Journal of Applied Analysis Vol. 2, No. 2 (1996), pp. 125–169

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY PROBLEM FOR EQUATIONS OF A VISCOUS COMPRESSIBLE HEAT CONDUCTING CAPILLARY FLUID

E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

1991 Mathematics Subject Classification. 35A05, 35R35, 76N10.

Key words and phrases. Viscous compressible heat conducting fluid, global existence, free boundary problem, surface tension. 125

Abstract. We consider the motion of a viscous compressible heat conducting fluid in R^3 bounded by a free surface which is under surface tension and constant exterior pressure. Assuming that the initial velocity is sufficiently small, the initial density and the initial temperature are close to constants, the external force, the heat sources and the heat flow vanish, we prove the existence of global–in–time solutions which satisfy, at any moment of time, the properties prescribed at the initial moment.

1. Introduction. In this paper we consider the global motion of a viscous compressible heat conducting fluid in a bounded domain Ω_t ⊂ IR^3 which depends on time t ∈ IR^1_+ . The shape of the free boundary S_t of Ω_t is governed by the surface tension.Then the problem is described by the following system with the boundary and initial conditions (see [4], Chs.2 and 5 ):

ρ [ v_t + (v · ∇)v ] + ∇ p − μ△ v − ν∇ div v = ρf in Ω̃^T ,

ρ_t + div (ρv) = 0 in Ω̃^T ,

ρc_v(θ_t + v · ∇θ) + θp_θ div v − κ△θ + (1.1)

− μ 2 3∑ i,j=1

(v_{i,xj} + v_{j,xi} )^2 − (ν − μ)( div v)^2 = ρr in Ω̃^T ,

Tn̄ − σHn̄ = −p_0 n̄ on S̃^T ,

v · n̄ = − ϕ_t |∇ϕ| on S̃^T , ∂θ ∂n = θ_1 on S̃^T ,

v|_{t=0} = v_0 , ρ|_{t=0} = ρ_0 , θ|_{t=0} = θ_0 in Ω , where ϕ(x, t) = 0 describes S_t, n̄ is the unit outward vector normal to the boundary ( i.e. n̄ =^{∇ϕ}_{|∇ϕ|} ) , Ω̃^T = ⋃ t∈(0,T ) Ωt × {t}, Ω0 = Ω is an initial do-

main, S̃^T = ⋃ t∈(0,T ) St × {t}. Next, v = v(x, t), ρ = ρ(x, t), θ = θ(x, t), de-

note the velocity, the density and the temperature of the fluid, respectively. 126

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 127

Moreover, f = f(x, t) is the external force field per unit mass, r = r(x, t) – the heat sources per unit mass, θ_1 = θ_1(x, t) – the heat flux, p = p(ρ, θ) – the pressure, μ and ν – the viscosity coefficients, κ – the coefficient of the heat conductivity, c_v = c_v(ρ, θ) – the specific heat at constant valume, p_0 – the external (constant) pressure. We assume that coefficients μ, ν, κ are constans,^{∂p}_{∂ρ} (ρ, θ) > 0,^{∂p}_{∂θ} (ρ, θ) > 0 and thermodynamic considerations imply that c_v > 0, κ > 0, ν ≥^μ_3 > 0.

Next, T = T(v, p) denotes the stress tensor of the form T = {T_{i,j} } = {−pδ_{ij} + μ(v_{i,xj} + v_{j,xi} ) +

+(ν − μ)δ_{ij} div v} ≡ {−pδ_{ij} + D_{ij}(v)} , where i, j = 1, 2, 3, D(v) = {D_{ij} (v)} is the deformation tensor.

By H we denote the double mean curvature of S_t which is negative for convex domains and can be expressed in the form

Hn̄ = △_{St} (t)x , x = (x_1, x_2, x_3) , where △_{St} (t) is the Laplace-Beltrami operator on S_t.

Let S_t be determined by x = x(s^1, s^2, t) , (s^1, s^2) ∈ IR^2 . (1.2) Then we have △_{St} (t) = g^{− 12} ∂ ∂s^α g^{− 12} ĝ_{αβ} ∂ ∂s^β

= g^{− 12} ∂ ∂s^α g^{12} g^{αβ} ∂ ∂s^β

(α, β = 1, 2) , where the convention summation over the repeated indices is assumed, g = det{g_{αβ} }_{α,β=1,2}, g_{αβ} = x_α · x_β ( x_α =^{∂x}_{∂sα} ) , {g^{αβ} } is the inverse matrix to {g_{αβ} } and {ĝ_{αβ} } is the matrix of algebraic complements of {g_{αβ} }.

Assume that domain Ω is given. Then by (1.1)_5, Ω_t = {x ∈ IR^3 : x = x(ξ, t) , ξ ∈ Ω}, where x = x(ξ, t) is the solution of the Cauchy problem ∂x ∂t = v(x, t) , x|_{t=0} = ξ , ξ = (ξ_1, ξ_2, ξ_3) . (1.3) Hence x = ξ +

∫_t 0 u(ξ, s) ds ≡ X_u(ξ, t) , (1.4)

where u(ξ, t) = v(X_u(ξ, t), t).

Formula (1.4) yields a relation between Eulerian x and Largangian ξ coordinates. Moreover, the kinematic boundary condition (1.1)_5 implies that boundary S_t is a material surface. Thus, if ξ ∈ S = S_0 then X_u(ξ, t) ∈ S_t and S_t = {x : x = X_u(ξ, t) , ξ ∈ S}.

128 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

By the equation of continuity (1.1)_2 and (1.1)_5 the total mass M of the drop is conserved and the following relation between ρ and Ω_t ∫ Ω_t

ρ(x, t) dx = M

holds.

In the paper we prove the existence of global in time solution of problem (1.1) near a constant state. Before introducing the definition of the constant state take θ_e =^1_{|Ω|} ∫ Ω θ_0 dξ and consider the equation p M (_4 3 π ) R^3_e

, θ_e

= p_0 + 2σ R_e

. (1.5)

We assume that equation (1.5) is solvable with respect to R_e > 0.

Definition 1.1. Let f = r = θ_1 = 0. Then by the constant (equilibrium) state we mean a solution (v, θ, ρ, Ω_t) of problem (1.1) such that

v = 0 , θ = θ_e , ρ = ρ_e , Ω_t = Ω_e for t ≥ 0 ,

where ρ_e = M/(4π/3)R^3_e , Ω_e is a ball of radius R_e which is a solution of the equation (1.5).

The paper consists of five sections. In Section 2 we introduce some notation and auxiliary results used in the paper. In Section 3 we formulate the local existence theorem (see Theorem 3.1) proved in [19]. In Section 4 we present the differential inequality (see Theorem 4.1) derived in [24]. Section 5 is devoted to the global existence theorem (see Theorem 5.5).

The main result of the paper – Theorem 5.5 is proved under the appropriate choice of ρ_0, v_0, θ_0, θ_1, p_0, σ, κ and the form of the internal energy per unit mass ε = ε(ρ, θ) (see assumptions (2.5) and (5.37)_i − (5.40)) and under the assumptions that ϕ(0) ≤ α_1 and ‖ H(·, 0) +^2_{Re} ‖^2_{,S1} ≤ α_3 (ϕ(t) is given in (4.5)), where α_1 and α_3 are sufficiently small. In Theorem 5.5 we prove a global solution of (1.1) such that (v, ϑ_0, ϑ, ρ_σ, ρ̄_{Ωt} ) ∈ M(t) for t ∈ IR^1_+, (ϑ_0, ϑ, ρ_σ, ρ̄_{Ωt} are defined in (4.1) and M(t) is defined in the beginning

of Section 5) and S_t ∈ W^{4+ 12}_2 . The method used to prove Theorem 5.5 is similar to that in paper of W.M. Zaja̧czkowski [29].

The global existence theorem in the case without surface tension, i.e. when σ = 0 is proved in [25], while conservation laws and a differential inequality for this case are presented in [21] and [23], respectively. Moreover, in [21] we prove that we can choose ρ_0, v_0, θ_0, θ_1, p_0, κ and the form of the internal energy per unit mass ε = ε(ρ, θ), such that var_t|Ω_t| = sup_t |Ω_t| − inf_t |Ω_t| is as small as we need.

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 129

The other papers concerning problem (1.1) are [19], [20], [22] and [24]. In [19] the local in time existence and uniqueness of a solution to problem (1.1) in the anisotropic Sobolev–Slobodetskii space is proved.

In [22] conservation laws and global estimates for problem (1.1) are presented, while paper [24] is devoted to a differential inequality to problem (1.1). More precisely, papers [22] and [24] contain Lemmas 2.4, 2.5 and differential inequality (4.6) (see Theorem 4.1), which are fundamental in the proof of Theorem 5.5.

Finally, paper [20] contains the review of all results from [21]–[25] including the main result proved in this paper.

We have to underline that the case σ > 0 holds for more general data (p_0 can be equal to zero, heat sources and heat flux can be non–vanishing) and the proofs of both the local and the global existence are much more complicated because of appearing the surface tension.

In the case of a compressible barotropic fluid the corresponding drop problem was considered by W.M. Zaja̧czkowski in [26]–[29] and by V.A. Solonnikov and A. Tani in [16]–[17].

Papers of V.A. Solonnikov [13]–[15] are concerned with the motion of a viscous incompressible fluid bounded by a free surface.

The motion of a viscous compressible heat conducting fluid in a fixed domain was examined by A. Matsumura and T. Nishida in [5]–[9] and by A. Valli and W.M. Zaja̧czkowski in [18], while K. Pileckas and W.M. Zaja̧czkowski proved in [11] the existence of stationary motion of a viscous compressible barotropic fluid bounded by a free surface governed by the surface tension.

Finally, papers of J.T. Beale [1]–[2] are devoted to the global existence of solution to free boundary problems, where the free boundary is infinite and the gravitation is taken into account.

2. Notation and auxiliary results. By W^{l, l2}_2 (Q_T ) (where l ∈ IR^1_+ ) we denote the anisotropic Sobolev–Slobodetskii spaces of functions (see [3]) defined in Q_T , where Q_T = Ω^T ≡ Ω × (0, T ) (Ω ⊂ IR^3 is a domain, T < ∞

or T = ∞) or Q_T = S^T ≡ S × (0, T ), S = ∂Ω. We define W^{l, l2}_2 (Ω^T ) as the

130 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

space of functions u such that

‖ u ‖_{W l,} l_2

2 (Ω^T ) = ∑ |α|+2i≤[l]

‖ D^α_ξ ∂^i_t u ‖^2_{L2(Ω}T_) +

+ ∑ |α|+2i=[l]

( ∫_T 0 ∫ Ω ∫ Ω |D^α_ξ ∂^i_t u(ξ, t) − D^α_ξ′ ∂^i_t u(ξ^′, t)|^2 |ξ − ξ^′|^{3+2(l−[l])} dξdξ^′dt+

+ ∫ Ω ∫_T 0 ∫_T 0 |D^α_ξ ∂^i_t u(ξ, t) − D^α_ξ ∂^i_t′ u(ξ, t^′)|^2 |t − t^′|^{1+2( l}2^{−[ l}2^{])} dtdt^′dξ

) ] 1_2 < ∞ ,

where we use generalized (Sobolev) derivatives, D^α_ξ = ∂^{α1}_{ξ1} ∂^{α2}_{ξ2} ∂^{α3}_{ξ3} , ∂^{αj}_{ξj} =

∂^{αj} ∂ξ^{αj}_j (j = 1, 2, 3), α = (α1, α2, α3) is a multiindex, |α| = α1 + α2 + α3,

∂^i_t =^{∂i}_{∂ti} and [l] is the integer part of l. In the case where l is integer the second terms in the above formula must be omitted, while in the case^l_2 integer the last terms in the above formula must be omitted, as well.

Similarly as W^{l, l2}_2 (Ω^T ) using local mappings and a partition of unity we introduce the normed space W^{l, l2}_2 (S^T ) of functions defined on S^T = S × (0, T ), where S = ∂Ω.

By W^l_2(Q), where l ∈ IR^1_+ , Q = Ω (Ω ∈ IR^3 is a bounded domain) or Q = S, we denote usual Sobolev spaces.

To simplify notation we write ‖ u ‖_{l,Q}=‖ u ‖_{W l,} l_2

2 (Q)

if Q = Ω^T or Q = S^T ,

‖ u ‖_{l,Q}=‖ u ‖_W l_{2(Q)} if Q = Ω or Q = S . Moreover, ‖ u ‖_{Lp(Q)}= |u|_{p,Q}, 1 ≤ p ≤ ∞.

To prove the global existence of solutions of problem (1.1) we need the spaces Γ^l_k(Ω) and Γ^{l, l2}_k (Ω) of functions u defined on Ω × (0, T ) (T < ∞ or T = ∞) such that

|u|_{l,k,Ω} ≡‖ u ‖_Γl_{k (Ω)}= ∑ i≤l−k

‖ ∂^i_t u ‖_{l−i,Ω}< ∞ and u_{l,k,Ω} ≡‖ u ‖_{Γl,} l_2

k (Ω) = ∑ 2i≤l−k

‖ ∂^i_t u ‖_{l−2i,Ω}< ∞ ,

where l ∈ IR^1_+, k ≥ 0.

