Journal of Applied Analysis Vol. 1, No. 2 (1995), pp. 135–144

ON WEAKLY DARBOUX FUNCTIONS AND SOME PROBLEM CONNECTED WITH THE MORREY MONOTONICITY

H. PAWLAK AND R.J. PAWLAK

Abstract. In this paper we investigate relationships between the families of weakly Darboux, quasi-Darboux and Darboux functions which are quasicontinuous, and analyse the problem connected with the Morrey monotonicity of the restriction of a weakly Darboux function with the property (P) to the closure of the union of levels which are continua.

In analysis, a very important role is played by Darboux functions as well as monotone ones. This has caused that generalizations of these functions are also considered. The problems of monotone transformations defined on spaces other than the real line have for many years now been intensively investigated by a large circle of mathematicians (e.g. [2], [3], [6], [4], [8], [13]). In a lot of papers, these investigations are connected with additional assumption concerning the transformations considered. In particular, there were analysed functions mapping some connected sets into connected sets with reference to the weak or Morrey monotonicity of the restriction of a function to the union of some of its levels. The results of papers [2], [3] together with those of paper [12] show how difficult it is to replace the assumption of the connectedness of the mappings under consideration by, for

1991 Mathematics Subject Classification. 26A15, 54C30.

Key words and phrases. Morrey monotonicity, arc, weakly Darboux function, quasi– Darboux function. 135

instance, the Darboux property. However, it turns out (Theorem 2) that, confining oneself to Morrey monotonicity instead of connected mappings, one may consider weakly Darboux functions possessing the property (P). At the same time, Theorem 1 shows that the class of weakly Darboux functions is (in the topological sense) a class intermediate between the family of Darboux functions and the class of quasi-Darboux transformations.

A function f : X → R is a Darboux function if the image of an arbitrary arc L ⊂ X is a connected set ([10]). We say ([11]) that f : X → R (X is an arcwise connected space) is a quasi-Darboux function if, for any x, y ∈ X (x ≠ y), there exists an arc L with endpoints at x and y, such that f_{|L} is a Darboux function. Now, we introduce the notion of a weakly Darboux function. We say that f : X → R is a weakly Darboux function if, for any open and arcwise connected set V and x, y ∈ V (x ≠ y), there exists an arc L ⊂ V with endpoints at x, y, such that f_{|L} is a Darboux function.

The family (as well as the metric space with the metric ϱ^∗ of uniform convergence) of all bounded Darboux (quasi-Darboux, weakly Darboux) functions f : R^2 → R will be denoted by the symbol D (D_q, D_w).

Of course:

D ⊂ D_w ⊂ D_q.

Our investigation (which leads to Theorem 1) intends a stronger inclusion even if we restricted the considerations to the case of quasi-continuous functions.

We shall use the standard notions and notations. By R (respectively, I) we denote the set of all real numbers (the unit interval). The bilateral closed (bilateral open, etc.) segment with endpoints a and b in R or R^2 is denoted by [a, b] ((a, b), etc.). A subset L ⊂ X is called an arc if there exists a homeomorphism h : [0, 1]^{onto}→ L. The elements h(0) and h(1) will be called endpoints of L. An arc with endpoints x and y is denoted by L(x, y). If L is an arc and a, b ∈ L, then the symbol L_L(a, b) denotes the arc with endpoints at a and b, contained in L.

The open ball with centre at x and radius r > 0 will be denoted by B(x, r). The symbols A and Int(A) stand for the closure and the interior of A, respectively.

A function f : X → Y is said to be quasi-continuous ([5]) at x if, for each neighbourhood W of f(x) and each neighbourhood U of x, the set Int(U ∩f^{−1}(W )) is nonempty. The function f is said to be quasi-continuous if it is quasi-continuous at each point of its domain. The set of all bounded quasi-continuous functions f : R^2 → R will be denoted by Q.

To simplify the notation, we shall write DQ (D_qQ, D_wQ) instead of D∩Q (D_q ∩ Q, D_w ∩ Q).

