Journal of Applied Analysis Vol. 1, No. 2 (1995), pp. 159–172

GLOBAL EXISTENCE OF SOLUTIONS FOR DIRICHLET PROBLEM TO NONLINEAR DIAGONAL PARABOLIC SYSTEM WITH MAXIMAL GROWTH CONDITIONS

W.M. ZAJA̧CZKOWSKI

Abstract. The Dirichlet problem to nonlinear diagonal parabolic system with some special right–hand sides but still satisfying the maximum growth conditions is considered. First applying the idea of Stampacchia a L_∞ – estimate in terms of data for a priori bounded weak solutions is found. Next following the methods of Ladyzhenskaya and Uraltseva the Hölder continuity with some exponent is proved. Next applying the results of Amann global existence of solutions is shown.

1991 Mathematics Subject Classification. 35B50, 35D10, 35K50, 35K65. Key words and phrases. Nonlinear diagonal parabolic system, regularity of solutions, global existence. 159

1. Introduction. In this paper we consider the Dirichlet problem for the following diagonal parabolic system

u_{it} − ∇ · (a_i(x, t, u, ∇u) · ∇u_i) = b_i(x, t, u, ∇u) (1.1) in Ω^T = Ω × (0, T ) , u_i|_{t=0} = u_{0i} in Ω ,

u_i = u_{bi} on S^T = S × (0, T ) , where i = 1, . . . , m, Ω ⊂ IR^n is a bounded domain with a sufficiently smooth boundary S, ∇u_i = (∂_{x1} u_i, . . . , ∂_{xn} u_i), u = (u_1, . . . , u_m) ∈ IR^m, x = (x_1, . . . , x_n) ∈ IR^n, and dot denotes the scalar product in IR^n.

The aim of this paper is to prove some estimates for solutions of (1.1) and next to show existence. Therefore, we assume some growth conditions. First we impose that a_i : Ω^T × IR^m × IR^{mn} → IR^{n2} , i = 1, . . . , m , satisfy the Caratheodory condition where α_0|∇u_i|^2 − ϕ_{1i}(x, t) ≤ a_i · ∇u_i · ∇u_i = (1.2)

= n∑ α,β=1

a^{αβ}_i · ∂_{xα} u_i ∂_{xβ} u_i ≤ γ_0|∇u_i|^2 ,

and α_0, γ_0 are positive constants and ϕ_{1i}, i = 1, . . . , m, are some positive functions.

Moreover, b_i : Ω^T × IR^m × IR^{mn} → IR , i = 1, . . . , m , satisfy the Caratheodory condition and are such that b_i(x, t, u, ∇u) ≤ β_0|∇u_i|^2 + ϕ_{2i}(x, t) , i = 1, . . . , m , (1.3) where β_0 is a positive constant and ϕ_{2i} are some positive functions.

Definition 1.1. We call u = (u_1, . . . , u_m) to be a weak bounded solution to problem (1.1) if u ∈ C([0, T ]; L_2(Ω; IR^m)) ∩ L_2(0, T ; W^1_2 (Ω; IR^m)) , u is bounded and satisfy the following integral identity m∑ i=1 ∫ Ω^{T −h}

(u_{iht}ϕ_i + (a_i∇u_i)_h · ∇ϕ_i − b_{ih}ϕ_i) dx dt = 0 , (1.4) where u_h =^1_h

∫_{t+h} t u(x, τ) dτ is the Steklov average, which holds for any

ϕ ∈ L_2(0, T ; ∘ W^1_2 (Ω; IR^m)) ∩ L_∞(Ω^T ).

Our aim is to prove global existence of solutions to problem (1.1). First we find L_∞ – estimate. To show the estimate the idea of Stampacchia has been used (see [8]). It can be formulated as follows. Assuming that solutions of (1.1) are qualitatively bounded we find a quantitative L_∞(Ω^T ) estimate depending only upon the data. The method of Stampacchia is used by DiBenedetto to obtain L_∞ – estimate for solutions of parabolic equations (see [2, Ch.5, Sect.17]). Next dropping the dependence on ∇u in a_i, i = 1, . . . , m, and assuming some special dependence on u_1, . . . , u_m in a_i, i = 1, . . . , m we apply the result of Amann, Theorem 3 from [1] to prove global existence. On the other hand using the L_∞ – estimate and applying the results of Giaquinta – Struwe [4], [5] and Struwe [9] the Hölder continuity of solutions of (1.1) can be proved in the case where the matrices a_i, i = 1, . . . , m, do not depend on ∇u and the following restriction holds

α_0 > 2β_0 max

i∈{1,... ,m}

‖ u_i ‖_{L∞(Ω}T_) . (1.5)

Then using another result of Amann, Theorem 2 from [1], we prove global existence of solutions of (1.1), where a_i, i = 1, . . . , m, do not depend on ∇u, but there is no restrictions on dependence on u.