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 131

Next, define the space L_p(0, T ; Γ^{l, l2}_0 (Ω)) with the norm ‖ u ‖_{Lp(0,T ;Γl,} l_2

0 (Ω)) ≡ u_{l,0,p,Ω}T (where 1 ≤ p ≤ ∞).

Moreover, let C^{2,1}(Q) (C^{2,1}_B (Q)) (Q ⊂ IR^3 × [0, +∞)) denotes the space of functions such that D^α_x ∂^i_t u ∈ C^0(Q) (D^α_x ∂^i_t u ∈ C^0_B (Q)) for |α| + 2i ≤ 2 (C^0_B (Q) is the space of continuous bounded functions on Q).

Finally, the following seminorm is used

u_{κ,Q}T = (∫_T 0 |u|^2_{,Q} t^{2κ} dt ) 1_2 , where Q = ∂Ω .

Let X be whichever of the function spaces mentioned above. We say that a vector-valued function u = (u_1, u_2, . . . u_ν ) belongs to X if u_i ∈ X for any 1 ≤ i ≤ ν .

In this paper we shall use the following lemmas.

Lemma 2.1. The following imbedding holds

W^l_r(Ω) ⊂ L^α_p (Ω) (Ω ⊂ IR^3, Ω has the cone property) , where |α| +^3_r −^3_p ≤ l , l ∈ Z , 1 < r ≤ p < ∞ ; L^α_p (Ω) is the space of functions u such that |D^α_x u|_{p,Ω} < ∞ ; W^l_r(Ω) is the Sobolev space.

Moreover, the following interpolation inequalities are true: |D^α_x u|_{p,Ω} ≤ cε^{1−κ}|D^l_xu|_{r,Ω} + cε^{−κ}|u|_{r,Ω} , (2.1) where κ =^{|α|}_l +^3_{lr} −^3_{lp} < 1 , 1 ≤ r ≤ p ≤ ∞, ε is a parameter, c > 0 is a constant independent of u and ε;

|D^α_x u|_{q,S} ≤ cε^{1−κ}|D^l_xu|_{r,Ω} + cε^{−κ}|u|_{r,Ω} , (2.2) where κ =^{|α|}_l +^3_{lr} −^2_{lq} < 1, 1 ≤ r ≤ q ≤ ∞, ε is a parameter, c > 0 is a constant independent of u and ε.

The above lemma follows from Theorem 10.2 of [3]. The next lemma is proved in [12].

Lemma 2.2. (see [12]) For a sufficiently regular u we have

‖ ∂^i_t u(t) ‖_{2l−1−2i,Ω}≤ c ( ‖ u ‖_{2l,Ω}T + ‖ ∂^i_t u(0) ‖_{2l−1−2i,Ω} ) , where 0 ≤ 2i ≤ 2l − 1 , l ∈ N , c > 0 is a constant independent of T .

Now, consider problem (1.1). We assume the following condition: (A) Ω_t is diffeomorphic to a ball, so S_t can be described by

|x| ≡ r = R(ω, t) , ω ∈ S^1 , (2.3) where S^1 is the unit sphere.

132 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

The following lemma is true.

Lemma 2.3. (see [29], Lemma 2.4) Let S_t be determinated by (2.3) and assume that the origin of coordinates coincides with the barycentre of Ω_t. Let ρ(x, t) be a density defined for x ∈ Ω̄_t and let t ∈ [T_1, T_2]. Assume that there exists a maximum and a minimum of the density for t ∈ [T_1, T_2] denoted by

ρ_∗ = min

t∈[T_1,T_2]

min_{Ω̄t} ρ (x, t) , ρ^∗ = max_{t∈[T1,T2]} max_{Ω̄t} ρ (x, t) .

Set |Ω^∗| = M/ρ^∗ , |Ω_∗| = M/ρ_∗ , ρ̄_t = M/|Ω_t|. Then there exists a constant δ̂ ∈ (0,^1_2 ) such that if sup_{S1} |R(ω, t) − R_t| + sup_{S1} |∇R| ≤ δ̂R_t , t ∈ [T_1, T_2] , (2.4)

where |∇R|^2 = R^2_θ + (sin θ)^{−2}R^2_ϕ in spherical coordinates, R_t = ((3/4π) |Ω_t|)^13 , then ∫ S^1 ( |R(ω, t) − R_t|^2 + |∇R(ω, t)|^2 ) dω ≤

≤ c_1 ( |S_t| − 4πR^2_t ) + c_2R^2_t |Ω_∗|^{−2} (|Ω_t| − |Ω_∗|)^2 , where c_1, c_2 > 0 are constants which do not depend on δ̂ and R_t.

Let the internal energy per unit mass ε = ε(ρ, θ) has the form ε(ρ, θ) = a_0ρ^α + h(ρ, θ) , (2.5) where a_0 > 0, α > 0, h(ρ, θ) ≥ h_∗ ≥ 0, a_0, α, h_∗ are constants, h(ρ, θ) is a sufficiently regular function of its arguments. Moreover, we assume that h(ρ, θ) has at (ρ_e, θ_e) (ρ_e and θ_e are introduced in Definition 1.1) the only minimum point equal to h_∗, i.e. min_{ρ,θ} h(ρ, θ) = h(ρ_e, θ_e) = h_∗.

In [22] it is shown that assumption (2.5) and the thermodynamical relation

dε = θ ds + p ρ^2 dρ (where s in this formula is the density of entropy per unit mass) imply the following relations between h, p and c_v αa_0ρ^{α+1} + ρ^2h_ρ = p − θp_θ (2.6) and c_v = ∂ε ∂θ = h_θ . (2.7) In order to formulate the next lemma we need some notation. Introduce D = ν_0(ν_0 − 2μ^3_0) ,

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 133

where

μ_0 = c̃σ(β −^1_3 ) 3p_0β

, ν_0 = d_∗(β − 1)

2p_0β

, c̃ = (36π)^{13} ,

β = α + 1 , d_∗ = d − h_∗M ,

d = ∫ Ω ρ_0 ( v^2_0 2 + ε(ρ_0, θ_0) ) dξ + p_0|Ω| + σ|S| +

+ κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′)ds .

Notice that d_∗ > 0 because ∫ Ω ρ_0h(ρ_0, θ_0) − h_∗M = ∫ Ω ρ_0(h(ρ_0, θ_0) − h_∗) dξ ≥ 0

and the sum of the other terms in d_∗ is positive.

We have the following possibilities :

ν_0 ∈ (2μ^3_0, ∞) ≡ I_1 , then D > 0 ; (2.8)

ν_0 ∈ (μ^3_0, 2μ^3_0] ≡ I_2 , then D ≤ 0 ; (2.9)

ν_0 ∈ (0, μ^3_0] ≡ I_3 , then D < 0 . (2.10)

For ν_0 ∈ I_i (i = 1, 2, 3) we define ϕ_i (i = 1, 2, 3) by

cos hϕ_1 ≡ ν_0 μ^3_0

− 1 , where ν_0 ∈ I_1 ;

cos ϕ_2 ≡ ν_0 μ^3_0

− 1 , where ν_0 ∈ I_2 ;

cos ϕ_3 ≡ 1 − ν_0 μ^3_0

, where ν_0 ∈ I_3 .

134 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

Next, denote

Φ_1(μ_0, ϕ_1, p_0, β, a_0, M) ≡ p_0μ^{3β}_0 β − 1 ( 2 cos h ϕ_1 3 − 1 )_{3(β−1)} ·

· [ 2(cos hϕ_1 + 1) − β − 1 β −^1_3 ( 2 cos h ϕ_1 3 − 1 )_2] − a_0M^β ,

Φ_2(μ_0, ϕ_2, p_0, β, a_0, M) ≡ p_0μ^{3β}_0 β − 1 ( 2 cos ϕ_2 3 − 1 )_{3(β−1)}

· (2.11)

· [ 2(cos ϕ_2 + 1) − β − 1 β −^1_3 ( 2 cos ϕ_2 3 − 1 )_2]

− a_0M^β ,

Φ_3(μ_0, ϕ_3, p_0, β, a_0, M) ≡ p_0μ^{3β}_0 β − 1 [ 2 cos ( π 3 − ϕ_3 3 ) − 1 ]_{3(β−1)} ·

· { 2(1 − cos ϕ_3) − β − 1 β −^1_3 [ 2 cos ( π 3 − ϕ_3 3 ) − 1 ]_2}

− a_0M^β .

In [22] the following result is proved.

Lemma 2.4. (see [22], Theorem 1) Let conditions (2.5)–(2.7) be satisfied. Let f = 0 , θ_1 ≥ 0 . (2.12) Assume that parameters μ_0, ν_0, p_0, β, a_0, M satisfy one of the relations ν_0 ∈ I_i , 0 < Φ_i(μ_0, ϕ_i, p_0, β, a_0, M) ≤ δ_0 , (2.13)_i where i=1,2,3, I_i are defined in (2.8)-(2.10), Φ_i are given by (2.11) and δ_0 > 0 is a sufficiently small constant. Then there exists a constant c_1 independent of δ_0 (it can depend on the parameters) such that var_t|Ω_t| ≤ c_1δ , where c_1 > 0 is a constant, δ^2 = cδ_0, c > 0 is a constant, var_t|Ω_t| = sup_t |Ω_t| − inf_t |Ω_t|, t ∈ [0, T ], T is the time of the existence of solution (v, ρ, θ) of (1.1). Moreover, in the case (2 .13 )_i we have ||Ω_t| − Q_i| ≤ c_2δ ∀t ∈ [0, T ] , (2.14)_i

where i =1,2,3, Q_1 = μ^3_0 ( 2 cos h^{ϕ1}_3 − 1

)_3

, Q_2 = μ^3_0 ( 2 cos^{ϕ2}_3 − 1

)_3 , Q_3 = μ^3_0 [ 2 cos

(_π

3 −^{ϕ3}_3 ) − 1 ]_3

, c_2 > 0 is a constant.

Next, we have

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 135

Lemma 2.5. Let assumptions of Lemmas 2.3 and 2.4 be satisfied. Then 1 2 ∫ Ω_t

ρv^2 dx + a_0 (∫ Ω_t

ρ^β dx − inf_t ∫ Ω_t

ρ^β dx ) + + ∫ Ω_t

ρ(h(ρ, θ) − h_∗) dx + p_0(|Ω_t| − |Ω_∗|) + σ(|S_t| − |S_∗|) ≤ ≤ 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ − M (c_2δ + Q_i)^{β−1} ) + + ∫ Ω ρ_0(h(ρ_0, θ_0) − h_∗) dξ + p_0[|Ω| − (Q_i − c_2δ)] +

+σ[|S| − c̃(Q_i − c_2δ)^{23} ] + κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds,

where |Ω_∗| = inf_t |Ω_t|, |S_∗| = 4πR^2_∗ (R_∗ is determined by^4_3 πR^3_∗ = |Ω_∗|), c̃ = (36π)^13 , c_2 and δ are constants from (2.14)_i; t ∈ [0, T ], T is the time of the existence of solution (v, ρ, θ) of (1.1). Moreover, if 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ − M (c_2δ + Q_i)^{β−1} ) + + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + ρ_0 [|Ω| − (Q_i − c_2δ)] + (2.15)

+σ [ |S| − c̃(Q_i − c_2δ)^{23} ] + κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ̃,

then ‖ R(ω, t) − R_t ‖_{1,S}1 ≤ ε_0 , (2.16)

where R_t =

(_3 4π |Ω_t|

) 1_3

, ε_0 = ε_0(δ̃), ε_0 → 0 as δ̃ → 0.

The proof of the above lemma is presented in [22] (see Corollary 1).

Remark 2.6. In [22] it is proved that there exist μ_0, ν_0, p_0, β, a_0, M such that assumption (2 .13 )_i is satisfied. For example if ν_0 = 2μ^3_0 then 0 < Φ_2 ≤ δ_0 if β is sufficiently close to 1. Similarly, if ν_0 = μ^3_0 then 0 < Φ_3 ≤ δ_0 for β sufficiently close to 1.

Remark 2.7. Since a_0 (∫ Ω ρ^β_0 dξ −^{M β}

(c_2δ+Q_i)^{β−1} ) → 0 as β → 1 we see that for β sufficiently close to 1 a_0 (∫ Ω ρ^β_0 dξ −^{M β}

(c_2δ+Q_i)^{β−1} ) is as small as needed.

136 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

In the case p_0 = 0 instead of Lemmas 2.4 and 2.5 we obtain the following lemmas.

Lemma 2.8. (see [22], Theorem 2) Let p_0 = 0 and let conditions (2.5)– (2.7) and (2.12) be satisfied. Moreover, assume that the following relations hold: ∫ Ω ρ_0 v^2_0 2 dξ + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + (2.17)

+ κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ_0 , ∫ Ω |ρ_e − ρ_0| dξ ≤ δ_0 , (2.18)

||S| − |S_e|| ≤ δ_0 , (2.19)

0 < 2 3 (β − 1)^{3(β−1)2} ( β − 1 3 )^{−(3β−1)}_2

(c̃σ)^{−3(β−1)2} · (2.20)

· ( a_0ρ^β_e + c̃σ|Ω_e|^{− 13}

) 3β−1_2

|Ω_e|^{β−12} − a_0ρ^β_e ] |Ω_e|^β ≤ δ_0 ,

where δ_0 > 0 is a sufficiently small constant, |S_e| = 4πR^2_e, ρ_e, R_e, Ω_e are introduced in Definition 1.1. Then var_t|Ω_t| ≤ c_3δ , where t ∈ [0, T ] (T is the time of the existence of solution (v, ρ, θ) of (1.1)), c_3 > 0 is a constant independent of δ_0, δ^2 = cδ_0, c > 0 is a constant. where c_3 > 0 is a constant independent of δ_0, δ^2 = cδ_0, c > 0 is a constant.