Let f : X → R. The inverse image of the singleton (i.e. the set f^{−1}(α)) will be called the level of f. According to the notation in [2], we write Y_c(f) = {α ∈ f(X) : f^{−1}(α) is a connected set} (Y_{cn}(f) = {α ∈ f(X) : f^{−1}(α) is a continuum}) and S_c(f) = f^{−1}(Y_c(f)) (S_{cn}(f) = f^{−1}(Y_{cn}(f))). If S_c(f) = X (S_{cn}(f) = X) then we say that f is weakly monotone (Morrey monotone) [8], [2], [3].

A function f : X → R possesses the property (P) if, for any α, each component of f^{−1}((−∞, α]) is a closed set and each component of f^{−1}([α, +∞)) is a closed set.

The notions and symbols we use, dealing with porosity, come from papers [14] and [15]. Let X be a metric space. Let M ⊂ X, x ∈ X and S > 0. Then we denote by γ(x, S, M) the supremum of the set of all r > 0 for which there exists z ∈ X such that B(z, r) ⊂ B(x, S) \ M. If p(M, x) = 2 · limsup_{S→0+}^{γ(x,S,M)}_S > 0, then we say that M is porous at x.

Obviously, every porous set is nowhere dense. If X = R, every porous set is of Lebesgue measure zero.

If A ⊂ B ⊂ X (where X is a metric space) and A is porous at any point b ∈ B (B is understood as a subspace of X), then we shall write A ⊏ B.

It is evident that DQ ⊂ D_wQ ⊂ D_qQ and there exist functions f, g such that f ∈ D_qQ \ D_wQ and g ∈ D_wQ \ DQ. In the theorem below we shall prove that (in the topological sense) this is a ”frequent event” in the space of bounded function with the metric of uniform convergence.

Theorem 1. DQ ⊏ D_wQ ⊏ D_qQ.

Proof. First, we shall show that D_wQ ⊏ D_qQ. Let f ∈ D_qQ and let ε > 0. There exist x_o = (x_1, x_2) ∈ R^2 and δ > 0 such that

f(B(x_o, δ)) ⊂ (α_o − ε 3 , α_o + ε 3 ) (1)

where α_o is some real number. Denote K_o = B(x_o, δ). Let K_1 = B(x_o,^δ_2 ) and put K^∗_1 = {(x, y) ∈ K_1 : x ≤ x_1}, K^{∗∗}_1 = {(x, y) ∈ K_1 : x > x_1}. By C we denote the Cantor set for the segment [^δ_2 , δ] (i.e. min C =^δ_2 , max C = δ). Let {(p_n, q_n)}^∞_{n=1} (p_n < q_n for n = 1, 2, . . . ) be the sequence of all components of the complement of C. Moreover let Ĉ = (^δ_2 , δ) \ ⋃^∞_{n=1}[p_n, q_n].

Let F_Ĉ be a family of power continuum which consists of dense subsets of Ĉ such that ⋃_{A∈FĈ} A = Ĉ and if A, B ∈ F_Ĉ and A ≠ B, then A ∩ B = ∅. Let

ξ : F_Ĉ^{onto}→ [α_o −^ε_3 , α_o +^ε_3 ] be an arbitrary bijection. Moreover, let h_n denote some homeomorphism mapping [p_n, q_n] onto [α_o −^ε_3 , α_o +^ε_3 ] (n = 1, 2...) such that h_n(p_n) = α_o −^ε_3 and h_n(q_n) = α_o +^ε_3 .

Now, we shall define a function g : R^2 → R in the following way:

g(x) = f(x) if x /∈ K_o; α_o −^ε_3 if x ∈ K^∗_1 ; α_o +^ε_3 if x ∈ K^{∗∗}_1 ;

h_n(ϱ(x, x_o)) if ϱ(x, x_o) ∈ [p_n, q_n] for some n; ξ(Ξ_x) if ϱ(x, x_o) ∈ Ξ_x ∈ F_Ĉ ;

where ϱ denotes the Euclidean metric on the plane.

Of course, g /∈ D_w. Now, we shall show that

g ∈ D_q. (2)

First, we prove:

if L is an arc such that there exist z_1, z_2 ∈ L for which ϱ(x_o, z_1) ≠ ϱ(x_o, z_2) and ϱ(x_o, z_1), ϱ(x_o, z_2) ∈ Ĉ, (3)

then [α_o − ε 3 , α_o + ε 3 ] ⊂ g(L).