Moreover, to find L_∞ – estimate we generalize on the one hand the results of Ladyzhenskaya and Uraltseva (see [6, Ch.7, Th.7.1]) because the coefficient β_0 in (1.3) need not to be small but on the other hand we have more restrictive form of the r.h.s. (see also (1.3)).

By W^1_p (Ω; IR^m), L_p(Ω; IR^m), C^α(Ω; IR^m) we denote commonly used the Sobolev and Hölder spaces for functions with values in IR^m. By C^{α,α/2}(Ω^T ) we mean the anisotropic Hölder space (see [6, Ch.1]) and

L_{p,q}(Ω^T ) = L_q(0, T ; L_p(Ω)) , ∘ W^1_p (Ω; IR^m) = { u ∈ W^1_p (Ω; IR^m) : u|_{∂Ω} = 0 } . Finally we introduce that

‖ u ‖_{Lp(Q)}= |u|_{p,Q} , where Q is a domain in IR^s , s ≥ 1 .

We denote by [α] the integer part of α.

2. L_∞ – estimate. To obtain the estimate we follow with some modifications the proof of DiBenedetto from [2, Ch. 5, Sect. 17].

Lemma 2.1. Let u = (u_1, . . . , u_m) be a qualitatively bounded weak solution of (1.1) in Ω^T . Let u_0 ∈ L_∞(Ω; IR^m), u_b ∈ L_∞(S^T ; IR^m) and u ∈ L_p(Ω^T ; IR^m), p ≥ 1. Let ϕ_i ∈ L_{pi} (Ω^T ; IR^m), i = 1, 2, p_1 =^{n+2}_{2−nκ0} , p_2 =

2(n+2) 4−nκ_0 , κ0 > 0, where κ0 is such that pi > n+2 2 , i = 1, 2.

Then there exists a constant c_i that can be determined quantitatively only in terms of the data, such that

|u_i|_{∞,Ω}T ≤ c_i max { |u_{0i}|_{∞,Ω}, |u_{bi}|_{∞,Ω}, |u_i|_{p,Ω}T } , (2.1)

where i = 1, . . . , m, c_i = f(n, α_0, κ_0, p) ( |ϕ_{1i}| n+2 nκ0p

p_1,Ω^T + |ϕ2i|

2(n+2) nκ0p

p_2,Ω^T ) , Proof. In view of the structure conditions the proof can be done for each component u_i, i = 1, . . . , m, separately. Assume that u_i, i = 1, . . . , m, is non–negative. Assume that M is the essential supremum of u_i, i = 1, . . . , m, in Ω^T , which is such that |u_{0i}|_{∞,Ω} <^1_2 M, |u_{bi}|_{∞,S}T <^1_2 M, i = 1, . . . , m. Let k ∈ IR_+ be such a number that

|u_{bi}|_{∞,S}T ≤ k < M , |u_{0i}|_{∞,Ω} ≤ k < M .

Inserting ϕ_i = (u_{hi} − k)_+ = max{u_{hi} − k, 0}, ϕ_j = 0 for j ≠ i into (1.4), performing the calculations in the first integral, passing with h to zero and using the structure conditions (1.2) and (1.3) we obtain 1 2 ∫ Ω (u_i − k)^2_+ dx + α_0 ∫ Ω^t

|∇(u_i − k)_+|^2 dx dt ≤ (2.2)

≤ β_0 ∫ Ω^t

|∇(u_i − k)_+|^2(u_i − k)_+ dx dt + + ∫ Ω^t

[ϕ_{1i}χ(u_i > k) + ϕ_{2i}(u_i − k)_+] dx dt , i = 1, . . . , m ,

where χ(u_i > k) is the characteristic function of the set { (x, t) ∈ Ω^T : u_i(x, t) > k } . In view of the Hölder inequality we get 1 2 ∫ Ω (u_i − k)^2_+ dx + α_0 ∫ Ω^t

|∇(u_i − k)_+|^2 dx dt ≤ (2.3)