Lemma 2.9. (see [22], Corollary 2) Let assumptions of Lemmas 2.8 and 2.3 be satisfied. Then 1 2 ∫ Ω_t

ρv^2 dx + a_0 (∫ Ω_t

ρ^β dx − inf_t ∫ Ω_t

ρ^β dx ) + + ∫ Ω_t

ρ (h(ρ, θ) − h_∗) dx + σ (|S_t| − |S_∗|) ≤

≤ 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ −

M^β (c_2δ + Q_i)^{β−1} ) +

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 137 + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + σ [ |S| − c̃(Q_i − c_2δ)^{23} ] +

+ κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ,

where |S_∗| is defined in Lemma 2.5, c̃ = (36π)^13 , c_2 and δ are constants from (2.14)_i. Moreover, if 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ −

M^β (c_2δ + Q_i)^{β−1} ) + + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + σ [ |S| − c̃(Q_i − c_2δ)^{23} ] + + κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ̃,

then estimate (2.16) holds.

Remark 2.10. It is shown in [22] that there exist β, σ, a_0, ρ_e, |Ω_e| such that assumption (2.20) is satisfied with δ_0 as small as we wish.

The double curvature of S_t in spherical coordinates has the form H = 1 R sin θ ( ∂ ∂ϕ R_ϕ sin θ √ R^2 + |∇R|^2 + ∂ ∂θ R_ϕ sin θ √ R^2 + |∇R|^2 ) +

− 2 √ R^2|∇R|^2 . Consider the equation

H(R) + 2 R_t

= h(ω) , (2.21)

where h(ω) =^1_σ n̄T(v, p_σ)n̄|_{St} , p_σ = p − p_0 −^{2σ}_{Rt} . From Theorem 2.4 in [13] we have

Theorem 2.11. Let R ∈ W^{l+ 32}_2 (S^1) (l ∈ [k +^1_2 , k + 1] , k ∈ Z_+ ∪ {0}) be a solution to (2.21) which satisfies (2.4) with sufficiently small δ̂. If h ∈ W^μ_2 (S^1) , μ ∈ [k, k + 1], then

‖ R − R_t ‖_{2+μ,S}1 ≤ c_1 ‖ h ‖_{μ,S}1 +c_2 ‖ R − R_t ‖_{0,S}1 .

138 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

3. Local existence. In order to prove the local existence of solutions to problem (1.1) we rewrite it in the Lagrangian coordinates introduced by (1.3) and (1.4) :

ηu_t − μ∇^2_uu − ν∇_u∇_u · u + ∇_up(η, Γ) = ηg in Ω^T ≡ Ω × (0, T ) ,

η_t + η∇_u · u = 0 in Ω^T ,

ηc_v(η, Γ)Γ_t − κ∇^2_uΓ = − Γp_Γ(η, Γ)∇_u · u + (3.1)

+ μ 2 3∑ i,j=1 ( ξ_{xi} · ∇_ξu_j + ξ_{xj} · ∇_ξu_i

)_2 +

+(ν − μ)(∇_u · u)^2 = ηk in Ω^T ,

T_u(u, p)n̄ − σ△_{St} (t)X_u(ξ, t) = −p_0n̄ on S^T ,

n̄ · ∇_uΓ = Γ_1 on S^T ,

u|_{t=0} = v_0 , η|_{t=0} = ρ_0 , Γ|_{t=0} = θ_0 in Ω ,

where u(ξ, t) = v(X_u(ξ, t), t), Γ(ξ, t) = θ(X_u(ξ, t), t), η(ξ, t) = ρ(X_u(ξ, t), t), g(ξ, t) = f(X_u(ξ, t), t), k(ξ, t) = r(X_u(ξ, t), t), ∇_u = ξ_x∇_ξ ≡ ξ_{ix}∂_{ξi} , T_u(u, p) = −pI +D_u(u), D_u(u) = { μ ( ξ_{kxi} ∂_{ξk} u_j +ξ_{kxj} ∂_{ξk} u_i )+(ν −μ)δ_{ij} ∇_u · u} (here the summation convention over the repeated indices is assumed), Γ_1(ξ, t) = θ_1(X_u(ξ, t), t).

Let A = {a_{ij} } be the Jacobi matrix of transformation x = X_u(ξ, t), where a_{ij} = δ_{ij} +

∫_t 0 ∂_{ξj} u_i(ξ, t^′) dt^′. Assuming that |∇_ξu|_{∞,Ω}T ≤ M we obtain

0 < c_1(1 − Mt)^3 ≤ det{x_ξ} ≤ c_2(1 + Mt)^3 , t ≤ T ,

where c_1, c_2 > 0 are constants and T > 0 is sufficiently small. Moreover, det A = exp (∫_t 0 ∇_u · u dt^′ ) = ρ_0/η.

Let S_t be determinated (at least locally) by the equation ϕ(x, t) = 0. Then S is described by ϕ(x(ξ, t), t)|_{t=0} = ϕ̃(ξ) = 0. Thus, we have

n̄(x(ξ, t), t) = −

∇_xϕ(x, t) |∇_xϕ(x, t)| | | | x=x(ξ,t)

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 139 and n̄_0(ξ) = −

∇_ξϕ̃(ξ, t) |∇_ξϕ̃(ξ)| . Now, we formulate the local existence theorem.

Theorem 3.1. (see [19], Theorem 4.2) Let S ∈ W^{4+ 12}_2 , f ∈ C^{2,1}(IR^3 × [0, T ]), r ∈ C^{2,1}(IR^3 × [0, T ]), θ_1 ∈ C^{2,1}(IR^3 × [0, T ]), v_0 ∈ W^3_2 (Ω), θ_0 ∈ W^3_2 (Ω),^1_{θ0} ∈ L_∞(Ω), θ_0 > 0, ρ_0 ∈ W^3_2 (Ω),^1_{ρ0} ∈ L_∞(Ω), ρ_0 > 0, c_v ∈ C^2(IR^2_+), c_v > 0, p ∈ C^3(IR^2_+). Moreover, assume that the following compatibility conditions are satisfied:

D^α_ξ [D_ξ(v_0)n̄_0 − p(ρ_0, θ_0)n̄_0 − σΔ_{St} (θ)ξ] = −D^α(p_0n̄_0) , |α| ≤ 1 , on S and D^α_ξ (n̄_0 · ∇_ξθ_0) = D^α_ξ (θ_1(ξ, 0)) , |α| ≤ 1 , on S.

Let T^∗ > 0 be so small that 0 < c_1(1 − CK_0T^∗)^3 ≤ det{x_ξ} ≤ c_2(1 + CK_0T^∗)^3 (where x(ξ, t) = ξ +

∫_t 0 u_0(ξ, t^′) dt^′ for t ≤ T^∗ , u_0 is given by (3.74) from [19], K_0 ≤ c (‖ ρ_0 ‖_{3,Ω} +|ρ_0|_{∞,Ω} + |^1_{ρ0} |_{∞,Ω}+ ‖ v_0 ‖_{3,Ω} + ‖ θ_0 ‖_{3,Ω} + ‖ u_t(0) ‖_{1,Ω} + ‖ Γ_t(0) ‖_{1,Ω} ) , c > 0 is a constant, C = C(K_0) is a nondecreasing continuous function of K_0 given by (3.94) from [19]). Then there exists T^{∗∗} , 0 < T^{∗∗} ≤ T^∗ such that for T ≤ T^{∗∗} there exists a unique solution (u, Γ, η) ∈ W^{4,2}_2 (Ω^T ) × W^{4,2}_2 (Ω^T ) × C^0(0, T ; Γ^{3, 32}_0 (Ω)) of problem (3.1). Moreover, η_t ∈ C^0(0, T ; W^2_2 (Ω)) ∩ L_2(0, T ; W^3_2 (Ω)) ,

η_{tt} ∈ L_2(0, T ; W^1_2 (Ω)) and ‖ u ‖_{4,Ω}T + ‖ Γ ‖_{4,Ω}T ≤ CK_0 ,

sup_t ‖ η ‖_{3,Ω} + sup_t ‖ η_t ‖_{2,Ω} + ‖ η_t ‖_{L2(0,T ;W} 3_{2 (Ω))} +

+ ‖ η_{tt} ‖_{L2(0,T ;W} 1_{2 (Ω))}≤ Φ_1(T, T^aK_0) ‖ ρ_0 ‖_{3,Ω} , | | | | 1 η | | | |_{∞,ΩT} + |η|∞,Ω^T ≤ Φ^2 ( T^{12} K_0 ) | | | 1 ρ_0 | | | |_{∞,Ω} +

+ Φ_3 ( T^{12} K_0 ) |ρ_0|_{∞,Ω} , where Φ_1 and Φ_2 are increasing continuous functions, a > 0.

140 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

In order to consider the global existence we need

Remark 3.2. Assume that g = 0. Denoting p_σ = p − p_0 − q_0 , γ_0 = Γ − θ_e , η_σ = η − ρ_e (where q_0, θ_e and ρ_e are introduced in Definition 1.1). Then problem (1.1) can be written in the form

ηu_t − μ∇^2_uu − ν∇_u∇_u · u + ∇_up_σ = 0 ,

η_{σt} + η∇_u · u = 0 ,

ηc_v(η, Γ)γ_{0t} − κ∇^2_uγ_0 + Γp_Γ(η, Γ)∇_u · u + (3.2)

+ μ 2 3∑ i,j=1 ( ξ_{xi} · ∇_ξu_j + ξ_{xj} · ∇_ξu_i

)_2 +

+ (ν − μ)(∇_u · u)^2 = ηk ,

Π_0ΠD_u(u)n̄ = 0 ,

n̄_0D_u(u)n̄ − σ△(t)

∫_t 0 u(t^′) dt^′ = n̄_0 · n̄p_σ +

+ σn̄_0 (△(t) − △(0)) ξ + σ ( H(ξ, 0) + 2 R_e ) , n̄ · ∇_uγ_0 = Γ_1 ,

u|_{t=0} = v_0 , η_σ|_{t=0} = ρ_{σ0} , γ_0|_{t=0} = ϑ_{00} ,

where Π_0 and Π are the projections defined by Π_0g = g − (g · n̄_0)n̄_0 and Πg = g −(g ·n̄)n̄, ρ_{σ0} = ρ_0 −ρ_e, ϑ_{00} = θ_0 −θ_e and R_e is defined in Definition 1.1.

Let the assumptions of Theorem 3.1 be satisfied and let (u, Γ, η) be the corresponding local solution of problem (3.1). Then by Theorems 3.6, 4.1 and Lemma 3.3 from [19] for solution (u, γ_0, η_σ ) of (3.2) such that

T^a ( ‖ u ‖_{4,Ω}T + ‖ v_0 ‖_{3,Ω} + ‖ ϑ_{00} ‖_{3,Ω} + ‖ ρ_{σ0} ‖_{3,Ω} ) ϕ_1(T, K_0) ≤ δ

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 141

(where a > 0 is a constant, ϕ_1 is an increasing continuous function of its arguments, δ > 0 is sufficiently small) the following estimate holds

‖ u ‖_{4,Ω}T + ‖ η_σ ‖_{3,Ω}T + η_{σ 3,0,∞,Ω}T + ‖ γ_0 ‖_{4,Ω}T ≤

≤ ϕ_2(T, K_0) ( ‖ v_0 ‖_{3,Ω} + ‖ ρ_{σ0} ‖_{3,Ω} + ‖ ϑ_{00} ‖_{3,Ω} + ‖ k ‖_{2,Ω}T +

+ ‖ Γ_1 ‖_{3−} 1_{2 ,S}T + D^2_{ξ,t}Γ_1 1_{4 ,S}T + ‖ k(0) ‖_{1,Ω} +

+ ‖ H(ξ, 0) + 2 R_e

‖_{2+} 1_{2 ,S}1 ) , where ϕ_2(T, K_0) is an increasing continuous function of its arguments.

4. Differential inequality. In order to prove the global existence of solution to problem (1.1) we need the differential inequality obtained in [24] (see Theorem 3.13). Assume that the existence of a sufficiently smooth local solution of problem (1.1) has been proved and consider the motion near the constant state (see Definition 1.1) v_e = 0 , p_e = p_0 +^{2σ}_{Re} , θ_e = 1 |Ω| ∫ Ω θ_0 dξ , ρ_e =^M_{(4π/3)R3e} , where R_e is a solution of the equation p ( M (4π/3)R^3_e

, θ_e ) = p_e . Let p_σ = p − p_0 − q_0 , ρ_σ = ρ − ρ_e , ϑ_0 = θ − θ_e , ϑ = θ − θ_{Ωt} , (4.1)

ρ̄_{Ωt} = ρ − ρ_{Ωt} , where q_0 =^{2σ}_{Re} , θ_{Ωt} =^1_{|Ωt|} ∫ Ω_t θ dx, ρΩt = ρΩt (t) is a solution of the problem

p(ρ_{Ωt} , θ_{Ωt} ) = p_0 , ρ_{Ωt} |_{t=0} = ρ_e .