In fact, let β ∈ [α_o −^ε_3 , α_o +^ε_3 ]. Then there exists a set A_β ∈ F_Ĉ such that ξ(A_β) = β. Since A_β is a dense set in Ĉ and ϱ(x_o, z_1) ≠ ϱ(x_o, z_2) we may infer that there exists z_o ∈ L such that ϱ(x_o, z_o) ∈ A_β. Then g(z_o) = β.

For the proof of (2), we consider the following cases:

1) x = (x_1, x_2) ∈ K_o, y = (y_1, y_2) ∈ K_o. Let x^∗ ∈ ({x_1} × (R \ {x_2})) ∩ (K_o \ K_1) and y^∗ ∈ ({y_1} × (R \ {y_2})) ∩ (K_o \ K_1) and let L̂ = L(x^∗, y^∗) be an arc such that L̂ ⊂ (K_o \ K_1) and L̂ ∩ ([x, x^∗) ∪ (y^∗, y]) = ∅. Then we put L^∗ = [x, x^∗] ∪ L̂ ∪ [y, y^∗]. Let L_o be a subarc of L^∗. If L_o ⊂ K^∗_1 or L_o ⊂ K^{∗∗}_1 or L_o ⊂ (B(x, r) \ B(x, r)) for some r ∈ (^δ_2 , δ) then g_{|Lo} is constant. If L_o ⊂ {e : ϱ(x_0, e) ∈ [p_{n1} , q_{n1} ]} (for some n_1 ∈ {1, 2...}), then, of course, g_{|Lo} is a Darboux function. In the opposite case, according to the definition of g, g(L_o) ⊂ [α_o −^ε_3 , α_o +^ε_3 ] and, by (3), [α_o −^ε_3 , α_o +^ε_3 ] ⊂ g(L_o). This means that, in this case, g(L_o) = [α_o −^ε_3 , α_o +^ε_3 ].

2) x /∈ K_o or y /∈ K_o. Let L = L(x, y) ⊂ R^2 be an arc such that f_{|L} is a Darboux function. If L ∩ K_o = ∅, then g_{|L} = f_{|L} is also a Darboux function.

If L ∩ K_o ≠ ∅ then we consider the subcases:

2a) x, y /∈ K_o Then let L_x = L_L(x, z_x) (if x ∈ K_o then we put L_x = {x}), L_y = L_L(y, z_y) (if y ∈ K_o then we put L_y = {y}) be arcs (or singletons) such that L_x ∩ K_o = {z_x}, L_y ∩ K_o = {z_y}. If z_x = z_y, then let L^∗ = L_x ∪ L_y. In the opposite case let L_{xy} = L(z_x, z_y) ⊂ K_o be an arc such that L_{xy} ∩K_1 = ∅ and L_{xy} ∩ (K_o \ K_o) = {z_x, z_y}. Put L^∗ = L_x ∪ L_{xy} ∪ L_y. Let L_o be a subarc of L^∗. If L_o ⊂ L_x ∪ L_y then it is obvious that g_{|Lo} is a Darboux function. In the opposite case, according to (1), f(L_o ∩ K_o) ⊂ (α_o −^ε_3 , α_o +^ε_3 ); and by (3), [α_o −^ε_3 , α_o +^ε_3 ] = g(L_o ∩ K_o). So, we have that g((L_o) = g(L_o ∩ L_x) ∪ [α_o −^ε_3 , α_o +^ε_3 ] ∪ g(L_o ∩ L_y) is a connected set.

2b) x ∈ K_o (if y ∈ K_o, the proof is similar). Let x^∗ ∈ ({x_1} × (R \ {x_2})) ∩ (K_o \ K_1) and L_1 = [x, x^∗]. Let L_2 = L_L(y, z_y ) be an arc such that L_2 ∩ K_o = {z_y}. Moreover, let L_3 = L(x^∗, z_y) ⊂ K_o ∪ {z_y } be an arc such that L_3 ∩ (L_1 ∪ L_2) = {x^∗, z_y}. It is not hard to verify that g_{|L}∗ is a Darboux function if L^∗ = L_1 ∪ L_2 ∪ L_3.