≤ β_0 ∫ Ω^t

|∇(u_i − k)_+|^2(u_i − k)_+ dx dt +

+|ϕ_{1i}|_{p1,Ω}T |A^+_{k,i}|^{1/p′1} + |ϕ_{2i}|_{p2,Ω}T (∫ Ω^t

(u_i − k)^{p′2}_+ dx dt

)_{1/p}′_2 , where^1_{pi} +^1_p′_i = 1, i = 1, 2, and |A^+_{k,i}| = meas { (x, t) ∈ Ω^T : u_i(x, t) > k } . Now, we examine the last term on the r.h.s. of (2.3). In view of the Hölder inequality it is bounded by

|ϕ_{2i}|_{p2,Ω}T |A^+_{k,i}|^{1/λ1 p′2} (∫ Ω^t

(u_i − k)^{λ2p′2}_+ dx dt

)_{1/λ2p}′_2 ≡ I ,

where^1_{λ1} +^1_{λ2} = 1. Assuming now λ_1 =^{2(n+2)}_{np}′_2 and using the imbedding theorem for the parabolic norm with a constant γ (see [3, Ch.1, Sect.3]) we have

I ≤ γ|ϕ_{2i}|_{p2,Ω}T |A^+_{k,i}|^{1/λ1p′2} [( ess sup_{t∈[0,T ]} ∫ Ω (u_i − k)^2_+ dx

)_{1/2} +

+ (∫ Ω^t

|∇(u_i − k)_+|^2 dx dt )] ≤

≤ ε_1 2 ess sup_{t∈[0,T ]} ∫ Ω (u_i − k)^2_+ dx + γ^2 2ε_1

|ϕ_{2i}|^2_{p2,Ω}T |A^+_{k,i}|^{2/p′2− nn+2} +

+ ε_2 2 ∫ Ω^t

|∇(u_i − k)_+|^2 dx dt + γ^2 2ε_2

|ϕ_{2i}|^2_{p2,Ω}T |A^+_{k,i}|^{2/p′2− nn+2} ,

where the Young inequality and the relation^1_{λ1} = 1 −^{np′2}_{2(n+2)} were used.

Taking ε_1 =^1_2 , ε_2 = α_0 and using (2.3) yields 1 2 ess sup_{t∈[0,T ]} ∫ Ω (u_i − k)^2_+ dx + α_0 ∫ Ω^t

|∇(u_i − k)_+|^2 dx dt ≤ (2.4)

≤ 2β_0 ∫ Ω^t

|∇(u_i − k)_+|^2(u_i − k)_+ dx dt +

+2|ϕ_{1i}|_{p1,Ω}T |A^+_{k,i}|^{1/p′1} + 2 ( 1 + 1 α_0 ) γ^2|ϕ_{2i}|^2_{p2,Ω}T |A^+_{k,i}|^{2/p′2− nn+2} .

Since we assumed that there exists a number M such that u_i ≤ M, i = 1, . . . , m, we can choose k = M − 2ε, where ε ∈ (0, 1) is so small that M − 2ε ≥ max{|u_{0i}|_{∞,Ω}, |u_{bi}|_{∞,S}T } and 2ε ≤^{α0}_{4β0} . Then the first term on the r.h.s. of (2.4) can be estimated by the second term on the l.h.s. of (2.4). Therefore, for such a k the inequality (2.4) takes the form

ess sup_{t∈[0,T ]} ∫ Ω (u_i − k)^2_+ dx + α_0 ∫ Ω^t

|∇(u_i − k)_+|^2 dx dt ≤ (2.5)

≤ c_1|A^+_{k,i}|^{1/p′1} + c_2|A^+_{k,i}|^{2/p′2− nn+2} , where c_1 = 4|ϕ_{1i}|_{p1,Ω}T , c_2 = 4 ( 1 +^1_{α0} ) γ^2|ϕ_{2i}|^2_{p2,ΩT} .