We impose the above initial condition on ρ_{Ωt} because θ_{Ωt} |_{t=0} = θ_e and p(ρ_e, θ_e) = p_e.

Notice that using the Taylor formula p_σ can be written as (see [24]) p_σ = p_1ρ_σ + p_2ϑ_0 (4.2) and p_σ = p_3ρ̄_{Ωt} + p_4ϑ , (4.3)

142 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

where

p_1 = p_1(ρ, θ) =

∫_1 0 p_ρ (ρ_e + s(ρ − ρ_e), θ) ds ,

p_2 = p_2(ρ, θ) =

∫_1 0 p_θ (ρ_e, θ_e + s(θ − θ_e)) ds ,

p_3 = p_3(ρ_{Ωt} , ρ, θ) =

∫_1 0 p_ρ (ρ_{Ωt} + s(ρ − ρ_{Ωt} ), θ) ds ,

p_4 = p_4(ρ_{Ωt} , θ_{Ωt} , θ) =

∫_1 0 p_θ (ρ_{Ωt} , θ_{Ωt} + s(θ − θ_{Ωt} )) ds .

By (4.1) problem (1.1) takes the form ρ [v_t + (v · ∇) v] − div T(v, p_σ ) = ρf in Ω_t , t ∈ [0, T ] ,

ρ_t + div (ρv) = 0 in Ω_t , t ∈ [0, T ] , (4.4)

ρc_v(ρ, θ)(ϑ_{0t} + v · ∇ϑ_0) + θp_θ(ρ, θ) div v +

−κ△ϑ_0 − μ 2 3∑ i,j=1

(∂_{xi} v_j + ∂_{xj} v_i)^2 +

− (ν − μ)( div v)^2 = ρr in Ω_t , t ∈ [0, T ] ,

T(v, p_σ)n̄ = σ△_{St} x · n̄n̄ + q_0n̄ on S_t , t ∈ [0, T ] ,

∂ϑ_0 ∂n = θ_1 on S_t , t ∈ [0, T ] ,

where T(v, p_σ) = {μ (∂_{xi} v_j + ∂_{xj} v_i ) + (ν − μ)δ_{ij} div v − p_σδ_{ij} } and T is the time of the local existence.

Denote

ϕ(t) = ∫ Ω_t ρ ∑ 0≤|α|+i≤3

|D^α_x ∂^i_t v|^2 dx + ∫ Ω_t ( p_1 ρ ρ^2_σ + ρ̄^2_{Ωt} + p_2ρc_v p_θθ ϑ^2_0 ) dx +

+ ∫ Ω_t

p_{σρ} ρ ∑ 1≤|α|+i≤3

|D^α_x ∂^i_t ρ_σ|^2 dx + ∫ Ω_t

ρc_v θ ∑ 1≤|α|+i≤3

|D^α_x ∂^i_t ϑ_0|^2 dx +

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 143 + σ 2 ∫ S_t

δ̃^{αβ} ∑ |k|≤2

n̄ ·

∫_t 0 ∂^k_p v_pγ_pα dt^′n̄ ·

∫_t 0 ∂^k_p v_pγ_pβ dt^′ ds + (4.5)

+ σ 2 ∫ S_t ∑ |k|≤2

|n̄ ·

∫_t 0 ∂^k_p v_p1_p2 dt^′|^2 ds +

+ σ 2 ∫ S_t ∑ |k|≤2 2∑ i=1 ( 1 2 n̄ ·

∫_t 0 ∂^k_p v_pi_pi dt^′ + 2∂^k_p ( H(·, 0) + 2 R_e ) )_2 ds +

+ σ 2 ∫ S_t

g^{αβ} ∑ 1≤|k|≤2

D^k_p v_pα · n̄D^k_p v_pβ · n̄ + n̄ · v_{tpp}αn̄ · v_{tpp}β ds +

+ σ 2 ∫ S_t

g^{αβ} ( n̄ ·

∫_t 0 v_sα dt^′ n̄ ·

∫_t 0 v_sβ dt^′+

+ ∑ |k|≤2

D^k_t v_sα · n̄D^k_t v_sβ · n̄ ds ,

Φ(t) = |v|^2_{4,1,Ωt} + |ρ_σ|^2_{3,0,Ωt} − ‖ ρ_σ ‖^2_{0,Ωt} + ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} +

+ |ϑ_0|^2_{4,1,Ωt} − ‖ ϑ_0 ‖^2_{0,Ωt} + ‖ ϑ ‖^2_{0,Ωt} ,

ψ(t) =‖ v ‖^2_{0,Ωt} + ‖ p_σ ‖^2_{0,Ωt} + ‖ R(·, t) − R(·, 0) ‖^2_{0,S}1 ,

F (t) =‖ f_{ttt} ‖^2_{0,Ωt} +|f|^2_{,0,Ωt} + ‖ r_{ttt} ‖^2_{0,Ωt} +|r|^2_{,0,Ωt} +

+ ‖ r ‖_{0,Ωt} +|θ_1|^2_{4,1,Ωt} + ‖ θ_1 ‖_{1,Ωt} , where the summation over the repeated indices (α, β, γ = 1, 2) and coordinates x is assumed, δ̃^{αβ} on each part of boundary ∑ t S_t ∩ {ζ(x) ≠ 0} (ζ belongs to a partition of unity of Ω_t) is of the form δ̃^{αβ} = δ^{αβ} + 2ε^{αβ} , ε^{αβ} = −F̄_pαF̄_pβ (1 + F̄^2_{p1} + F̄^2_{p2} )^{−1}, F̄ is the function such that in the local coordinates {y}, ∑ t is described by the formula : y_i = p^i, i = 1, 2, y_3 = F̄ (p^1, p^2, t) and assuming that supp{ζ} is sufficiently small we have that |F̄_p| ≤^1_2 . In the last two terms on the right – hand side of ϕ(t) boundary S_t is determined by (1.4).

Now, we formulate the following theorem (see [24], Theorem 3.13).

144 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

Theorem 4.1. Let assumption (A) be satisfied and let ν >^1_3 μ. Then for a sufficiently smooth solution of problem (4.4) we have dϕ dt + c_0Φ ≤ c_1P (X)X(1 + X^3)(X + Y ) + c_2F +

+ c_3ψ + c_4 ‖ H(·, 0) + 2 R_e

‖^4_{2,S}1 +εc_5 ( ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 +

+ ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 ) + (4.6)

+ c_6 ( ‖ R(·, t) − R(·, 0) ‖^2_{4+} 1_{2 ,S1} ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 3,S_t +

+ ‖ R(·, t) − R(·, 0) ‖^2_{3,S}1 ‖ ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ ‖ 2 4,S_t ) , where t ∈ [0, T ] (T is the time of the local existence), 0 < c_0 < 1 is a constant depending on ρ_∗, ρ^∗, θ_∗, θ^∗ (ρ_∗ = inf_{t∈(0,T )} inf_{Ωt} ρ(x, t), ρ^∗ = sup_{t∈(0,T )} sup_{Ωt} ρ(x, t), θ_∗ = inf_{t∈(0,T )} inf_{Ωt} θ(x, t), θ^∗ = sup_{t∈(0,T )} sup_{Ωt} θ(x, t)), μ, ν and κ, c_i (i = 1, . . . , 6) depend on ρ_∗, ρ^∗, θ_∗, θ^∗, T ,

∫_T 0 ‖ v ‖^2_{3,Ωt′} dt^′, ‖ S ‖_{4+} 1_2 , constants from the imbedding lemma and the Korn inequalities (see Section 5 in [26] ), ε is a small parameter and

X = |v|^2_{3,0,Ωt} + |ρ_σ|^2_{3,0,Ωt} + |ϑ_0|^2_{3,0,Ωt} + ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} +

∫_t 0 ‖ v ‖^2_{3,Ωt′} dt^′ ,

Y = |v|^2_{4,1,Ωt} + |ρ_{σt}|^2_{,0,Ωt} + ‖ ρ_{σx} ‖^2_{,Ωt} +|ϑ_{0t}|^2_{3,1,Ωt} + ‖ ϑ_{0x} ‖^2_{3,Ωt} +

+ ‖ ϑ ‖^2_{0,Ωt} + ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} +

∫_t 0 ‖ v ‖^2_{4,Ωt′} dt^′ .

5. Global existence. To prove global existence we assume that f = 0 , θ_1 ≥ 0 (5.1) and ‖ r_{ttt} ‖^2_{0,Ωt} +|r|^2_{,0,Ωt} + ‖ r ‖_{0,Ωt} +|θ_1|^2_{4,1,Ωt} + ‖ θ_1 ‖_{1,Ωt} ≤ η , (5.2) where η > 0 is sufficiently small. Moreover, assume that ν >^1_3 μ.

Let Φ(t) be defined by (4.5) and denote

ϕ_0(t) = |v|^2_{3,0,Ωt} + |ρ_σ|^2_{3,0,Ωt} + |ϑ_0|^2_{3,0,Ωt} + ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} .

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 145

Introduce the spaces :

N (t) = {(v, ϑ_0, ρ_σ, ρ̄_{Ωt} ) : ϕ_0(t) < ∞} ,

M(t) = {(v, ϑ_0, ϑ, ρ_σ , ρ̄_{Ωt} ) : ϕ_0(t) +

∫_t 0 Φ(t^′) dt^′ < ∞} .

Lemma 5.1. Let the assumptions of Theorem 3.1 be satisfied. Let the initial data v_0, ρ_0, θ_0, S of problem (1.1) be such that (v, ϑ_0, ρ_σ, ρ̄_{Ωt} ) ∈ N (0) and S ∈ W^{4+ 12}_2 . Let ∫ Ω ρ_0v_0(a + b × ξ) dξ = 0 , ∫ Ω ρ_0ξ dξ = 0 , where a, b are constant vectors. Let (A) ((2.3)) be satisfied and let the initial data v_0, ρ_0, θ_0, S and the parameters p_0, σ, d, a_0, β, κ, M of problem (1.1) (d, β and a_0 are defined in Section 2) be such that ϕ_0(0) ≤ ε_1 , χ(0) =‖ H(·, 0) + 2 R_e

‖^2_+ 1_{2 ,S1} ≤ ε_2 ,

ω(t) = sup_{t′≤t} ‖ R(·, t^′) − R_e ‖^2_{0,S}1 ≤ ε_3 , t ≤ T ,

where ε_1, ε_2, ε_3 are sufficiently small , T is the time of the local existence (see Theorem 3.1). Then the local solution of problem (1.1) is such that (v, ϑ_0, ϑ, ρ_σ, ρ̄_{Ωt} ) ∈ M(t) for t ≤ T and

ϕ_0(t) +

∫_t 0 Φ(t^′) dt^′ ≤ c(ϕ_0(0) + χ(0) + ω(t) + sup_t F (t)) ≡ (5.3)

≡ cA ≤ c(ε_1 + ε_2 + ε_3 + η) , where η > 0 is the sufficiently small constant from assumption (5.2) and F is given by (4.5).

Proof. Take (v_0, ρ_0, θ_0) ∈ W^3_2 (Ω) , S ∈ W^{4+ 12}_2 such that assumptions of the lemma hold. Then in view of Theorem 3.1 and Remark 3.2 there exists a local solution of problem (1.1) such that

u ∈ W^{4,2}_2 (Ω^T ) , η_σ ∈ W^{3, 32}_2 (Ω^T ) ∩ C^0(0, T ; Γ^{3, 32}_0 (Ω)) ,

ϑ_0 ∈ W^{4,2}_2 (Ω^T ) ,

146 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

where T is the time of the local existence. Moreover, Remark 3.2 yields

‖ u ‖^2_{4,Ω}T + ‖ η_σ ‖^2_{3,Ω}T + η_σ 2 3,0,∞,Ω^T + ‖ γ0 ‖ 2 4,Ω^T ≤ ≤ c ( ‖ v_0 ‖^2_{3,Ω} + ‖ ρ_{σ0} ‖^2_{3,Ω} + (5.4)

+ ‖ ϑ_{00} ‖^2_{3,Ω} + ‖ H(·, 0) + 2 R_e

‖^2_+ 1_{2 ,S1} )

≤ c (ϕ_0 + χ(0)) ≤ c(ε_1 + ε_2) ,

where u = v ( x(ξ, t), t ), η_σ = ρ_σ ( x(ξ, t), t ), γ_0 = ϑ_0 ( x(ξ, t), t ). Using estimate (5.4) for the local solution, Lemma 6.1 of [28] and the following imbeddings (see Lemmas 2.2 and 2.1):

sup_t ( ‖ u ‖^2_{3,Ω} + ‖ u_t ‖^2_{1,Ω} ) ≤ ≤ c ( ‖ u ‖^2_{4,Ω}T + ‖ u(0) ‖^2_{3,Ω} +|u(0)|^2_{1,0,Ω} ) ≤ ≤ c (ϕ_0 + χ(0)) ≤ c(ε_1 + ε_2) and ∫_T 0 |u_ξ|_{∞,Ω} dt^′ ≤ T^{12} ‖ u ‖_{4,Ω}T ≤ cT^{12} ϕ_0(0)

we have

N_1 ≡ sup_t ( ‖ η_{σtt} ‖^2_{0,Ω} + ‖ η_{σt} ‖^2_{,Ω} + ‖ η_σ ‖^2_{3,Ω} ) + + ‖ η_{σtt} ‖^2_{L2(0,T ;W} 1_{2 (Ω))} + ‖ η_{σt} ‖^2_{L2(0,T ;W} 3_{2 (Ω))}≤

≤ ϕ_1 (T, ϕ_0(0) + χ(0)) (ϕ_0(0) + χ(0)) ≤

≤ c ( ε_1 + ε_2 ) ,

where ϕ_1 is an increasing continuous function of its arguments.