This ends the proof of (2). Now, we shall show that

g ∈ Q. (4)

Let t = (t_o, t^o) ∈ R^2. For the proof, we consider the following cases: (a) t /∈ K_o; then the quasi-continuity of g at t follows from the quasicontinuity of f at t.

(b) t ∈ K_1; then the quasi-continuity of g at t follows from the fact that g_{|K}∗_1 , g_{|K}∗∗_1 are constant.

(c) ϱ(x_o, t) ∈ [p_{no} , q_{no} ] for some n_o. From the continuity of g_{|{z: ϱ(xo,z)∈[pno ,qno ]}} we may deduce that g is quasi-continuous at t.

(d) ϱ(x_o, t) ∈ Ĉ or ϱ(x_o, t) = δ. Thus g(t) ∈ [α_o −^ε_3 , α_o +^ε_3 ]. Put ϱ(x_o, t) = μ and let η, ζ be arbitrary positive real numbers. Choose a positive integer n_∗ such that [p_{n∗} , q_{n∗} ] is a segment for which the inclusion [p_{n∗} , q_{n∗} ] ⊂ (μ − ζ, μ + ζ) takes place. Finally, let λ be an arbitrary element from (g(t) − η, g(t) + η) ∩ (α_o −^ε_3 , α_o +^ε_3 ). By the definition of g there exists a point d ∈ [x_o, t] ∩ {y : ϱ(x_o, y) ∈ (p_{n∗} , q_{n∗} )} such that g(d) = λ. It is easy to check that ϱ(t, d) < ζ and d is a continuity point of g, which ends the proof of (4).

From (2) and (4) we conclude that g ∈ D_qQ. Now, we shall show that

B(g, ε 4 ) ∩ D_w = ∅.

Indeed, let h ∈ B(g,^ε_4 ). Then h(K^∗_1 ) ⊂ (−∞, α_o) and h(K^{∗∗}_1 ) ⊂ (α_o, +∞), which means that h /∈ D_w.

It is clear that B(g,^ε_4 ) ⊂ B(f, ε). By the above, p(D_wQ, f) ≥^1_2 > 0. This completes, according to the arbitrariness of the choise of f ∈ D_qQ, the proof of the fact: D_wQ ⊏ D_qQ.

In the next step of this proof we shall show that DQ ⊏ D_wQ. Let φ ∈ D_wQ and let ε > 0. Then there exist x^{(φ)}_o ∈ R^2 and δ^{(φ)} > 0 such that f(B(x^{(φ)}o , δ^{(φ)})) ⊂ (α^{(φ)}o −^ε_3 , α^{(φ)}o +^ε_3 ) where α^{(φ)}o is some real number. Let K = [k^1, k^2] be a closed segment with middle-point at x^{(φ)}_o such that K ⊂ B(x^{(φ)}o ,^{δ(φ)}_2 ). Denote A_α = {x ∈ R^2 : ϱ(x, K) = α}.

Let C^{(φ)} denote the Cantor set for the interval [0,^{δ(φ)}_2 ] (i.e. min C^{(φ)} = 0, max C^{(φ)} =^{δ(φ)}_2 ) and let {(p^{(φ)}_n , q^{(φ)}_n )}^∞_{n=1} be the sequence of all component of the complement of C^{(φ)}. Moreover, put Ĉ^{(φ)} = (0,^{δ(φ)}_2 ) \

⋃_∞ n=1[p^{(φ)}_n , q^{(φ)}_n ].

Let F^{(φ)}_{Ĉ(φ)} be a family of power continuum consisting of the dense subsets of Ĉ^{(φ)} such that ⋃ A∈F^{(φ)}_{Ĉ(φ)} A =

Ĉ(φ) and if A, B ∈ F^{(φ)}_^

C^{(φ)}

are distinct sets,

then they are disjoint. Let ξ^{(φ)} : F^{(φ)}_{Ĉ(φ)}^{onto}→ [α^{(φ)}_o −^ε_3 , α^{(φ)}_o +^ε_3 ] be an arbitrary bijection. Moreover, let h^{(φ)}n denote a homeomorphism [p^{(φ)}n , q^{(φ)}n ] onto [α^{(φ)}_o −^ε_3 , α^{(φ)}_o +^ε_3 ] (for n = 1, 2...).