Consider now the sequence of increasing levels

k_s = M − ε − ε 2^s

, s = 0, 1, . . . , (2.6)

and the corresponding family of sets

A^+_{ks,i} = { (x, t) ∈ Ω^T : u_i(x, t) > k_s } . (2.7)

Using (2.6) and (2.7) in (2.5) yields

ess sup_{t∈[0,T ]} ∫ Ω (u_i − k_s)^2_+ dx + α_0 ∫ Ω^t

|∇(u_i − k_s)_+|^2 dx dt ≤ (2.8)

≤ c_1|A^+_{ks,i}|^{1/p′1} + c_2|A^+_{ks,i}|^{2/p′2− nn+2} .

By the multiplicative inequality (3.1) from [2, Ch.1, Sect.3] and (2.8) we obtain ( ε 2^{s+1}

)^{2(n+2)}_n

|A^+_{ks+1,i}| ≤ (2.9)

≤ ∫ A^+_{ks+1,i}

(u_i − k_s)

2(n+2) n + dx dt ≤ ∫ Ω^T

(u_i − k_s)

2(n+2) n + dx dt ≤

≤ γ^{n+2n} ( ess sup_{t∈[0,T ]} ∫ Ω (u_i − k_s)^2_+ dx

)_{2/n} ∫

Ω^T

|∇(u_i − k_s)_+|^2 dx dt ≤

≤ 2 α_0 γ^{n+2n} ( c^{1+ 2n}_1 |A^+_{ks,i}| 1 p′1 (1+^2_n )

+ c^{1+ 2n}_2 |A^+_{ks,i}|

2(n+2) p′2n −1 ) , where γ is from the inequality.

To prove the required result we have to find such restrictions on p_1 and p_2 that the exponents on the r.h.s. of (2.9) are larger than 1. Assume that they are equal to 1+κ_0, where κ_0 > 0. Then p_1 =^{n+2}_{2−nκ0} , p_2 =^{2(n+2)}_{4−nκ0} . Since κ_0 =^2_n −^{n+2}_{np1} > 0, κ_0 =^4_n −^{2(n+2)}_{np2} > 0 we have that p_i >^{n+2}_2 , i = 1, 2. Let

c_4 =^2_{α0} γ^{n+2}n (c^{n+2n}_1 + c^{n+2n}_2 ). Then (2.9) takes the form ( ε 2^{s+1}

)^{2(n+2)}_n

|A^+_{ks+1,i}| ≤ c_4|A^+_{ks,i}|^{1+κ0} . (2.10)

Therefore, we get

|A^+_{ks+1,i}| ≤ c_5b^sε^{− 2(n+2)n} |A^+_{ks,i}|^{1+κ0} , i = 1, . . . , m , (2.11) where c_5 = 2^{2(n+2)}n c_4, b = 2^{2(n+2)}n .

From (2.11) it follows that |A^+_{ks+1,i}| → 0 as s → ∞ if

|A^+_{k0,i}| ≤ γ_∗ ≡ ε 2(n+2) n c_5

1/κ_0

b^{−1/κ20} , (2.12)

see either Lemma 4.1 [2], Ch.1, or Lemma 5.6 [6], Ch.2, or Lemma 4.7 [7], Ch.2.

In this case we have that u_i ≤ M − ε a.e. in Ω^T , which contradicts the definition of M.

Since k_s = M − ε −^ε_{2s} , s ≥ 0, we have k_0 = M − 2ε and we can take ε so small that k_0 >^M_2 . Then we have ( M 2 )_p

|A^+_{k0,i}| ≤ ( M 2 )_p

|A^+_{M2 ,i}| ≤ ∫ Ω^T

|u_i|^p dx dt .

Hence,

|A^+_{k0,i}| ≤ ( 2 M )_p ∫

Ω^T

|u_i|^p dx dt . (2.13)

If the r.h.s. is less than γ_∗ we have a contradiction. Thus,

ess sup_ΩT u_i ≤ 2γ^{−1/p}_∗ (∫ Ω^T

|u_i|^p dx dt

)_{1/p} , (2.14)

i = 1, . . . , m , p ≥ 1 .

If u_i < 0 we have to introduce the cut–off function (u_i − k)_− = max{−(u_i − k), 0} , k < 0 .

Then we obtain a similar estimate from below. This concludes the proof.

Finally we have to obtain an estimate for |u_i|_{p,Ω}T , i = 1, . . . , m, p ≥ 1. Therefore, we have

Lemma 2.2. Let u_0 ∈ L_∞(Ω; IR^m), u_b ∈ L_∞(S^T ; IR^m), ϕ_i ∈ L_λ(Ω^T ; IR^m), λ >^{n+2}_2 , i = 1, 2.