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 147

In the same way as estimate (3.57) from [24] we get 1 2 d dt ∫ Ω_t ( ρv^2_{xxt} + p_{σρ} ρ ρ^2_{σxxt} + ρc_v θ ϑ^2_{0xxt} ) dx +

+ σ 2 d dt ∫ S_t

g^{αβ}n̄ · v_{ppp}αn̄ · v_{ppp}β ds + (5.5)

+ c_0 ( ‖ v_{xxt} ‖^2_{1,Ωt} + ‖ ρ_{σxxt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxt} ‖^2_{1,Ωt} ) ≤ ≤ ( ε^′_1 + cN ) ( ‖ v_{xttt} ‖^2_{0,Ωt} + ‖ v_{xxxt} ‖^2_{0,Ωt} + ‖ v_{xxtt} ‖^2_{0,Ωt} +

+ ‖ ϑ_{0xttt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxxt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxtt} ‖^2_{0,Ωt} ) +

+ c ( N, ∫_T 0 M(t^′)dt^′ ) M + cF (t),

where N = N_1+N_2, N_2 = sup_t(‖ u ‖^2_{3,Ω} + ‖ u_t ‖^2_{1,Ω} + ‖ γ_0 ‖^2_{3,Ω} + ‖ γ_{0t} ‖^2_{1,Ω}) and M is such that

∫_T 0 Mdt^′ ≤ c (ϕ_0(0) + χ(0))

holds in, virtue of the estimates for the local solution.

Similarly, we have 1 2 d dt ∫ Ω_t ( ρv^2_{xtt} + p_{σρ} ρ ρ^2_{σxtt} + ρc_v θ ϑ^2_{0xxt} ) dx +

+ σ 2 d dt ∫ S_t

g^{αβ}n̄ · v_{tpp}αn̄ · v_{tpp}β ds + (5.6)

+ c_0 ( ‖ v_{xtt} ‖^2_{1,Ωt} + ‖ ρ_{σxtt} ‖^2_{0,Ωt} + ‖ ϑ_{0xtt} ‖^2_{0,Ωt} ) ≤ ≤ ( ε^′_2 + cN ) ( ‖ v_{xttt} ‖^2_{0,Ωt} + ‖ v_{xxtt} ‖^2_{0,Ωt} + ‖ v_{xxxt} ‖^2_{0,Ωt} +

+ ‖ ϑ_{0xttt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxxt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxtt} ‖^2_{0,Ωt} ) + + c(1 + N)^2 ( ‖ v_{xxt} ‖^2_{1,Ωt} + ‖ ϑ_{0xxt} ‖^2_{1,Ωt} ) +

148 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI + c ( ‖ v_{ttt} ‖^2_{0,Ωt} + ‖ ϑ_{0ttt} ‖^2_{0,Ωt} ) + c( N,

∫_T 0 M(t^′)dt^′) M +

+ cF (t) .

Next, Lemma 3.12 from [24] implies 1 2 d dt ∫ Ω_t ( ρv^2_{ttt} + p_{σρ} ρ ρ^2_{σttt} + ρc_v θ ϑ^2_{0ttt} ) dx +

+ σ 2 d dt ∫ S_t

g^{αβ}n̄ · v_{tts}αn̄ · v_{tts}β ds + (5.7)

+ c_0 ( ‖ v_{ttt} ‖^2_{1,Ωt} + ‖ ρ_{σttt} ‖^2_{0,Ωt} + ‖ ϑ_{0ttt} ‖^2_{0,Ωt} ) ≤ ≤ c(ε^′_4 + N + M) ( ‖ v_{ttt} ‖^2_{0,Ωt} + ‖ ϑ_{0ttt} ‖^2_{0,Ωt} ) + + ε^′_4 ( ‖ v_{xxtt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxtt} ‖^2_{0,Ωt} ) + + cN ( ‖ v_{xtt} ‖^2_{1,Ωt} + ‖ v_{xttt} ‖^2_{0,Ωt} +

+ ‖ v_{xxt} ‖^2_{1,Ωt} + ‖ ϑ_{0xtt} ‖^2_{1,Ωt} + ‖ ϑ_{0xttt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxt} ‖^2_{1,Ωt} +

+ ‖ ρ_{σttt} ‖^2_{0,Ωt} ) + cM ( ‖ v_t ‖^2_{,Ωt} + ‖ ϑ_{0t} ‖^2_{,Ωt} ) + + c ( ‖ v_{xtt} ‖^2_{1,Ωt} + ‖ ϑ_{0xtt} ‖^2_{1,Ωt} ) + c(N)M + cF (t) ,

where in virtue of the equation of continuity (4.4)_2 we have

‖ ρ_{σttt} ‖^2_{0,Ωt} ≤ c(1 + N) ‖ v_{xtt} ‖^2_{0,Ωt} +c(N)M . (5.8)

From (5.5)–(5.8) we obtain for sufficiently small ε^′_1, ε^′_2, ε^′_3, N,

∫_T 0 Mdt^′ and η from (5.2) that

sup_t ( ‖ v_{xxt} ‖^2_{0,Ωt} + ‖ v_{xtt} ‖^2_{0,Ωt} + ‖ v_{ttt} ‖^2_{0,Ωt} + ‖ ϑ_{0xxt} ‖^2_{0,Ωt} +

+ ‖ ϑ_{0xtt} ‖^2_{0,Ωt} + ‖ ϑ_{0ttt} ‖^2_{0,Ωt} + ‖ ρ_{σxxt} ‖^2_{0,Ωt} + ‖ ρ_{σxtt} ‖^2_{0,Ωt} +

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 149

+ ‖ ρ_{σttt} ‖^2_{0,Ωt} ) + sup_t ∫ S_t

g^{αβ} ( n̄ · v_{ppp}αn̄ · v_{ppp}β + (5.9)

+ n̄ · v_{tpp}αn̄ · v_{tpp}β + n̄ · v_{tts}αn̄ · v_{tts}β ) ds +

+ ∫_t 0 ( ‖ v_{xxt} ‖^2_{1,Ωt} + ‖ v_{xtt} ‖^2_{1,Ωt} + ‖ v_{ttt} ‖^2_{1,Ωt} ) dt ≤

≤ c (ϕ_0(0) + χ(0)) + c

∫_t 0 F (t^′) dt^′ ≤ c(ε_1 + ε_2) .

Now, to estimate ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} + ‖ ϑ ‖^2_{0,Ωt} rewrite equation

p(ρ_{Ωt} , θ_{Ωt} ) − p(ρ_e, θ_e) = 0

using the Taylor formula as

p_ρ(ρ_{Ωt} − ρ_e) + p_θ(θ_{Ωt} − θ_e) = 0 .

Therfore

‖ ρ̄_{Ωt} ‖^2_{0,Ωt} + ‖ ϑ ‖^2_{0,Ωt} ≤ ‖ ρ_σ ‖^2_{0,Ωt} + ‖ ρ_e − ρ_{Ωt} ‖^2_{0,Ωt} +

+ ‖ ϑ_0 ‖^2_{0,Ωt} + ‖ θ_e − θ_{Ωt} ‖^2_{0,Ωt} ≤ c ( ‖ ρ_σ ‖^2_{0,Ωt} + (5.10)

+ ‖ ϑ_0 ‖^2_{0,Ωt} + ‖ θ_e − θ_{Ωt} ‖^2_{0,Ωt} ) ≤ c ( ‖ ρ_σ ‖^2_{0,Ωt} +

+ ‖ ϑ_0 ‖^2_{0,Ωt} + ‖ ‖ ‖ 1 |Ω_t| ∫ Ω_t

ϑ_0dx ‖ ‖ ‖^2 0,Ω_t ) ≤ ≤ cϕ_0(0) ≤ cε_1 ,

where to estimate ‖ ρ_σ ‖^2_{0,Ωt} and ‖ ϑ_0 ‖^2_{0,Ωt} we have used (5.4).

Next, by the same argument as in [29] we obtain the following inequalities (see inequalities (4.104) and (4.154) from [29]) : ‖ ‖ ‖ ∫_t 0 vdt^′ ‖ ‖ ‖ 2 3,S_t ≤ ε ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_{σx} ‖^2_{1,Ωt} + ‖ ϑ_{0x} ‖^2_{1,Ωt} ) +

+ C_1 (‖ ‖ ‖ ∫_t 0 vdt^′ ‖ ‖ ‖^2 0,Ω_t

+ ‖ v ‖^2_{0,Ωt} + ‖ p_σ ‖^2_{0,Ωt} + (5.11)

150 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

+ ‖ H(·, 0) + 2 R_e

‖^2_{1,S}1 + ‖ R(·, t) − R(·, 0) ‖^2_{3,S}1 ) + + C_2 ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_σ ‖^2_{,Ωt} + ‖ ϑ_0 ‖^2_{,Ωt} + ‖ ρ_{σx} ‖^4_{1,Ωt} +

+ ‖ ϑ_{0x} ‖^4_{1,Ωt} ) ∫ t 0 ‖ v ‖^2_{4,Ωt′} dt^′ and ‖ ‖ ‖ ‖ ∫_t 0 vdt^′ ‖ ‖ ‖ ‖ 2 4,S_t ≤ ε ( ‖ v_{xxxx} ‖^2_{0,Ωt} + ‖ ρ_{σxxx} ‖^2_{0,Ωt} +

+ ‖ ϑ_{0xxx} ‖^2_{0,Ωt} ) + C_1 (‖ ‖ ‖ ‖ ∫_t 0 vdt^′ ‖ ‖ ‖ 2 0,Ω_t

+ ‖ v ‖^2_{0,Ωt} + ‖ p_σ ‖^2_{0,Ωt} + (5.12)

+ ‖ H(·, 0) + 2 R_e

‖^2_{0,S}1 + ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 ) + + C_2 ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_σ ‖^2_{,Ωt} + ‖ ϑ_0 ‖^2_{,Ωt} + ‖ ρ_σ ‖^4_{2,Ωt} +

+ ‖ ϑ_0 ‖^4_{2,Ωt} ) ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 4,Ω_t · ( 1 + ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 3,Ω_t ) . Using (5.11), (5.12) and (4.3) in (4.6) we have dϕ dt + c_0Φ ≤ c_1P (X)X(1 + X^3)(X + Y ) + c_2F +

+ c_3ψ + c_4 ‖ H(·, 0) + 2 R_e

‖^4_{2,S}1 +εc_5 ( ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 + (5.13)

+ ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 ) +

+ c_6 { ‖ R(·, t) − R(·, 0) ‖^2_{4+} 1_{2 ,S1} [ ε ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_{σx} ‖^2_{1,Ωt} +

+ ‖ ϑ_{0x} ‖^2_{1,Ωt} ) + C_1 (‖ ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ ‖ 2 0,Ω_t

+ ‖ v ‖^2_{0,Ωt} +

+ ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} + ‖ ϑ ‖^2_{0,Ωt} + ‖ H(·, 0) + 2 R_e

‖^2_{1,S}1 +

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 151

+ ‖ R(·, t) − R(·, 0) ‖^2_{3,S}1 ) + C_2 ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_σ ‖^2_{,Ωt} +

+ ‖ ϑ_0 ‖^2_{,Ωt} + ‖ ρ_{σx} ‖^4_{1,Ωt} + ‖ ϑ_{0x} ‖^4_{1,Ωt} ) ∫ t 0 ‖ v ‖^2_{4,Ωt′} dt^′ ] + + ‖ R(·, t) − R(·, 0) ‖^2_{3,S}1 [ ε ( ‖ v_{xxxx} ‖^2_{0,Ωt} + ‖ ρ_{σxxx} ‖^2_{0,Ωt} +

+ ‖ ϑ_{0xxx} ‖^2_{0,Ωt} ) + C_1 ( ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 +

+ ‖ H(·, 0) + 2 R_e

‖^2_{0,S}1 + ‖ ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ ‖ 2 0,Ω_t

+ ‖ v ‖^2_{0,Ωt} +

+ ‖ ρ̄_{Ωt} ‖^2_{0,Ωt} + ‖ ϑ ‖^2_{0,Ωt} ) + C_2 ( ‖ v ‖^2_{3,Ωt} + ‖ ρ_σ ‖^2_{,Ωt} + ‖ ϑ_0 ‖^2_{,Ωt} +

+ ‖ ρ_σ ‖^4_{2,Ωt} + ‖ ϑ_0 ‖^4_{2,Ωt} ) ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 4,Ω_t · ( 1 + ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 3,Ω_t )]} . By Theorem 2.11 and boundary condition (4.4)_1 we have

‖ R(·, t) − R(·, 0) ‖^2_{4+} 1_{2 ,S1} ≤ ‖ R(·, t) − R_0 ‖^2_{4+} 1_{2 ,S1} +

+ ‖ R(·, 0) − R_0 ‖^2_{4+} 1_{2 ,S1} +|S^1| ( |R_0 − R_e|^2 + |R_t − R_e|^2 ) ≤ (5.14)

≤ c ( ‖ v ‖^2_{4,Ωt} + ‖ ρ_σ ‖^2_{3,Ωt} + ‖ ϑ_0 ‖^2_{3,Ωt} + ‖ H(·, 0) + 2 R_e

‖^2_+ 1_{2 ,S1} +

+ ‖ R(·, t) − R_e ‖^2_{0,S}1 + ‖ R(·, 0) − R_e ‖^2_{0,S}1 +|R_0 − R_e|^2 +

+ |R_t − R_e|^2 ) . Next, using Lemmas 2.2 and 2.1 and estimate (5.4) we obtain

|R_t − R_e|^2 ≤ c| |Ω_t|^{13} − |Ω_e|^{13} |^2 =

= c | | | | ( M ρ ) 1_3 − ( M ρ_e

) 1_3 | | | | 2 ≤ c|ρ_σ|_{∞,Ωt} ≤ (5.15)

≤ c(ϕ_0(0) + χ(0))

152 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI and |R_0 − R_e|^2 ≤ c|ρ_{σ0}|_{∞,Ω} ≤ c (ϕ_0(0) + χ(0)) . (5.16)

Therefore, inequality (5.13), estimates (5.4),(5.9),(5.10) (5.14)–(5.16), the definitions of X and Y and the assumptions of the lemma yield

ϕ_0(t) +

∫_t 0 Φ(t^′)dt^′ ≤

≤ c ∫_t 0 ψ(t^′)dt^′ + c

∫_t 0 F (t^′)dt^′ + c ( ‖ H(·, 0) + 2 R_e

‖^2_+ 1_{2 ,S1} + (5.17)

+ sup_{t′≤t} ‖ R(·, t^′) − R_e ‖^2_{0,S}1 +ϕ_0(0) ) ≤ c(ε_1 + ε_2 + ε_3)

if η > 0 from assumption (5.2) is sufficiently small.