Now, we shall define a function g^{(φ)} : R^2 → R in the following way:

g^{(φ)}(x) = φ(x) if x /∈ ⋃ 0<α<^{δ(φ)}_2 Aα;

α^{(φ)}_o −^ε_3 if x ∈ [k^1, x_o]; α^{(φ)}_o +^ε_3 if x ∈ (x_o, k^2];

h^{(φ)}_n (α) if x ∈ A_α and α ∈ [p^{(φ)}_n , q^{(φ)}_n ]; ξ^{(φ)}(Ξ_x) if x ∈ A_α and α ∈ Ξ_x ∈ F^{(φ)}_{Ĉ(φ)} .

It follows immediately that g^{(φ)} /∈ D. The method of proof analogous to the method from the first part leads to the conclusion: g^{(φ)} ∈ D_wQ. Moreover, easy ”computations” show that B(g^{(φ)},^ε_4 ) ∩ DQ = ∅ and B(g^{(φ)},^ε_4 ) ⊂ B(φ, ε), which proves that DQ ⊏ D_wQ.

In many papers the authors investigate the problem connected with the monotonicity of the restriction of connected functions^1 to the closure of the union of all connected levels ([2], [3], [9]). In paper [12] it was shown that there exists a Darboux function f : I^2 → R such that the restriction of it to the closure of the union of all connected levels is not weakly monotone. In the theorem below we investigate the analogous problem for the modification of assumptions (the Darboux property is replaced by the weakly Darboux property and the property (P), and the connected levels by levels which are continua).

1i.e. functions mapping connected sets onto connected sets.

Theorem 2. Let X be a metrizable locally connected continuum and let f : X → R be a weakly Darboux function which possesses the property (P). Then f_{|Scn(f)} is Morrey monotone.

Proof. Denote, for simplicity, S = S_{cn}(f), Y = Y_{cn}(f) and g = f_{|S}. First, we prove that

if α ∈ Y, then f^{−1}([α, +∞)) and f^{−1}((−∞, α]) are continua and (5) if α, β ∈ Y, then f^{−1}([α, β]) is a continuum.

In fact, first, we shall demonstrate that f^{−1}([α, +∞)) is a closed set. It suffices to show that f^{−1}((−∞, α)) is an open set. Let z ∈ f^{−1}((−∞, α)). Then there exists an open and connected set K_z such that z ∈ K_z and K_z ∩ f^{−1}(α) = ∅. Since^2 f(K_z) is a connected set, therefore f(K_z) ⊂ (−∞, α), which ends the proof of the closedness of f^{−1}([α, +∞)). In a similar way we can prove that f^{−1}((−∞, α]) is a closed set. Observe that f^{−1}((−∞, α]) ∪ f^{−1}([α, +∞)) = R and f^{−1}((−∞, α]) ∩ f^{−1}([α, +∞)) = f^{−1}(α). According to the fact that f^{−1}(α) is a continuum, we infer (see [7]) that f^{−1}((−∞, α]), f^{−1}([α, +∞)) are continua.

The proof of the fact that f^{−1}([α, β]) is a continuum is analogous. Now, we shall prove that

g is a continuous function. (6)

So, let x_o ∈ S, α_o = g(x_o) and let ε > 0. If (α_o − ε, α_o) ∩ Y ≠ ∅, then let a_o be an arbitrary point of this intersection. In the opposite case, let a_o = sup{α ≤ α_o − ε : α ∈ Y } (of course, it is possible that {α ≤ α_o − ε : α ∈ Y } = ∅, then a_o = −∞). In a similar way we can define a point b_o ∈ (α_o, +∞).

Now, we shall show that

if a_o ≠ −∞, then f^{−1}((−∞, a_o)) ⊂ f^{−1}((−∞, a_o]). (7)

Of course, if a_o ∈ Y , then (according to (5)) f^{−1}((−∞, a_o]) is a closed set, and so, in this case, inclusion (7) takes place.