Then the following estimate holds

|u_i| n+2_{2 ,ΩT} ≤ g ( |ϕ_{1i}|_{λ,Ω}T , |ϕ_{2i}|_{λ,Ω}T ) · (2.15) · [ 1 + |ϕ_{1i}|_{1,Ω}T + |ϕ_{2i}|_{1,Ω}T + |u_{0i}|_{∞,Ω} + |u_{bi}|_{∞,S}T ] , where g is an increasing positive function.

Proof. Let k_∗ = max{ess sup_Ω|u_{0i}|, ess sup_ST |u_{bi}|}, i = 1, . . . , m. Let us assume that u_i is positive. Let ϕ_j = 0 for j ≠ i, ϕ_i = (u_{ih} − k_∗)_+e^{α(uih −k∗)+} , α > 0. Inserting ϕ_i into (1.4) yields ∫ Ω^t

u_{iht}(u_{ih} − k_∗)_+e^{α(uih−k∗)+} dx dt + + ∫ Ω^t

(a_i(x, t, u, ∇u)∇u_i)_h ∇ ( (u_{ih} − k_∗)_+e^{α(uih−k∗)+} ) dx dt = = ∫ Ω^t

(b_i(x, t, u, ∇u))_h(u_{ih} − k_∗)_+e^{α(uih −k∗)+} dx dt.

Performing calculations in the first integral, passing with h to zero and using the structure conditions we get 1 α ∫ Ω [ (u_i − k_∗)_+ − 1 α ] e^{α(ui−k∗)+} dx + (2.16)

+α_0 ∫ Ω^t

|∇(u_i − k_∗)_+|^2 (1 + α(u_i − k_∗)_+) e^{α(ui−k∗)+} dx dt ≤ ≤ ∫ Ω^t

ϕ_{1i} (1 + α(u_i − k_∗)_+) e^{α(ui −k∗)+} dx dt +

+β_0 ∫ Ω^t

|∇(u_i − k_∗)_+|^2 (u_i − k_∗)_+ e^{α(ui −k∗)+} dx dt + + ∫ Ω^t

ϕ_{2i} (u_i − k_∗)_+ e^{α(ui −k∗)+} dx dt ,

where we used that [ (u_i − k_∗)_+ − 1 α ] e^{α(ui −k∗)+} | | |_{t=0} = − 1 α < 0 .

Assuming that α >^{2β0}_{α0} we get from (2.16) 1 α ∫ Ω [ (u_i − k_∗)_+ − 1 α ] e^{α(ui−k∗)+} dx + (2.17)

+α_0 ∫ Ω^t

|∇(u_i − k_∗)_+|^2 ( 1 + α 2 (u_i − k_∗)_+ ) e^{α(ui −k∗)+} dx dt ≤ ≤ ∫ Ω^t

[ϕ_{1i} (1 + α(u_i − k_∗)_+) + ϕ_{2i}(u_i − k_∗)_+] e^{α(ui−k∗)+} dx dt .

To simplify notation we introduce the functions v_i = (u_i − k_∗)_+ > 0 and ϕ_{0i} = max{ϕ_{1i}, ϕ_{2i}}. Then we write (2.17) in the following form 1 α ∫ Ω ( v_i − 1 α ) e^{αvi} dx + α_0 ∫ Ω^t

|∇v_i|^2 ( 1 + α 2 v_i ) e^{αvi} dx dt ≤(2.18)

≤ (1 + α) ∫ Ω^t

(1 + ϕ_{0i})(1 + v_i)e^{αvi} dx dt , i = 1, . . . , m . Let ω_i = (v_i − 1)^{1/2}_+ e^{α2 (vi −1)+} , i = 1, . . . , m . (2.19)

Let α > 1 and v_i > 1. For v_i ≤ 1 we have the sup estimate for v_i so there is nothing to prove. Then we have ∫ Ω ( v_i − 1 α ) e^{αvi} dx = ∫ Ω (v_i − 1) e^{αvi} dx + ( 1 − 1 α ) ∫ Ω e^{αvi} dx ≥(2.20) ∫ Ω (v_i − 1) e^{αvi} dx ≥ ∫ Ω (v_i − 1) e^{α(vi−1)} dx = ∫ Ω ω^2_i dx .

