Journal of Applied Analysis Vol. 2, No. 1 (1996), pp. 105–118

OSCILLATION CRITERIA FOR SECOND ORDER LINEAR DIFFERENTIAL

EQUATIONS WITH DAMPING

WEI-LING LIU AND HORNG-JAAN LI

Abstract. Some oscillation criteria are given for the second order linear differential equation with damping

[r(t)x^′(t)]^′ + p(t)x^′(t) + q(t)x(t) = 0, t ≥ t_0,

where p(t) and q(t) are allowed to change sign on [t_0, ∞), and r(t) > 0. These results generalize and improve some known results for the differential equations x^{′′}(t) + q(t)x(t) = 0, and x^{′′}(t) + p(t)x^′(t) + q(t)x(t) = 0.

1991 Mathematics Subject Classification. Primary 34C10, 34C15. Key words and phrases. Second order differential equation with damping, oscillation, nonoscillation, generalized Riccati transformation. 105

1. Introduction. Consider the second order linear differential equation with damping

(E) [r(t)x^′(t)]^′ + p(t)x^′(t) + q(t)x(t) = 0, t ≥ t_0,

where r, p, q ∈ C([t_0, ∞); ℜ), r > 0 ,and p and q are allowed to take on negative values for arbitrarily large t.

A solution of equation (E) is called oscillatory if it has arbitrarily large zeros, and otherwise it is nonoscillatory. Equation (E) is oscillatory if all its solutions are oscillatory.

In the absence of damping, there is a very large body of literature devoted to the corresponding equations

(E_1) x^{′′}(t) + q(t)x(t) = 0, and (E_2) (r(t)x^′(t))^′ + q(t)x(t) = 0.

Although (E) can be easily transformed to the forms (E_1) and (E_2) by multiplication by an integrating factor, there are advantages in obtaining direct oscillation theorems for (E): besides the obvious practical advantage of eliminating the need for the integrating factor, there is an incentive in developing methods which will generalize to more general equations.

Averaging function method is one of the most important techniques in the study of oscillation. By using this technique, many oscillation criteria have been found which involve the behavior of the integrals of the coefficients, see [?, ?, ?, ?, ?, ?] .

In this article, by using general Riccati technique due to Yu [?] and averaging functions method and following the results of Yan [?] and Philos [?], we establish some oscillation criteria for equation (E).

For other results, we refer to [?, ?, ?, ?].

2. Main results. Throughout this section, we assume that a(t) ∈ C^2([t_0, ∞); (0, ∞)) is a given function, f(t) = −^{a′(t)}_{2a(t)} and ψ(t) = a(t){q(t) − p(t)f(t) + r(t)f^2(t) − [r(t)f(t)]^′}.

The following theorem provides sufficient conditions for the oscillation of the equation (E).

Theorem 1. Assume D = {(t, s)|t ≥ s ≥ t_0}. Let H ∈ C(D; ℜ) satisfy the following two conditions:

(i) H(t, t) = 0 for t ≥ t_0, H(t, s) > 0 for t > s ≥ t_0; (ii) H has a continuous and nonpositive partial derivative on D with respect to the second variable.

Let h : D → ℜ be a continuous function with − ∂H ∂s (t, s) = h(t, s) √ H(t, s) for all (t, s) ∈ D. If lim sup t→∞ 1 H(t, t_0)

∫_t

t_0 { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds = ∞, (C_1)

then equation (E) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (E). Without loss of generality, we may assume that x(t) > 0 on [T_0, ∞), for some T_0 ≥ t_0. Define

w(t) = a(t)r(t) ( x^′(t) x(t)

+ f(t) ) , t ≥ T_0. (1)

Then it follows from (E) that

w^′(t) = − w^2(t) a(t)r(t) − p(t) r(t) w(t) − ψ(t), t ≥ T_0. (2)

Hence, for all t ≥ T ≥ T_0, we have

∫_t T H(t, s)ψ(s)ds = − ∫_t T H(t, s)w^′(s)ds −

∫_t T ( H(t, s) w^2(s) a(s)r(s) + H(t, s)p(s) r(s) w(s) ) ds = H(t, T )w(T ) −

∫_t T { H(t, s) w^2(s) a(s)r(s) + [( − ∂H ∂s (t, s) ) + H(t, s)p(s) r(s) ] w(s) } ds = H(t, T )w(T ) −

∫_t T { H(t, s) w^2(s) a(s)r(s) + [ h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) ] w(s) } ds.