In the opposite case (a_o /∈ Y ), there exists a sequence {a_n}^∞_{n=1} ⊂ Y such that a_n ↗ a_o. By (5), f^{−1}((−∞, a_o)) =

⋃_∞ n=1 f^{−1}((−∞, a_n]) is a connected set contained in f^{−1}((−∞, a_o]). Since f possesses the property (P), therefore f^{−1}((−∞, a_o)) is included in some closed component C of f^{−1}((−∞, a_o]), which ends the proof of (7).

2Mazurkiewicz-Moor theorem.

If c_o ≠ +∞, then similarly as (7) we can prove

f^{−1}((c_o, +∞)) ⊂ f^{−1}([c_o, +∞)). (8)

Now, we shall show that

there exists an open set K_a containing x_0 such that g(K_a ∩ S) ⊂ (α_o − ε, +∞). (9)

To prove this fact we consider the following cases: 1) a_o = −∞. Then (9) is true for K_a = X. 2) a_o ∈ (α_o − ε, α_o). Then (9) follows from (5). 3) a_o /∈ (α_o − ε, α_o). Let c_o = inf{α ≥ α_o : α ∈ Y }.

If a_0 ∈ Y , then by (5), f^{−1}((a_0, +∞)) is an open set. Simultaneously, f^{−1}((a_0, α_o)) ∩ S = ∅. Then S ⊂ f^{−1}((−∞, a_0]) ∪ f^{−1}([c_o, +∞)). If c_o ∈ Y , then by (5), S ⊂ f^{−1}((−∞, a_0]) ∪ f^{−1}([c_o, +∞)). If c_o /∈ Y , then S ⊂ f^{−1}((−∞, a_0]) ∪ f^{−1}((c_o, +∞)) and by (8), S ⊂ f^{−1}((−∞, a_0]) ∪ f^{−1}([c_o, +∞)). Consequently, f^{−1}((a_0, α_o)) ∩ S = ∅. So, g^{−1}((a_0, +∞)) = f^{−1}((a_0, +∞)) ∩ S = g^{−1}([α_o, +∞)) is an open set in S.

Now, we assume that a_0 /∈ Y . According to (7), we may infer that f^{−1}(α) ∩ f^{−1}((−∞, a_o)) = ∅. So, let K_a be an open set containing x_0 such that

K_a ∩ f^{−1}((−∞, a_o)) = ∅. (10)

Now, we shall show that

S ∩ K_a ∩ f^{−1}(a_o) = ∅. (11)

Suppose to the contrary that there exists w such that w ∈ S ∩ K_a ∩ f^{−1}(a_o). Of course, w /∈ S and so there exists a sequence {w_n}^∞_{n=1} such that lim_{n→∞}w_n = w (we may assume that w_n ∈ K_a for n = 1, 2, ...). Then (according to (10)), f(x_n) ≥ c_o, but this fact, according to (5), (8) and the obvious inequality c_o ≥ α_o means that w /∈ f^{−1}(a_o), which is impossible.

By (10) and (11), g(K_a ∩ S) ⊂ (a_o, +∞). One can prove that (a_o, α_o) ∩ g(S) = ∅, which leads to the conclusion that (9) takes place.

When we replace a_0 by b_0, the considerations analogous to the above ones lead to the conclusion:

there exists an open set K_b containing x_0 such that g(K_a ∩ S) ⊂ (−∞, α_o + ε),

which, according to (9), ends the proof of (6).

Now, we consider monotonicity.

Let γ ∈ R be an arbitrary number such that g^{−1}(γ) ≠ ∅. It is obvious that if γ ∈ Y then g^{−1}(γ) = f^{−1}(γ) is a continuum. Similarly, if γ is a bilateral accumulation point of Y , then, according to (5), g^{−1}(γ) is a continuum.

Finally, we suppose that γ is a unilateral accumulation point of Y and denote by {γ_n}^∞_{n=1} ⊂ Y a monotone sequence which tends to γ. Let, for instance, γ_n ↗ γ.

According to (6), g^{−1}(γ) is compact.