Since v_i > 1 we have that ω_i = (v_i − 1)^{1/2}e^α2^{(vi −1)}, so

∇ω_i = 1 2 [ (v_i − 1)^{−1/2} + α(v_i − 1)^{1/2} ] ∇v_ie^{α2 (vi −1)} , and |∇ω_i|^2 ≤ c_1(1 + v_i)|∇v_i|^2e^{αvi} , (2.21)

where in reality we used that v_i ≥ c > 1.

Finally ω^2_i = (v_i − 1)e^{α(vi −1)} ≥ c_2e^{αvi} , and also ω^2_i ≥ e^{−α} [v_ie^{αvi} − e^{αvi} ], so v_ie^{αvi} ≤ e^αω^2_i + e^{αvi} ≤ c_3ω^2_i . Therefore, we have proved

(1 + v_i)e^{αvi} ≤ c_4ω^2_i . (2.22)

Using (2.19)–(2.22) in (2.18) implies

ess sup_{t∈[0,T ]} ∫ Ω ω^2_i dx + ∫ Ω^T

|∇ω_i|^2 dx dt ≤ (2.23)

≤ c_5 ∫ Ω^T

(1 + ϕ_{0i})(1 + ω^2_i ) dx dt .

Using the imbedding (3.1) from [2], Ch.1, Sect.3 for the space V^2_0 (Ω^T ) = L_∞(0, T ; L_2(Ω)) ∩ L_2(0, T ; ∘ W^1_2 (Ω)) and the Hölder inequality on the r.h.s.

of (2.23) we get

|ω_i| 2(n+2)_{n ,ΩT} ≤ c_6 + c^{1/2}_5 (∫ Ω^T

(1 + ϕ_{0i})^{λ1} dx dt

)_{1/2λ1} (2.24)

· (∫ Ω^T

|ω_i|^{2λ2} dx dt

)_{1/2λ2}

≤ c_6 + c_7|Ω^T |^{12λ}2^{− n2(n+2)} |ω_i| 2(n+2)_{n ,ΩT} ,

where c_6 = γc^{1/2}_5 ( ∫ Ω^T (1 + ϕ0i) dx dt)

1/2, c_7 = γc^{1/2}_5 (∫ Ω^T (1 + ϕ0i) λ_1 dx dt

)_{1/2λ1} , 1 λ_1 + 1 λ_2 = 1, λ2 < n+2 n , λ_1 >^{n+2}_n , and γ is the constant from the imbedding.

If T is so small that

c_7|Ω^T | 1 2 (_1

λ2 −^n_{n+2} ) ≤ 1 2 we obtain the estimate |ω_i| 2(n+2)_{n ,ΩT} ≤ 2c_6 . (2.25) For arbitrary T the argument can be repeated up to covering the whole [0, T ] in a finite number of steps.

From (2.19) and the definition of v_i we have that ((u_i − k_∗)_+ − 1)^{1/2}_+ = ω_ie^{− α2 (vi −1)+} .

Hence, either u_i ≤ k_∗ + 1 (2.26) or u_i > k_∗ + 1. In the second case we have the estimate u^{1/2}_i ≤ c_8 [ (k_∗ + 1)^{1/2} + ω_i ] . Therefore |u_i| n+2_{n ,ΩT} ≤ c_9 [ (k_∗ + 1) + |ω_i|^2_{(n+2)n ,ΩT} ] ≤ (2.27)

≤ c_9(k_∗ + 1 + 4c^2_6) .

From (2.26) and (2.27) we obtain (2.15). This concludes the proof.

From Lemmas 2.1, 2.2 we have

Theorem 2.3. Let the assumptions of Lemmas 2.1, 2.2 be satisfied. Then a qualitatively bounded weak solution of (1.1) is bounded in terms of data (see the inequalities (2.1) and (2.15)).

3. Hölder continuity. Using the methods of Ladyzhenskaya and Uraltsewa (see [6, Ch.5, Sect.1]) we obtain

Lemma 3.1. Let the structure conditions (1.2), (1.3) hold. Let u = (u_1, . . . , u_m), be bounded, so |u_i| ≤ M, i = 1, . . . , m, where M is a positive constant. Let ϕ_1 = (ϕ_{11}, . . . , ϕ_{1m}), ϕ_2 = (ϕ_{21}, . . . , ϕ_{2m}) be such that χ_i = |ϕ_{1i}| + |ϕ_{2i}|^2 ∈ L_{q,r}(Ω^T ),^1_r +^n_{2q} = 1 −^{nκ}_2 ,^{nκ}_2 ∈ (0, 1), n ≥ 2, i = 1, . . . , m. Moreover, let u_0 ∈ C^α(Ω, IR^m), u_b ∈ C^α(S^T , IR^m), α ∈ (0, 1).