Then, for all t ≥ T ≥ T_0

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds (3)

= H(t, T )w(T ) −

∫_t T {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}^2 ds. This implies that for every t ≥ T_0 ∫_t

T_0 { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds ≤ H(t, T_0)w(T_0) ≤ H(t, T_0)|w(T_0)| ≤ H(t, t_0)|w(T_0)|.

Therefore, ∫_t

t_0 { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds ≤ H(t, t_0)

∫_{T0}

t_0

|ψ(s)|ds + H(t, t_0)|w(T_0)|

= H(t, t_0)

{∫_{T0}

t_0

|ψ(s)|ds + |w(T_0)| }

for all t ≥ T_0. This gives

lim sup t→∞ 1 H(t, t_0)

∫_t

t_0 { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds ≤ ∫_{T0}

t_0

|ψ(s)|ds + |w(T_0)|,

which contradicts (C_1). This completes the proof of the Theorem 1.

Remark 1. If p(t) = 0, then Theorem 1 reduces to a result in [?].

Remark 2. If p(t) = 0 and a(t) = 1, then Theorem 1 reduces to Theorem 1 in [?].

Theorem 2. Let H(t,s) and h(t,s) be as in Theorem 1, and let

(C_2) 0 < inf_{s≥t0} { lim inf t→∞ H(t, s) H(t, t_0) } ≤ ∞.

Suppose that there exists a function A ∈ C[t_0, ∞) satisfying

(C_3) lim sup_{t→∞} 1 H(t, t_0)

∫_t

t_0

a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2 ds < ∞,

(C_4)

∫_∞

t_0

A^2_+(s) a(s)r(s) ds = ∞

and for every T ≥ t_0

lim sup t→∞ 1 H(t, T )

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2}

ds ≥ A(T ), (C_5)

where A_+(s) = max{A(s), 0}. Then equation (E) is oscillatory.

Proof. Without loss of generality, we may assume that there exists a solution x(t) of equation (E) such that x(t) > 0 on [T_0, ∞), for some T_0 ≥ t_0. As in the proof of Theorem 1, (3) holds for all t ≥ T ≥ T_0. Hence, for t > T ≥ T_0, we have 1 H(t, T )

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds(4)

= w(T ) − 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s)

r(s) )}_2 ds. Consequently,

lim sup t→∞ 1 H(t, T )

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds

≤ w(T ) − lim inf_{t→∞} 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}_2 ds. for all T ≥ T_0. Thus, by (C_5),

w(T ) ≥ A(T ) + lim inf_{t→∞} 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}^2 ds for all T ≥ T_0. This shows that w(T ) ≥ A(T ) (5) and lim inf t→∞ 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}^2 ds < ∞

for all T ≥ T_0. Then

lim inf t→∞ { 1 H(t, T_0)

∫_t

T_0

H(t, s) a(s)r(s) w^2(s)ds (6) + 1 H(t, T_0)

∫_t

T_0 ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) ) w(s)ds }

≤ lim inf_{t→∞} 1 H(t, T_0)

∫_t

T_0 {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}^2 ds < ∞.

Define u(t) = 1 H(t, T_0)

∫_t

T_0

H(t, s) a(s)r(s) w^2(s)ds and v(t) = 1 H(t, T_0)

∫_t

T_0 ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) ) w(s)ds for all t > T_0. Then (6) implies that lim inf t→∞ [u(t) + v(t)] < ∞. (7)

Now, we claim that ∫_∞

T_0

w^2(s) a(s)r(s) ds < ∞. (8)

Suppose to the contrary that ∫_∞

T_0

w^2(s) a(s)r(s) ds = ∞. (9)

By (C_2), there is a positive constant M_1 satisfying

inf_{s≥t0} { lim inf t→∞ H(t, s) H(t, t_0) } > M_1 > 0. (10)

Let M_2 be any arbitrary positive number. Then it follows from (9) that there exists a T_1 > T_0 such that ∫_t

T_0

w^2(s) a(s)r(s) ds ≥

M_2 M_1 for all t ≥ T_1.