Hence, we have proved that (v, ϑ_0, ϑ, ρ_σ , ρ_{Ωt} ) ∈ M(t) for t < T and (5.3) holds. We have to underline that to prove the above result the standard technique of mollifiers or differences should be used. This concludes the proof.

Lemma 5.2. Assume that there exists a local solution to problem (1.1) which belongs to M(t) for t ≤ T , i.e. let the assumptions of Lemma 5.1 be satisfied. Let assumptions of Lemma 2.5 be satisfied. Moreover, assume ∫ Ω |ρ_0 − ρ_e|dξ ≤ δ_0 .

Then there exist δ_1, δ_2 ∈ (0, 1) sufficiently small such that ‖ p_σ ‖^2_{0,Ωt} ≤ δ_1 , (5.18)

‖ ϑ_0 ‖^2_{0,Ωt} + ‖ ρ_σ ‖^2_{0,Ωt} ≤ δ_2 , (5.19) where δ_1 = c(ε_1 + ε_2)δ^′ + c(δ^′ )(ε_0 + δ̃), δ_2 = c(ε_1 + ε_2)δ^′ + c(δ^′ )(ε_0 + δ_0 + δ̃), δ^′ ∈ (0, 1) and c(δ^′ ) is a decreasing function of δ^′ , ε_0 and δ̃ are taken from Lemma 2.5.

Proof. Estimate (5.18) can be obtained by using Lemma 2.5 exactly in the same way as estimate (5.16) in [29], while to prove (5.19) the same argument as in the proof of Lemma 5.2 from [25] can be applied.

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 153

Lemma 5.3. Let (v, ϑ_0, ϑ, ρ_σ, ρ̄_{Ωt} ) ∈ M(t), t ≤ T , be a solution of problem (1.1). Then u(ξ, t) = v(x(ξ, t), t) ∈ C^0(t_0 + λ, T ; W^4_2 (Ω)) and the estimate holds sup t_0+λ<t≤T

‖ v ‖^2_{4,Ωt} ≤ c(A)A , (5.20)

where t_0 > 0, λ > 0, t_0 + λ < T , A ≡ ϕ_0(t) +

∫_t 0 Φ(t^′)dt^′, c(A) is a nondecreasing continuous function of A.

Proof. We use the argument from [13] (see Theorem 6). Let ζ_λ(t) ∈ C^∞ be a function such that ζ_λ(t) = 1 for t ≥ t_0 + λ, ζ_λ(t) = 0 for t ≤ t_0 +^λ_2 , 0 ≤ ζ_λ(t) ≤ 1, |^.ζ_λ(t)| ≤ c/λ, where^.ζ_λ =^{dζλ}_{dt} . Let u_λ = uζ_λ, η_{σλ} = η_σζ_λ, γ_{0λ} = γ_0ζ_λ. Then u_λ, η_{σλ}, γ_{0λ} satisfy the problem (see (4.4) and (5.1)) :

ηu_{λt} − μ∇^2_uu_λ − ν∇_u∇_u · u_λ =

= p_η∇_uη_{σλ} + p_Γ∇_uγ_{0λ} + ηu^.ζ_λ in Ω^T , (5.21)

Π_0ΠD_u(u_λ)n̄ = 0 on S^T ,

n̄_0D_u(u_λ)n̄ − σn̄_0

∫_t 0 △_{Sτ} (τ)u_λ(τ)dτ =

= ∫_t 0 [_.

ζ_λn̄_0T(u, p_σ )n̄ + σn̄_0ζ_λ^.△_{Sτ} (τ)·

· ( ξ + ∫_τ 0 u(τ^′)dτ^′ ) + ζ_λ∂_τ (q_0n̄_0 · n̄) ] dτ +

+ (p_1η_{σλ} + p_2γ_{0λ}) n̄_0 · n̄ ≡

≡ ∫_t 0 B(τ)dτ + (p_1η_{σλ} + p_2γ_{0λ}) n̄_0 · n̄ on S^T ,

u_λ|_{t=0} = 0 in Ω ,

where η_{σλ} and γ_{0λ} are treated as given functions, Π_0g = g − n̄_0(n̄_0 · g), Πg = g − n̄(n̄ · g).

154 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

The second boundary condition (5.21)_3 follows from the integration by parts : 0 = ∫_t 0 ζ_λ(τ)∂_τ [n̄_0T(u, p_σ)n̄ − σn̄_0△_{Sτ} (τ)· · ( ξ + ∫_T 0 u(τ^′)dτ^′ ) − q_0n̄_0 · n̄ ] dτ = = ∫_t 0 ∂_τ [ζ_λn̄_0T(u, p_σ)n̄] dτ −

∫_t 0 [_.

ζ_λn̄_0T(u, p_σ)n̄ + + σn̄_0ζ_λ^.△_{Sτ} (τ) ( ξ + ∫_τ 0 u(τ^′)dτ^′ ) + q_0ζ_λ∂_τ (n̄_0 · n̄) ] dτ + − σn̄_0 ·

∫_t 0 △_{Sτ} (τ)u_λ(τ)dτ .

Next, we introduce the differences : u^{(s)}(ξ, t) = u_λ(ξ, t) − u^′_λ(ξ, t) , η^{(s)}_σ (ξ, t) = η_{σλ}(ξ, t) − η^′_{σλ}(ξ, t) , γ^{(s)}_0 (ξ, t) = γ_{0λ}(ξ, t) − γ^′_{0λ}(ξ, t) , where w^′ (ξ, t) = w(ξ, t − s), 0 < s < t_0. Therefore, we obtain the following equations ηu^{(s)}_t − μ∇^2_uu^{(s)} − ν∇_u∇_u · u^{(s)} = p_η∇_uη^{(s)}_σ + + p_Γ∇_uγ^{(s)}_0 − (η − η^′ )u^′_{λt} + μ(∇^2_u − ∇^2_u′ )u^′_λ + + ν(∇_u∇_u − ∇_u′ ∇_u′ ) · u^′_λ + p_η(∇_u − ∇_u′ )η^′_{σλ} + p_Γ(∇_u − ∇_u′ )γ^′_{0λ} + + (p_η − p_η′ )∇_u′ η^′_{σλ} + (p_Γ − p_Γ′ )∇_u′ γ^′_{0λ} + (η − η^′ )u^.ζ_λ + + η^′ u^′ (^.ζ_λ −^.ζ^′_λ) ≡ E in Ω^T ,

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 155

Π_0ΠD_u(u^{(s)})n̄ =

= Π_0 ( ΠD_u(u^′_λ)n̄ − ΠD_u′ (u^′_λ)n̄^′ ) ≡ F on S^T ,

n̄_0D_u(u^{(s)})n̄ − σn̄_0

∫_t 0 △_{Sτ} (τ)u^{(s)}(τ)dτ =

= p_1(η, Γ)η^{(s)}n̄_0 · n̄ + p_2(η, Γ)γ^{(s)}_0 n̄_0 · n̄ +

+ n̄_0 ( D_u(u^′_λ)n̄ − D_u′ (u^′_λ)n̄^′ ) +

− σn̄_0

∫_t 0 ( △_{Sτ} (τ) − △^′_{Sτ} (τ) ) u^′_τ dτ +

+ σ ∫_t 0 ( B(τ) − B^′ (τ^′ ) ) dτ + p_1(η, Γ)η^′_{σλ}n̄_0 · (n̄ − n̄^′ ) +

+ p_2(η, Γ)γ^′_{0λ}n̄_0 · (n̄ − n̄^′ ) + [ p_1(η, Γ) − p_1(η^′ , Γ^′ ) ] η^′_{σλ}n̄_0 · n̄^′ + + [ p_2(η, Γ) − p_2(η^′ , Γ^′ ) ] γ^′_{0λ}n̄_0 · n̄^′ ≡

≡ G_1 +

∫_t 0 G_2(τ)dτ on S^T ,

u^{(s)}|_{t=0} = 0 in Ω .

Let λ ∈ (0, 1), t_0 + λ < T , Q_λ = Ω × (t_0 + λ, T ), G_λ = S × (t_0 + λ, T ). Then for sufficiently small ϕ_0(0) Lemma 5.2 from [28] yields

‖ u^{(s)} ‖_{4,Qλ} ≤ c ( ‖ E ‖_{2,Q λ2} + ‖ F ‖_{3−} 1_{2 ,G λ2} +

+ ‖ G_1 ‖_{3−} 1_{2 ,G λ2} + ‖ G_2 ‖_{2−} 1_{2 ,G λ2} ) . Now, using the explicite forms of E, F, G_1, G_2 in the same way as in [30] we get ‖ u^{(s)} ‖^2_{4,Qλ} ≤ c(A)As^2 .

156 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

Hence

‖ ‖ u(·) ‖_{4,Ω} ‖^2_B1_{2,∞(t0+λ,T )} =

= sup_s

∫_T

t_0+λ

| ‖ u(t) ‖_{4,Ω} − ‖ u(t − s) ‖_{4,Ω} |^2 s^2 dt + (5.22)

+ ∫_T

t_0+λ

‖ u(t) ‖^2_{4,Ω} dt ≤

≤ sup_s

∫_T

t_0+λ

‖ u(t) − u(t − s) ‖^2_{4,Ω}

s^2 dt +

∫_T

t_0+λ

‖ u(t) ‖^2_{4,Ω} dt ≤

≤ c(A)A .

By the imbedding theorems for the Besov and Nikolskii spaces we have (see [10], Ch. 6.1)

B^β_{2,∞}(0, T ) ⊂ L_∞(0, T ) for β > 1 2 . Therefore (5.22) yields (5.20). This concludes the proof.

Now, we prove a lemma which guarantees a prolongation of the local solution. The lemma is analogous to Lemma 5.4 from [28].

Lemma 5.4. Assume that there exists a local solution of (1.1) in M(t), 0 ≤ t ≤ T , i.e. assume that the assumptions of Lemma 5.1 be satisfied. Let the assumptions of Lemma 5.2 be satisfied. Moreover, assume

ϕ_0(0) ≤ γ , ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 ≤ d . (5.23)

Then for sufficiently small γ, d, η, δ_1, δ_2 and δ_0 ( where δ_0 is a constant from Lemma 2.4, δ_i (i = 1, 2) are constants from Lemma 5.2 and η is a constant from (5.2) ) we have ϕ_0(t) ≤ γ for t ≤ T . (5.24)

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 157

Proof. At first add ‖

∫_t 0 vdt^′ ‖^2_{4,St} to the both sides of inequality (4.6). Using (5.12) we get dϕ dt + Φ_0 ≤ cP (X)X(1 + X^3)(X + Y ) + cF +

+ cψ_1 + c ( ‖ H(·, 0) + 2 R_e

‖^2_{0,S}1 + ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 ) +

+ c ‖ H(·, 0) + 2 R_e

‖^4_{2,S}1 +c ‖ R(·, t) − R(·, 0) ‖^2_{4+} 1_{2 ,S1} ·

· ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 3,S_t

+ c ‖ R(·, t) − R(·, 0) ‖^2_{3,S}1 ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ 2 4,S_t

where

Φ_0 = c_0Φ + ‖ ‖ ‖ ‖ ∫_t 0 v dt^′ ‖ ‖ ‖ ‖ 2 4,S_t ,

ψ_1 = ‖ v ‖^2_{0,Ωt} + ‖ ρ_σ ‖^2_{0,Ωt} +

∫_t 0 ‖ v ‖^2_{0,Ωt′} dt^′ +

+ ‖ R(·, t) − R_e ‖^2_{0,S}1 + ‖ R(·, 0) − R_e ‖^2_{0,S}1 .