Then u_i ∈ C^{α,α/2}(Ω^T ∪S^T ∪Ω×{0}), where α = min { − log_4 ( 1 −^1_{2s} ) ,^{nκ}_2 } , s = [_{2M} δ ] + 4 + s_0, s_0 > 0,δ =^{α0}_{4β0} , i = 1, . . . , m.

Proof. Putting ϕ_i = (u_{ih} − k)_+ζ^2(x, t) and ϕ_j = 0 for j ≠ i into (1.4) we get

∫_t 0 ∫ Ω [ u_{iht}(u_{ih} − k)_+ζ^2 + (a_i∇u_i)_h∇ ( (u_{ih} − k)_+ζ^2 ) + (3.1)

−b_{ih}(u_{ih} − k)_+ζ^2 ] dx dt = 0 ,

where ζ(x, t) is an arbitrary, nonnegative, continuous piece–wise smooth function vanishing on the boundary. In the case when ζ does not vanish near the boundary we assume that k > max_i ess sup_ST |u_{bi}(x, t)|. Performing the calculations in the first term, passing with h to zero and using that k > max_i ess sup_Ω |u_{0i}| we get 1 2 ∫ Ω (u_{ih} − k)^2_+ζ^2 dx − ∫ Ω^t

(u_i − k)^2_+ζζ_t dx dt + (3.2) + ∫ Ω^t ( a_i · ∇(u_i − k)_+ · ∇(u_i − k)_+ζ^2 dx dt+

+2a_i · u_i(u_i − k)_+ζ∇ζ) dx dt + − ∫ Ω^t

b_{ih}(u_{ih} − k)_+ζ^2 dx dt = 0 .

Using the structure conditions (1.2), (1.3), we obtain the inequality 1 2 ∫ Ω (u_{ih} − k)^2_+ζ^2 dx + α_0 2 ∫ Ω^t

|∇(u_i − k)_+|^2ζ^2 dx dt ≤ (3.3)

≤ β_0 ∫ Ω^t

|∇(u_i − k)_+|^2ζ^2(u_i − k)_+ dx dt +

+ ∫ Ω^t

(u_{ih} − k)^2_+ ( ζ|ζ_t| +

2γ^2_0 α_0 ζ^2_x ) dx dt +

+ ∫ Ω^t ( ϕ_{1i}χ_A+_{k,i,ρ} + ϕ_{2i}(u_{ih} − k)_+ ) ζ^2 dx dt ,

where χ_Q is the characteristic function of Q, A^+_{k,i,ρ} = A^+_{k,i} ⋂ B_ρ(x_0), B_ρ(x_0) = {x : |x − x_0| < ρ}, A^+_{k,i}(t) = {x : u_i(x, t) − k > 0}. Moreover, we introduce cylinders Q(ρ, τ) = B_ρ(x_0) × (t_0, t_0 + τ), and assume that supp ζ ⊂ Q(ρ, τ) and ζ(x, t) = 1 for (x, t) ∈ Q(ρ − σ_1ρ, τ − σ_2τ), for some σ_1, σ_2 less than 1.

Taking now k such that

(u_i − k)_+ ≤ δ = α_0 4β_0

and using the properties of ζ(x, t) we obtain from (3.3), sup t∈[0,T ]

|(u_i − k)_+|^2_{,Bρ−σ1ρ} + |∇(u_i − k)_+|^2_{,Q(ρ−σ1ρ,τ −σ2τ )} ≤ (3.4)

≤ γ_1 [( 1 (σ_1ρ)^2 + 1 σ_2τ ) |(u_i − k)_+|^2_{,Q(ρ,τ )} +

∫_t 0 dt ∫ A^+_{k,i,ρ}

χ_i dx dt ] ,

where γ_1 = c_1 ( 1 +^{γ20}_{α0} ) , χ_i = |ϕ_{1i}| + |ϕ_{2i}|^2.