Therefore,

u(t) = 1 H(t, T_0)

∫_t

T_0

H(t, s)d {∫_s T_0

w^2(ξ) a(ξ)r(ξ) dξ }

= 1 H(t, T_0)

∫_t

T_0 ( − ∂H ∂s (t, s) ) {∫_s T_0

w^2(ξ) a(ξ)r(ξ) dξ } ds ≥ 1 H(t, T_0)

∫_t

T_1 ( − ∂H ∂s (t, s) ) {∫_s T_0

w^2(ξ) a(ξ)r(ξ) dξ } ds ≥ M_2 M_1H(t, T_0)

∫_t

T_1 ( − ∂H ∂s (t, s) ) ds = M_2H(t, T_1) M_1H(t, T_0) for all t ≥ T_1. By (10), there is a T_2 ≥ T_1 such that H(t, T_1) H(t, t_0)

≥ M_1 for all t ≥ T_2,

this implies u(t) ≥ M_2 for all t ≥ T_2.

Since M_2 is arbitrary, lim_{t→∞} u(t) = ∞. (11)

Next, consider a sequence {t_n}^∞_{n=1} in (T_0, ∞) with lim_{n→∞} t_n = ∞ satisfying

lim_{n→∞} [u(t_n) + v(t_n)] = lim inf_{t→∞} [u(t) + v(t)].

It follows from (7) that there exists a number M such that u(t_n) + v(t_n) ≤ M for n = 1, 2, 3, · · · . (12) It follows from (11) that lim_{n→∞} u(t_n) = ∞. (13)

This and (12) give lim_{n→∞} v(t_n) = −∞. (14)

Then, by (12) and (13), 1 + v(t_n) u(t_n) ≤ M u(t_n) < 1 2 for n large enough.

Thus, v(t_n) u(t_n) < − 1 2 for all large n.

This and (14) imply that

lim_{n→∞} v^2(t_n) u(t_n)

= ∞. (15)

On the other hand, by the Schwarz inequality, we have

v^2(t_n) = { 1 H(t_n, T_0)

∫_{tn}

T_0 ( h(t_n, s) √ H(t_n, s) +

H(t_n, s)p(s) r(s) ) w(s)ds

}_2

≤ { 1 H(t_n, T_0)

∫_{tn}

T_0

H(t_n, s) a(s)r(s) w^2(s)ds }

× { 1 H(t_n, T_0)

∫_{tn}

T_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds }

≤ u(t_n) { 1 H(t_n, T_0)

∫_{tn}

t_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds }

for any positive integer n. Consequently,

v^2(t_n) u(t_n) ≤ 1 H(t_n, T_0)

∫_{tn}

t_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds for all large n. But, (10) guarantees that

lim inf t→∞ H(t, T_0) H(t, t_0)

> M_1.

This means that there exists a T_3 ≥ T_0 such that H(t, T_0) H(t, t_0)

≥ M_1 for all t ≥ T_3.

Thus, H(t_n, T_0) H(t_n, t_0)

≥ M_1 for n large enough

and therefore

v^2(t_n) u(t_n) ≤ 1 M_1H(t_n, t_0)

∫_{tn}

t_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds for all large n. It follows from (15) that

lim_{n→∞} 1 H(t_n, t_0)

∫_{tn}

t_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds = ∞.

(16) This gives

lim sup t→∞ 1 H(t, t_0)

∫_t

t_0

a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2 ds = ∞,

which contradicts (C_3). Then (8) holds. Hence, by (5), ∫_∞

T_0

A^2_+(s) a(s)r(s) ds ≤

∫_∞

T_0

w^2(s) a(s)r(s) ds < ∞,

which contradicts (C_4). This completes our proof.

Theorem 3. Let H(t,s) and h(t,s) be as in Theorem 1, and let (C_2) hold. Suppose that there exists a function A ∈ C[t_0, ∞) such that (C_4) and the following conditions hold:

(C_6) lim inf_{t→∞} 1 H(t, t_0)

∫_t

t_0

H(t, s)ψ(s)ds < ∞,

and for every T ≥ t_0

lim inf t→∞ 1 H(t, T )

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2}

ds ≥ A(T ), (C_7)

where A_+(s) = max{A(s), 0}. Then equation (E) is oscillatory.

