiński set (in R^2) if A is uncountable and, for every Lebesgue measure zero subset L of R^2, we have card(L ∩ A) ≤ ω.

It is well known that the Continuum Hypothesis implies the existence of a Sierpiński set in R^2 (see, for example, [5] or [4]). On the other hand, it is not difficult to prove that if Martin’s Axiom and the negation of the Continuum Hypothesis hold, then there are no Sierpiński subsets of R^2. Theorem 3 shows us, in particular, that if the Continuum Hypothesis is true, then there exists a Sierpiński subset of the Euclidean plane, almost invariant with respect to the group of all translations of this plane.

Now, we shall give an application of the Sierpiński set Z mentioned in Theorem 3.

First we shall formulate one simple fact of abstract measure theory. However, this fact is interesting from different points of view. Namely, we have the following

Theorem 4. Let E_1 and E_2 be two basic sets equipped with two σ–finite diffused measures μ_1 and μ_2 respectively. Let μ be the completion of the product measure μ_1 × μ_2. Finally, let Z be an arbitrary μ–measurable subset of the product space E_1 × E_2. Then there exists a set Z^′ such that 1) Z^′ ⊆ Z;

2) pr_1(Z^′) = pr_1(Z);

3) Z^′ is a μ–measure zero set;

4) Z^′ is the graph of a partial function acting from E_1 into E_2. Similarly, there exists a set Z^{′′} such that (1) Z^{′′} ⊆ Z;

(2) pr_2(Z^{′′}) = pr_2(Z);

(3) Z^{′′} is a μ–measure zero set;

(4) Z^{′′} is the graph of a partial function acting from E_2 into E_1.

In other words, Theorem 4 states that every μ–measurable set in the product space E_1 × E_2 admits a uniformization by a μ–measure zero set in this space.

One can prove Theorem 4 using the classical Fubini theorem and applying the countable chain condition to the given σ–finite measures μ_1 and μ_2 (notice that an analogous result in terms of the Baire property and category is true, too).

Also it can be shown that Theorem 4 does not hold, in general, for those σ–finite complete diffused measures μ which are defined on the product space E_1 × E_2 and are not the completions of product measures. In this connection, we shall establish a much stronger result.

Let us denote by λ the standard two–dimensional Lebesgue measure defined on the plane R^2. Since λ is the completion of the product of two one–dimensional Lebesgue measures, Theorem 4 is true for λ. Now, we are going to construct an extension μ of λ which is invariant under the group of all translations of the plane and for which an analogue of this theorem does not hold.

Let Z be the subset of R^2 described in Theorem 3. From the properties of Z it immediately follows that

λ_∗(R^2 \ Z) = 0,

i.e. Z is a thick set with respect to λ. Furthermore, Z is an almost invariant set under the group of all translations of R^2. Consequently, we can define, using the standard constructions of extensions of invariant measures (see, e.g., [3]), a measure μ on R^2 satisfying the next three conditions:

a) μ is an extension of λ;

b) Z ∈ dom(μ) and μ(R^2 \ Z) = 0;

c) μ is complete and invariant under the group of all translations of R^2. Moreover, we may assume that μ is the smallest (with respect to inclusion) complete R^2–invariant extension of λ satisfying condition b). Now, taking into account the fact that Z is a Sierpiński subset of the plane R^2, it is easy to check that every μ–measure zero subset of Z is at most countable. On the other hand, the projection of Z on any straight line lying in R^2 is uncountable. Hence, the set Z does not admit a uniformization by a μ–measure zero set.

Finally, let us notice that the difference between μ and λ, from the measure-theoretical point of view, is very slight. Namely, it is not difficult to see that, for every μ–measurable set X, there exists a λ–measurable set Y satisfying the equality μ(X△Y ) = 0.

Remark 3. Let us apply to the invariant measure μ constructed above the well known theorem of von Neumann and Maharam (see, for example, [5]). According to this theorem, there exists a topology T (μ) on the plane R^2 such that

1) (R^2, T (μ)) is a Baire topological space;

2) T (μ) satisfies the countable chain condition, i.e. every disjoint family of nonempty sets from T (μ) is at most countable;

3) the σ–algebra of all sets having the Baire property (with respect to T (μ)) coincides with the σ–algebra of all μ–measurable sets;

4) the σ–ideal of all first category sets (with respect to T (μ)) coincides with the σ–ideal of all μ–measure zero sets.

Furthermore, since the measure μ is invariant under the group of all translations of the plane R^2, the σ–algebra of all sets having the Baire property (in the space (R^2, T (μ))) and the σ–ideal of all first category sets (in the same space) are invariant under the mentioned group. The Sierpiński set Z described in Theorem 3 is the complement of a first category subset of R^2 (with respect to T (μ), of course). Thus we see that the set Z has the Baire property (with respect to T (μ)) and does not admit a uniformization by a first category subset of the space (R^2, T (μ)).

Let us recall that the construction of the Sierpiński set Z is essentially based on the Continuum Hypothesis. If we assume Martin’s Axiom (much weaker than the Continuum Hypothesis), then we are able to construct an almost invariant generalized Sierpiński subset of the plane R^2. Starting with that subset we can obtain the results analogous to ones presented above. Notice that the corresponding result in terms of the Baire property and category can also be obtained (under Martin’s Axiom) starting with an almost invariant generalized Luzin subset of the plane.

References

[1] Abel, U., Misfeld, J., Congruences in decompositions of the real and rational numbers, Rendiconti di Matematica, serie VII, v. 10 (1990), 279–285.

[2] Cichoń, J., Applications of Shoenfield’s absoluteness theorem, Annals of Pure and Applied Logic (to appear).

[3] Kharazishvili, A.B., Invariant Extensions of the Lebesgue Measure, Izd. Tbil. Gos.

Univ., Tbilisi (1983) (in Russian).

[4] Morgan II, J.C., Point Set Theory, Marcel Dekker, Inc., New York and Basel (1990).

[5] Oxtoby, J.C., Measure and Category, Springer-Verlag, Berlin (1971). [6] Scott, W.R., The number of subgroups of given index in nondenumerable abelian groups, Proc. Amer. Math. Soc. 5 (1954), 19–22.

[7] Sierpiński, W., On the congruence of sets and their equivalence by finite decompositions, In: Congruence of sets and other monographs, Chelsea Publ. Co., New York (1967).

[8] Trzeciakiewicz, L., Remarque sur les translations des ensembles lineaires, Spraw.

Tow. Nauk. Warszaw., Wyd. III, 25 (1932), 63–65.

INSTITUTE OF APPLIED MATHEMATICS UNIVERSITY OF TBILISI UNIVERSITY STR. 2 380043 TBILISI 43 REPUBLIC OF GEORGIA