The last term on the r.h.s. of (3.4) we estimate by (see [6, Ch.3, Sect.10])

‖ χ_i ‖_{Lq,r (Qk,i(ρ,τ ))} μ

2(1+κ) r̂ i ( k, r̂ q̂ , ρ, τ ) , where 1 r + n 2q = 1 − κ_1 , κ_1 ∈ (0, 1) for n ≥ 2 ,

Q_{k,i}(ρ, τ) = {(x, t) ∈ Q(ρ, τ) : u_i(x, t) > k} ,

μ_i ( k, r̂ q̂ , ρ, τ ) = ∫_{t0+τ}

t_0

meas^{r̂q̂} A_{k,i,ρ}(t) dt , q̂ = q̄(1 + κ) , r̂ = r̄(1 + κ) ,

q̄ = 2q q − 1

, r̄ = 2r r − 1

, κ =

2κ_1 n , 1 r̄ + n 2q̄ = n 4 + κ_1 2 , 1 r̂ + n 2q̂ = n 4 , for n ≥ 2 .

Therefore, u_i ∈ B_2(Ω^T , M, γ_1, r̂, δ, κ) (see [6, Ch.2, Sect.7]). Hence, in view of Theorem 7.1 from [6], Ch.2, Sect.7, and Theorem 8.1 from [6], Ch.2, Sect.8, we have that

u_i ∈ C^{α,α/2}(Ω^T ∪ S^T ∪ Ω × {0}) ,

where α = min{− log_4(1−^1_{2s} ),^{nκ}_2 }, s =

[_{2M} δ ] +4+s_0 and s_0 is some positive constant.

Since s > 4 we see that α is a very small positive number. This concludes the proof.

4. Global existence. To prove global existence of solution to problem (1.1) we apply Theorems 2 and 3 from [1]. In the case of Theorem 2 we need Hölder continuity of solutions with α >^n_{n+1} . Therefore Theorem 3.1 can not be used because there α is too small. Then the result of Struwe form [9] must be applied, where however very strong structure condition (1.5) must be imposed. To apply Theorem 3 we need only boundedness of solutions, so Theorem 2.3 is sufficient, but then time independent boundary conditions and some additional strong structural restrictions must be added on the form of system (1.1).

Summarizing we have

Theorem 4.1. Let the assumptions of Theorem 2.3 and Theorem 3 from [1] be satisfied. Then there exists a global solution to problem (1.1) in C([0, T ]; C^s(Ω̄ × IR^m)), s < 1.

Theorem 4.2. Let the assumptions of Theorem 2.3, Theorem 2 from [1], and Theorem 2 from [9] be satisfied. Then there exists a qualitatively bounded solution to problem (1.1) in C^ε([0, T ]; C^θ (Ω̄; IR^m)), where ε > 0, θ >^n_{n+1} .

References

[1] Amann, H., Dynamic theory for quasilinear parabolic systems, III.Global existence.

Math. Z. 202 (1989), 219–250.

[2] DiBenedetto, E., Degenerate parabolic equations. Springer-Verlag, New York Inc (1993).

[3] Giaquinta, M., Giusti, E., Partial regularity for the solutions to nonlinear parabolic systems. Ann. Mat. Pura Appl. 47 (1973), 253–266.

[4] Giaquinta, M., Struwe, M., On the partial regularity of weak solutions of nonlinear parabolic systems. Math. Z. 179 (1982), 437–451.

[5] Giaquinta, M., Struwe, M., An optimal regularity result for a class of quasilinear parabolic systems. Manuscripta math. 36 (1981), 223–239.

[6] Ladyzhenskaya, O.A., Solonnikov, V.A., Uraltseva, N.N., Linear and quasilinear equations of parabolic type (in Russian). Nauka, Moscow (1967).

[7] Ladyzhenskaya, O.A., Uraltseva, N.N., Linear and quasilinear equations of elliptic type (in Russian). Nauka, Moscow (1973).

[8] Stampacchia, G., Equations elliptiques du second ordre a coefficients discontinues.

Sem. Math. Sup. 16, Less Presses de L’Université de Montréal, Montréal (1966). [9] Struwe, M., On the Hölder continuity of bounded weak solutions of quasilinear parabolic systems, Manuscripta Math. 35 (1981), 125–145.

INSTITUTE OF MATHEMATICS POLISH ACADEMY OF SCIENCES UL. ŚNIADECKICH 8 00-950 WARSAW, POLAND E–MAIL: WMZAJACZ@IMPAN.GOV.PL