Proof. Without loss of generality, we may assume that there exists a solution x(t) of equation (E) such that x(t) > 0 on [T_0, ∞) for some T_0 ≥ t_0. As in the proof of Theorem 2, (4) holds for all t > T ≥ T_0. Then

lim inf t→∞ 1 H(t, T )

∫_t T { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds ≤ w(T ) − lim sup_{t→∞} 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s) + 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}_2 ds. for all T ≥ T_0. It follows from (C_7) that

w(T ) ≥ A(T ) + lim sup_{t→∞} 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s) + 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}_2 ds for all T ≥ T_0. Hence, (5) holds and

lim sup t→∞ 1 H(t, T )

∫_t T {√ H(t, s) a(s)r(s) w(s) + 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}_2 ds < ∞

for all T ≥ T_0. This implies that

lim sup t→∞ [u(t) + v(t)] (17)

= lim sup t→∞ 1 H(t, T_0)

∫_t

T_0 { H(t, s) a(s)r(s) w^2(s) + ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) ) w(s) } ds ≤ lim sup t→∞ 1 H(t, T_0)

∫_t

T_0 {√ H(t, s) a(s)r(s) w(s)

+ 1 2 √ a(s)r(s) H(t, s) ( h(t, s) √ H(t, s) +

H(t, s)p(s) r(s) )}^2 ds < ∞, where u(t) and v(t) are defined as in the proof of Theorem 2. By (C_7),

A(t_0) ≤ lim inf_{t→∞} 1 H(t, t_0)

∫_t

t_0 { H(t, s)ψ(s) − 1 4 a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2} ds ≤ lim inf t→∞ 1 H(t, t_0)

∫_t

t_0

H(t, s)ψ(s)ds − 1 4 lim inf t→∞ 1 H(t, t_0)

∫_t

t_0

a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2 ds This and (C_6) imply that

lim inf t→∞ 1 H(t, t_0)

∫_t

t_0

a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2 ds < ∞.

Then there exists a sequence {t_n}^∞_{n=1} in (t_0, ∞) with lim_{n→∞} t_n = ∞ satisfying

lim_{n→∞} 1 H(t_n, t_0)

∫_{tn}

t_0

a(s)r(s) ( h(t_n, s) + p(s) r(s) √ H(t_n, s)

)_2 ds (18)

= lim inf n→∞ 1 H(t, t_0)

∫_t

t_0

a(s)r(s) ( h(t, s) + p(s) r(s) √ H(t, s)

)_2 ds < ∞.

Now, suppose that (9) holds. Using the procedure of the proof of Theorem 2, we conclude that (11) is satisfied. It follows from (17) that there exists a constant M such that (12) is fulfilled. Then, as in the proof of Theorem 2, we see that (16) holds, which contradicts (18). This contradiction proves that (9) fails. Since the remainder of the proof is similar to that of Theorem 2, so we omit the detail. Now, let the function H(t, s) be defined by H(t, s) = (t − s)^n, t ≥ s ≥ t_0, where n ≥ 2 is a constant. Then H is continuous on D = {(t, s) : t ≥ s ≥ t_0} and satisfies

H(t, t) = 0 for t ≥ t_0, H(t, s) > 0 for t > s ≥ t_0.

Moreover, H has a continuous and nonpositive partial derivative on D with respect to the second variable. Clearly, the function h(t, s) = n(t − s)^{n2 −1}, t ≥ s ≥ t_0 is continuous and satisfies − ∂H ∂s (t, s) = h(t, s) √ H(t, s), t ≥ s ≥ t_0.

We see that (C_3) holds because for every s ≥ t_0

lim_{t→∞}

H(t, s) H(t, t_0)

= lim_{t→∞}

(t − s)^n (t − t_0)^n

= 1.

Then, by Theorems 1 and 2, we have following two corollaries.