Now, by estimates (5.14)–(5.16), assumptions (5.23) and Lemmas 5.1 and 5.3 we have

‖ R(·, t) − R(·, 0) ‖^2_{4+} 1_{2 ,S1} ≤ c (ε_3 + γ + ε_2 + η) . (5.25)

Using (5.25) with sufficiently small ε_3, γ, ε_2 and η we obtain dϕ dt + c_1Φ_0 ≤ cP (X)X(1 + X^3)(X + Y ) + cF +

+ cψ_1 + c ( ‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 + (5.26)

+ ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 ) ,

158 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

where we have used that ‖ H(·, 0) +^2_{Re} ‖^2_{,S1} is also small. Applying the inequality

‖ R(·, t) − R(·, 0) ‖^2_{4,S}1 ≤‖ R(·, t) − R_t ‖^2_{4,S}1 +

+ ‖ R(·, 0) − R_0 ‖^2_{4,S}1 +|S^1| ( |R_0 − R_e|^2 + |R_t − R_e|^2 ) ≤ ≤ ε ( ‖ v ‖^2_{4,Ωt} + ‖ ρ_σ ‖^2_{3,Ωt} + ‖ ϑ_0 ‖^2_{3,Ωt} ) + c ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 + + c ( |R_0 − R_e|^2 + |R_t − R_e|^2 ) + cψ_1(t),

where ε > 0 is a sufficiently small constant, and introducing the new quantity

Φ_{00} = c_1Φ_0 + c ‖ H(·, 0) + 2 R_e

‖^2_{,S}1

instead of (5.26) we get dΦ dt + Φ_{00} ≤ cP (X)X(1 + X^3)(X + Y ) +

+ cF (t) + cψ_1(t) + c ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 + (5.27) + c ( |R_0 − R_e|^2 + |R_t − R_e|^2 ) . By Lemma 5.2 we have

ϕ_0 ≤ Cϕ ≤ c ( Φ_{00}+ ‖ ϑ_0 ‖^2_{0,Ωt} + ‖ ρ_σ ‖^2_{0,Ωt} ) ≤ (5.28)

≤ c (Φ_{00} + δ_2) .

Then, using Lemma 5.1, (5.27), (5.28) and the inequalities

X ≤ c_2 ( ϕ_0(t) +

∫_t 0 Φ(t^′)dt^′ ) (5.29) and Y ≤ Φ(t) +

∫_t 0 Φ(t^′)dt^′ (5.30)

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 159

we obtain ∫_t 0 Φ(t^′)dt^′ ≤

≤ cδ_2 + cψ̃(t) + c ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 + (5.31)

+ cϕ(0) + c

∫_t 0 F (t^′)dt^′ +

+ c(|R_0 − R_e|^2 + |R_t − R_e|^2) ,

where ψ̃(t) = sup_t′_{≤t} ψ_1(t^′), c > 0 is a constant and for simplicity we do not distinguish different c’s.

Next, inequalities (5.28) – (5.30) yield

P (X)X(1 + X^3)(X + Y ) ≤ cϕ_0 ( 1 + ϕ^3_0 ) Φ_{00} +

+ cϕ_0 ( 1 + ϕ^3_0 ) δ_2 + cγΦ_{00} + cγδ_2 + c (∫_t 0 Φdt^′

)_2 . Hence, using (5.31), instead of (5.27) we get dϕ dt + Φ_{00} ≤ cϕ_0(1 + ϕ^3_0)Φ_{00} + cϕ_0(1 + ϕ^3_0)δ_2 +

+ cγΦ_{00} + cγδ_2 + cδ^2 + cψ̃^2(t) + (5.32)

+ c ‖ H(·, 0) + 2 R_e

‖^4_{2,S}1 +cϕ^2(0) + c (∫_t 0 F (t^′)dt^′

)_2 + + c ( |R_0 − R_e|^4 + |R_t − R_e|^4 ) + cF (t) + cψ̃(t) +

+ c ‖ H(·, 0) + 2 R_e

‖^2_{,S}1 +c ( |R_0 − R_e|^2 + |R_t − R_e|^2 ) . Next, using Lemma 2.4 and the relation

|Ω| − |Ω_e| = 1 ρ_e ∫ Ω (ρ_e − ρ_0) dξ

160 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

we obtain

|R_t − R_e| + |R_0 − R_e| ≤ (5.33)

≤ c (| |Ω_t| − |Ω_e| | + | |Ω| − |Ω_e| |) ≤ δ_3 ,

where δ_3 = δ_3(δ_0) and δ_3(δ_0) → 0 as δ_0 → 0 (δ_0 is a constant from Lemmas 2.4 and 5.2).

Taking into account (5.32), (5.33), (5.23), (5.1)–(5.2) and Lemmas 5.1, 5.2 and 2.5 we have for sufficiently small γ dϕ dt + Φ_{00} 2 ≤ cϕ_0(1 + ϕ^3_0)Φ_{00} + cδ_2 + cγδ_2 + cδ^2 +

+ c(δ^2_1 + δ̃^2 + ε^2_0) + cd^2 + cγ^2 + cη^2 + cδ^4_3 + cη + (5.34)

+ c(δ_1 + δ̃ + ε_0) + cd + cδ^2_3 ,

(where δ̃ and ε_0 are constants from Lemma 2.5 and ε_0 → 0 as δ̃ → 0).

Now, assume that t_∗ = inf{t ∈ [0, T ] : ϕ(t) > γ}. Consider (5.34) in [0, t_∗] and assume that γ, d, η, δ_1, δ_2 and δ_0 are so small that

c(δ_2 + γδ_2 + δ^2 + δ^2_1 + δ̃^2 + ε^2 + d^2 + γ^2 + η^2 + δ^4_3 + η +

+ δ_1 + δ̃ + ε_0 + d + δ^2_3 ) ≤ γc̄C 16 , where c̄ is a constant from the inequality

Φ_{00} ≥ c̄(ϕ − δ_2) (5.35)

and C is the constant form (5.28).

Then, since ϕ_0(t_∗) ≤ Cϕ(t_∗) = Cγ we obtain dϕ dt (t_∗) +

Φ_{00} 2 ≤ cγ(1 + γ^3)Φ_{00} + γc̄C 16 . Hence dϕ dt (t_∗) ≤ −Φ_{00}[ 1 2 − c(γ + γ^4)] + γc̄C 16 .

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 161

Thus, using (5.35) we have dϕ dt (t_∗) ≤ −c̄Cγ [ 1 2 − c(γ + γ^4) ] + cδ_2 [ 1 2 − c(γ + γ^4) ] +

+ γc̄C 16 . Assuming that γ is so small that c(γ + γ^4) <^1_4 and δ_2 is so small that cδ_2 < γc̄C/8 we get dϕ dt (t_∗) ≤

−Cc̄γ 4 + Cc̄γ̄ 8 − c^2δ_2(γ + γ^4) < 0 .

Hence ϕ_t(t_∗) < 0, so contradiction.

This concludes the proof.

Finally, we prove the main result of the paper.

Theorem 5.5. Let ν >^1_3 μ. Let (5.1) – (5.2) and assumptions of Theorem 3.1 with r, θ_1 ∈ C^{2,1}_B (IR^3 × [0, ∞)) be satisfied, let (v, ϑ_0, ρ_σ , ρ̄_{Ωt} ) ∈ N (0) and ϕ_0(0) ≤ α_1 , ‖ v_0 ‖^2_{4,Ω}≤ α_2 , (5.36) where α_1, α_2 > 0 are sufficiently small. Let the following compatibility conditions be satisfied :

D^α_ξ ∂^i_t (Tn̄ − σHn̄ + p_0n̄) |_{t=0,S} = 0 , |α| + i ≤ 2 ,

D^α_ξ ∂^i_t (n̄ · ∇θ − θ_1) |_{t=0,S} = 0 , |α| + i ≤ 2 .

Assume that the internal energy per unit mass ε = ε(ρ, θ) has the form (2.5), conditions (2.6)–(2.7) hold and the parameters μ_0, ν_0, p_0,β, a_0, M satisfy one of the relations ν_0 ∈ I_i , 0 < Φ_i (μ_0, ϕ_i, p_0, β, a_0, M) ≤ δ_0 , (5.37)_i where i = 1, 2, 3, I_i are defined in (2.8) – (2.10), Φ_i are given by (2.11) and δ_0 > 0 is a sufficiently small constant. Moreover, assume that the following relations hold : 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ −

M^β (c_2δ + Q_i)^{β−1} ) + + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + σ [ |S| − c̃(Q_i − c_2δ)^{23} ] + (5.38)

162 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

+ρ_0 [|Ω| − (Q_i − c_2δ)] + κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ̃ ,

for ν_0 ∈ I_i (i = 1, 2, 3) , ∫ Ω |ρ_0 − ρ_e|dξ ≤ δ̃ , (5.39) ∫ Ω ρ_0v_0(a + b × ξ)dξ = 0 , (5.40) ∫ Ω ρ_0ξdξ = 0 , ∫ Ω ρ_0dξ = M ,

where Q_i (i = 1, 2, 3), c̃ = (36π)^13 , c_2 and δ are defined in Lemma 2.4, σ̃ > 0 is a sufficiently small constant, a and b are arbitrary constant vectors.

Next, assume that Ω is diffeomorphic to a ball and let S be described by |ξ| = R̃(ω), ω ∈ S^1 (S^1 is the unit sphere), where R̃ satisfies sup_{S1} |∇R̃|^2+ ‖ R̃ − R_e ‖^2_{0,S}1 ≤ α_3 (5.41)

(α_2 > 0 is sufficiently small). Finally, assume that S ∈ W^{4+ 12}_2 and it is very close to a sphere, so

‖ H(·, 0) + 2 R_e

‖^2_{,S}1 ≤ α_4 , (5.42)

where α_4 > 0 is sufficiently small. Then there exists a global solution of problem (1.1) such that (v, ϑ_0, ϑ, ρ_σ, ρ̄_{Ωt} ) ∈ M(t) for t ∈ IR^1_+, S_t ∈ W^{4+ 12}_2 and ϕ_0(t) ≤ α_1, ‖ H(·, t) +^2_{Re} ‖^2_{,S1} ≤ α_4.

Proof. At first notice that assumption (5.36) and boundary condition (4.4)_4 for S_t = S yield

‖ H(·, 0) + 2 R_e

‖^2_+ 1_{2 ,S1} ≤ c_1α_1 , (5.43)

for α_2 sufficiently small, where c_1 depends on μ, ν, α_1 and the constants from the imbeddings theorems (which depend on |Ω_t| and the shape of Ω_t, so they also depend on δ_0 and α_1).

Since Ω is diffeomorphic to a ball and x = ξ+

∫_t 0 udt^′ (where t ≤ T , T is the time of the local existence), we obtain that Ω_t (t ≤ T ) is diffeomorphic to a ball and S_t can be described by |x| = R(ω, t) (t ≤ T ), where R(ω, 0) = R̃(ω).

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 163

Hence, in view of (5.4), (5.33), (5.36), (5.41) – (5.42) for t ≤ T we get

|R(·, t) − R_t|^2 ≤ |R(·, 0) − R_e|^2 + |R_t − R_e|^2 +

+ |R(·, t) − R(·, 0)|^2 ≤ ε ‖ H(·, 0) + 2 R_e

‖^2_{0,S}1 + (5.44)

+ c ‖ R(·, 0) − R_e ‖^2_{0,S}1 +|R_t − R_e|^2 +

+ c | | | ∫_t 0 udt^′ | | | 2 ( 1 + | | | ∫_t 0 udt^′ | | | )_2

≤ c_2 (α_1 + α_3 + δ_3) ,

where we have used that |R(·, t) − R(·, 0)| = | |x| − |ξ| | =^{|x2−ξ2|}_{|x|+|ξ|} and x = ξ + ∫_t 0 udt^′, ε > 0 is sufficiently small.

Moreover, (5.4), (5.36) and (5.41) imply

|∇R(ω, t)|^2 ≤

≤ c ( |∇R(ω, 0)|^2 + | | | ∫_t 0 udt^′ | | |^2 + | | | ∫_t 0 ∇udt^′ | | |^2 ) ≤ (5.45)

≤ c_3(α_1 + α_3) .

Assume that α_1 + α_2 is so small that (2.4) holds with sufficiently small δ̂. Then Lemma 2.5 implies

‖ R(·, t) − R_t ‖^2_{1,S}1 ≤ ε_0 ,

where ε_0 depends on δ̃ and does not depend on δ̂.

Hence, by (5.33) we have

‖ R(·, t) − R_e ‖^2_{0,S}1 ≤ ε_0 + c_4δ_3 ≡ α_4 , (5.46)

where α_4 depends on δ̃ and δ_3, 0 ≤ t ≤ T .