Suppose that g^{−1}(γ) is not a connected set, which means that g^{−1}(γ) = A ∪ B where A, B are nonempty separated sets. Let x_A ∈ A and x_B ∈ B. Of course, x_A, x_B ∈ S \ S. Since R^2 is hereditarily normal, then there exist ([1]) open sets U and V such that A ⊂ U, B ⊂ V and U ∩ V = ∅. Let {K^A_n }^∞_{n=1}({K^B_n }^∞_{n=1}) be a local base at x_A (x_B ) such that K^A_n (K^B_n ) is an open and connected set, for n = 1, 2, .... Without loss of generality we may assume that K^A_n ⊂ U and K^B_n ⊂ V for any positive integer n.

Let n_o be a fixed positive integer. Then f(K^A_n ), f(K^B_n ) are connected sets containing γ. From γ /∈ Y we conclude that f(K^A_n ), f(K^B_n ) are nondegenerate intervals containing some elements of Y . According to the continuity of g and our assumption that γ is not a limit of a decreasing sequence of elements of Y , we may infer that there exists k_{no} such that γ_{kno} ∈ f(K^A_n ) ∩ f(K^B_n ) and | γ_{kno} − γ |<^1_{no} .

Continuing this procedure we obtain a sequence {γ_{kn} }^∞_{n=1} ⊂ Y such that

f^{−1}(γ_{kn} ) ∩ U ≠ ∅ ≠ f^{−1}(γ_{kn} ) ∩ V (for n = 1, 2...) and lim_{n→∞} γ_{kn} = γ.

So, let s_n ∈ f^{−1}(γ_{kn} ) \ (U ∪ V ) (for n = 1, 2...) and let s_o be an accumulation point of {s_n}^∞_{n=1}. This means that s_o ∈ S. According to (6), we infer that g(s_o) = γ, which contradicts our assumption (of course, s_o /∈ U ∪ V ) that g^{−1}(γ) = A ∪ B.

The contradiction obtained ends the proof of Theorem 2.

It can be demonstrated that, under the assumptions of Theorem 2, S_{cn}(f) does not have to be a closed set. This will be shown in a forthcoming paper.

References

[1] Engelking R., General topology, PWN, Warszawa (1977).

[2] Garg K.M., Properties of connected functions in terms of their levels, Fund. Math.

97 (1977), 17–36.

[3] Grande Z., Les ensambles de niveau et la monotonie d’une fonction, Fund. Math.

102 (1979), 9–12.

[4] Johnson R.A., Locally monotone mappings on compact metric spaces, Kyungpook Math. J. 32.1 (1992), 1–20.

[5] Kempisty S., Sur les fonctions quasicontinues, Fund. Math. 19 (1932), 184–197.

[6] Kocinac L., On monotone and pointwise splitability, Mat. Vestnik 43 (1991), 119– 128.

[7] Kuratowski K., Topology II, Academic Press, New York– London–Warszawa (1968).

[8] Morrey C.B. Jr., The topology of (path) surfaces, Amer. J. Math. (1935), 17–25. [9] Pawlak R.J., On the continuity and monotonicity of restrictions of connected functions, Fund. Math. 114 (1981), 91–107.

[10] Pawlak R.J., Przeksztalcenia Darboux, habilitation thesis, Acta Universitatis Lodziensis (1985), 1–148.

[11] Pawlak R.J., On the properties of sections of a function f : R^2 → R implying the Darboux property of this function, submitted.

[12] Pawlak R.J., Rychlewicz A., On K.M. Garg’s problem in respect to Darboux functions, Acta Univ. Lodz. Folia Math. 4 (1991), 99–108.

[13] Whuburn G.T., Dynamic topology, Amer. Math. Month. 77 (1970), 556–570. [14] Zajíc̆ek L., Sets of σ–porosity and sets of σ–porosity(q), C̆asopis Pĕst. Mat. 101 (1976), 350–359.

[15] Zajíc̆ek L., Porosity and σ–porosity, Real Anal. Exch. 13 (1987–88), 314–350.

INSTITUTE OF MATHEMATICS LÓDŹ UNIVERSITY BANACHA 22 90–238 LÓDŹ, POLAND E–MAIL: RPAWLAK@KRYSIA.UNI.LODZ.PL