Corollary 1. Let n ≥ 2 be a constant. If

lim sup t→∞ 1 t^n

∫_t

t_0 { (t−s)^nψ(s)−

(t − s)^{n−2} 4 a(s)r(s) ( n+ p(s) r(s)

(t−s)

)_2} ds = ∞,

Then equation (E) is oscillatory.

Corollary 2. Let n ≥ 2 be a constant and suppose that there exists a function A ∈ C[t_0, ∞) satisfying (C_5) and

lim sup t→∞ 1 t^n

∫_t

t_0

(t − s)^{n−2}a(s)r(s) ( n + p(s) r(s)

(t − s)

)_2}

ds < ∞

and for every T ≥ t_0

lim sup t→∞ 1 t^n

∫_t T { (t−s)^nψ(s)−

(t − s)^{n−2} 4 a(s)r(s) [ n+ p(s) r(s)

(t−s)

]_2} ds ≥ A(T ).

Then equation (E) is oscillatory.

Example 1. Consider the equation

(E_3) x^{′′}(t) + α t x^′(t) + β t^2 x(t) = 0, t ≥ 1,

where α and β are two constants with β ≥ 0. Let a(t) = t and n = 2. Then f(t) = −^1_{2t} , h(t, s) = 2 and

ψ(t) = a(t){q(t) − p(t)f(t) + r(t)f^2(t) − [r(t)f(t)]^′} =

4β + 2α − 1 4t . This implies

lim sup t→∞ 1 t^n

∫_t

t_0 { (t − s)^nψ(s) −

(t − s)^{n−2} 4 a(s)r(s) ( n + p(s) r(s)

(t − s)

)_2} ds = lim sup t→∞ 1 t^2

∫_t

t_0 { (t − s)^2 ·

4β + 2α − 1 4s − 1 4 s ( 2 + α s (t − s)

)_2} ds = lim sup t→∞ 1 t^2

∫_t

t_0 { (t − s)^2 ·

4β − (α − 1)^2 4s − s − α(t − s) s } ds = ∞, if 1 − 2 √ β < α < 1 + 2 √ β.

It follows from Corollary 1 that equation (E_3) is oscillatory if 1−2 √ β < α < 1 + 2 √ β. Moerover, we note that equation (E_3) has a solution x(t) = t^{1−α}2 if (α − 1)^2 = 4β.

References

[1] Coles, W.J., An oscillation criterion for second order differential equation, Proc.

Amer. Math. Soc. 19 (1968), 755–759.

[2] Hartman, P., On nonoscillatory linear differential equations of second order, Amer.

J. Math. 74 (1952), 389–400.

[3] Kamenev, I.V., Integral criterion for oscillations of linear differential equations of second order, Mat. Zametki 23 (1978), 249–251.

[4] Kwong, M.K. and Zettl, A., Asymptotically constant functions and second order oscillation, J. Math. Anal. Appl. 93 (1983), 475–494.

[5] Li, H.J., Oscillation criteria for a second order differential equations, J. Math. Anal.

Appl. 194 (1995), 217–234.

[6] Naito, M., Oscillation criteria for a second order differential equation with a damping term, Hiroshima Math. J. 4 (1974), 285–291.

[7] Philos, Ch.G., Oscillation theorems for linear differential equations of second order, Arch. Math. 53 (1989), 482–492.

[8] Willett, D., On the oscillatory behavior of the solutions of second order linear differential equations, Ann. Polon. Math. 21 (1969), 175–194.

[9] Wintner, A., A criterion of oscillatory stability, Quart. Appl. Math. 7 (1949), 115– 117.

[10] Yan, J., A note on an oscillation criterion for an equation with damped term, Proc.

Amer. Math. Soc. 90 (1984), 277–280.

[11] Yan, J., Oscillation theorems for second order linear differential equations with damping, Proc. Amer. Math. Soc. 98 (1986), 276–282.

[12] Yeh, C.C., Oscillation theorems for nonlinear second order differential equations with damped term, Proc. Amer. Math. Soc. 84 (1982), 397–402.

[13] Yu, Y.H., Leighton type oscillation criterion and Sturm type comparison theorem, Math. Nachr. 153 (1991), 485–496.

CHIENKUO JUNIOR COLLEGE OF TECHNOLOGY AND COMMERCE CHANG–HUA, TAIWAN REPUBLIC OF CHINA