From the assumptions of the theorem and from estimates (5.43) – (5.46) it follows that the assumptions of Lemmas 5.1 and 5.2 are satisfied. Therefore, Lemma 5.4 yields

ϕ_0(t) ≤ α_1 for t ≤ T . (5.47)

164 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

Now, integrating inequality (5.32) from Lemma 5.4 and using (5.1), (5.2), (5.33), (5.39), (5.41), (5.42), (5.46) and Lemma 5.2 we get ϕ + 1 2 ∫_t 0 Φ_{00} dt^′ ≤ cα_1 + cα_1(1 + α^3_1)

∫_t 0 Φ_{00} dt^′ +

+ cα_1(1 + α^3_1)δ_2 + cα_1

∫_t 0 Φ_{00} dt^′ + c(α_1δ_2 + δ^2 +

+ δ^2_1 + δ̃^2 + ε^2_0 + d^2 + α^2_1 + η^2 + δ^4_3 + η + δ_1 + δ̃ + ε_0 + d + δ^2_3 ) . Assuming that α_1, δ_1, δ_2, δ_0, δ̃, η and d are so small that

cα_1(1 + α^3_1) + cα_1 < 1 2 and c[α_1(1 + α^3_1)δ_2 + α_1δ_2 + δ^2 + δ^2_1 + δ̃^2 + ε^2_0 + d^2 +

+ α^2_1 + η^2 + δ^4_3 + η + δ_1 + δ̃ + ε_0 + d + δ^2_3 ] < α_1 we get ϕ + ∫_t 0 Φ_{00} dt^′ ≤ c_5α_1 .

Therefore, Lemma 5.3 implies ‖ v ‖^2_{4,Ωt} ≤ c_6α_1 . (5.48) Thus, by (5.47) and (5.48) we have ‖ v ‖^2_{4,Ωt} + ‖ ρ_σ ‖^2_{3,Ωt} + ‖ ϑ_0 ‖^2_{3,Ωt} ≤ c_7α_1 for t ≤ T . (5.49) Therefore, from boundary condition (4.4)_4 we obtain that S_t ∈ W^{4+ 12}_2 . Moreover, using boundary condition (4.4)_4, interpolation inequality (2.2), Lemmas 2.5 and 5.2 we get ‖ H(·, T ) + 2 R_e

‖^2_{,S}1 ≤ c ( ‖ v ‖^2_{3,S}T + ‖ ρ_σ ‖^2_{,S}T ) ≤ ≤ ε ( ‖ v ‖^2_{4,Ω}T + ‖ ρ_σ ‖^2_{3,Ω}T + ‖ ϑ_0 ‖^2_{3,Ω}T ) + (5.50)

+ c(ε) ( ‖ v ‖^2_{0,Ω}T + ‖ ρ_σ ‖^2_{0,Ω}T + ‖ ϑ_0 ‖^2_{0,Ω}T ) ≤ ≤ εc_7α_1 + c(ε)c_8(δ̃ + δ_2) ≤ α_4

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 165

if ε, δ_2 and δ̃ are sufficiently small. Finally, boundary condition (4.4)_4 and (5.49) imply

‖ H(·, T ) + 2 R_e

‖^2_+ 1_{2 ,S1} ≤ c_9α_1 , (5.51)

where c_9 depends on the same constants as c_1 from (5.43) and in view of Lemma 2.4 and (5.47) we have |c_1 − c_9| < δ(δ_0, α_1) and δ(δ_0, α_1) is as small as we need if δ_0 and α_1 are sufficiently small.

Now, we are in a position to extend the consideration for interval [T, 2T ]. By (5.47) and (5.51) we obtain the local existence of solution for t ∈ [T, 2T ] which satisfies

‖ u ‖_{4,Ω×(T,2T )} + ‖ η_σ ‖_{3,Ω×(T,2T )} +

+ η_{σ 3,0,∞,Ω×(T,2T )} + ‖ γ_0 ‖_{4,Ω×(T,2T )}≤ c_9α_1 ,

where on the right-hand side we have the same bound as for t ∈ [0, T ]. Therefore, | | | | ∫_{2T} T udt^′ | | | | ≤ c^{10}α^1 ,

so the change of the shape of Ω_t is as small as for interval [0, T ]. Hence, the Korn ineqaulities and the imbedding theorems necessary in the proof of (4.6) can be applied with the same constants. Therefore, the same inequality (4.6) holds for [T, 2T ].

Now, using (5.44), (5.45), Lemma 2.5 and (5.33) we obtain (5.46) for t ∈ [T, 2T ]. Thus, estimates (5.47), (5.50) and (5.46) for t ∈ [T, 2T ] imply that

ϕ_0(2T ) ≤ α_1 .

Continuing in the same way considerations we prove the global existence. This completes the proof of the theorem.

In the case p_0 = 0 the following theorem holds.

Theorem 5.6. Let p_0 = 0 and ν >^1_3 μ. Let (5.1)–(5.2) and assumptions of Theorem 3.1 with r, θ_1 ∈ C^{2,1}_B (IR^3 × [0, ∞)) be satisfied, let (v, θ_0, ρ_σ, ρ̄_{Ωt} ) ∈ N (0) and ϕ_0(0) ≤ α_1 , ‖ v_0 ‖^2_{4,Ω}≤ α_2 ,

166 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

where α_1, α_2 > 0 are sufficiently small. Let the following compatibility conditions be satisfied:

D^α_ξ ∂^i_t (Tn̄ − σHn̄ + p_0n̄) |_{t=0,S} = 0 , |α| + i ≤ 2 ,

D^α_ξ ∂^i_t (n̄ · ∇θ − θ_1) |_{t=0,S} = 0 , |α| + i ≤ 2 .

Assume that the internal energy per unit mass ε = ε(ρ, θ) has the form (2.5), conditions (2.6)–(2.7) hold and the parameters μ_0, ν_0, p_0, β, a_0, M satisfy the following relations: ∫ Ω ρ_0 v^2_0 2 dξ + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ +

+ κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ_0 , ∫ Ω |ρ_e − ρ_0| dξ ≤ δ_0 ,

||S| − |S_e|| ≤ δ_0 ,

0 < 2 3 (β − 1)^{3(β−1)2} ( β − 1 3 )^{−(3β−1)}_2 (c̃σ)^{−3(β−1)2} ·

· ( a_0ρ^β_e + c̃σ|Ω_e|^{− 13}

) 3β−1_2

|Ω_e|^{β−12} − a_0ρ^β_e ] |Ω_e|^β ≤ δ_0 , ∫ Ω ρ_0v_0(a + b × ξ)dξ = 0 , ∫ Ω ρ_0ξdξ = 0 , ∫ Ω ρ_0dξ = M , 1 2 ∫ Ω ρ_0v^2_0 dξ + a_0 (∫ Ω ρ^β_0 dξ −

M^β (c_2δ + Q_i)^{β−1} ) + + ∫ Ω ρ_0 (h(ρ_0, θ_0) − h_∗) dξ + σ [ |S| − c̃(Q_i − c_2δ)^{23} ] +

+ κ sup_t

∫_t 0 dt^′ ∫ S_t′

θ_1(s, t^′) ds ≤ δ̃ ,

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 167

where δ_0 > 0 and δ̃ > 0 are a sufficiently small constants, a and b are arbitrary constant vectors.

Next, assume that Ω is diffeomorphic to a ball and S is described by |ξ| = R̃(ω), ω ∈ S^1 (S^1 is the unit sphere), where R̃ satisfies (5.41). Finally, assume that S ∈ W^{4+ 12}_2 and that condition (5.42) is satisfied. Then there exists a global solution of problem (1.1) such that (v, ϑ_0, ϑ, ρ_σ , ρ̄_{Ωt} ) ∈ M(t) for t ∈ IR^1_+, S_t ∈ W^{4+ 12}_2 and ϕ_0(t) ≤ α_1, ‖ H(·, t) +^2_{Re} ‖^2_{,S1} ≤ α_4 .

References

[1] Beale, J.T., The initial value problem for the Navier–Stokes equations with a free boundary, Comm. Pure Appl. Math. 31 (1980), 359–392.

[2] Beale, J.T., Large time regularity for viscous surface waves, Arch. Rational Mech.

Anal. 84 (1984), 307–352.

[3] Besov, O.V., Il’in, V.P. and Nikol’skii, S.M., Integral Representations of Functions and Imbedding Theorems, Nauka, Moscow (1975) (in Russian); English transl.: Scripta Series in Mathematics, Winston and Halsted Press (1979).

[4] Landau, L. and Lifschitz, E., Mechanics of Continuum Media, Nauka, Moscow (1984) (in Russian); English transl.: Pergamon Press, Oxford (1959); new edition: Hydrodynamics, Nauka, Moscow (1986) (in Russian).

[5] Matsumura, A. and Nishida, T., The initial value problem for the equations of motion of viscous and heat — conductive gases, J. Math. Kyoto Univ. 20 (1980), 67–104.

[6] Matsumura, A. and Nishida, T., The initial value problem for the equations of motion of compressible viscous and heat — conductive fluids, Proc. Japan Acad. Ser. A 55 (1979), 337–342.

[7] Matsumura, A. and Nishida, T., The initial boundary value problem for the equations of motion of compressible viscous and heat — conductive fluids, preprint of Univ. of Wisconsin, MRC Technical Summary Report no. 2237 (1981).

[8] Matsumura, A. and Nishida, T., Initial boudary value problems for the equations of motion of general fluids, in: Computing Methods in Applied Sciences and Engineering, R. Glowinski and J.L. Lions (eds.), North–Holland, Amsterdam (1982), 389–406.

[9] Matsumura, A. and Nishida, T., Initial boundary value problems for the equations of motion of compressible viscous and heat — conductive fluids, Comm. Math. Phys. 89 (1983), 445–464.

[10] Nikolskii, S.M., Approximation of Functions of Multiple Variables and Imbedding Theorems, Nauka, Moscow (1977) (in Russian).

[11] Pileckas, K. and Zaja̧czkowski, W.M., On free boundary problem for stationary compressible Navier–Stokes equations, Comm. Math. Phys. 129 (1990), 169–204.

[12] Solonnikov, V.A., A priori estimates for parabolic equations of second order, Trudy Mat. Inst. Steklov 70 (1964), 133–212 (in Russian).

168 E. ZADRZYŃSKA AND W.M. ZAJA̧CZKOWSKI

[13] Solonnikov, V.A., On an unsteady flow of a finite mass of a liquid bounded by a free suface, Zap. Nauch. Sem. LOMI 152 (1986), 137–157 (in Russian); English transl.: J. Soviet Math. 40 (4) (1988), 672–686.

[14] Solonnikov, V.A., Solvability of the evolution problem for an isolated mass of a viscous incompressible capillary liquid, Zap. Nauch. Sem. LOMI 140 (1984), 179–186 (in Russian); English transl.: J. Soviet. Math. 32 (2) (1986), 223–238.

[15] Solonnikov, V.A., On an unsteady motion of an isolated volume of a viscous incompressible fluid, Izv. Akad. Nauk SSSR Ser. Math. 51 (5) (1987), 1065–1087 (in Russian).

[16] Solonnikov, V.A. and Tani, A., Free boundary problem for a viscous compressible flow with surface tension, in Constantine Caratheodory: An International Tribute, T.M. Rassias (ed.), Word Scientific (1991), 1270–1303.

[17] Solonnikov, V.A. and Tani, A., Evolution free boundary problem for equations of motion of viscous compressible barotropic liquid, Preprint of Paderborn University.

[18] Valli, A. and Zaja̧czkowski, W.M., Navier–Stokes equations for compressible fluids: global existence and qualitative properties of the solutions in the general case, Comm. Math. Phys. 103 (1986), 259–296.

[19] Zadrzyńska, E. and Zaja̧czkowski, W.M., On local motion of a general compressible viscous heat conducting fluid bounded by a free surface, Ann. Polon. Math. 59 (1994), 133–170.

[20] Zadrzyńska, E. and Zaja̧czkowski, W.M., On global motion of a compressible viscous heat conducting fluid bounded by a free surface, Acta Appl. Math. 37 (1994), 221–231.

[21] Zadrzyńska, E. and Zaja̧czkowski, W.M., Conservation laws in free boundary problems for viscous compressible heat conducting fluids, Bull. Polish Acad. Sci. Tech. Sci. 42 (1994), 197–207.

[22] Zadrzyńska, E. and Zaja̧czkowski, W.M., Conservation laws in free boundary problems for viscous compressible heat conducting capillary fluids, Bull. Polish Acad. Sci. Tech. Sci. 43 (1995), 423–444.

[23] Zadrzyńska, E. and Zaja̧czkowski, W.M., On differential inequality for a viscous compressible heat conducting fluid bounded by a free surface, Ann. Polon. Math. 61 (1995), 141–188.

[24] Zadrzyńska, E. and Zaja̧czkowski, W.M., On differential inequality for a viscous compressible heat conducting capillary fluid bounded by a free surface, Ann. Polon. Math. (to appear).

ON THE GLOBAL EXISTENCE THEOREM FOR A FREE BOUNDARY 169

[25] Zadrzyńska, E. and Zaja̧czkowski, W.M., On the global existence theorem for a free boundary problem for a viscous compressible heat conducting fluid, Ann. Polon. Math. 63 (1996), 199–221.

[26] Zaja̧czkowski, W.M., On nonstationary motion of a compressible barotropic viscous fluid bounded by a free surface, Diss. Math. 324 (1993).

[27] Zaja̧czkowski, W.M., On local motion of a compressible viscous fluid bounded by a free surface, in Part. Diff. Eqs., Banach Center Publ., Vol. 27, Warsaw (1992).

[28] Zaja̧czkowski, W.M., Existence of local solutions for free boundary problems for viscous compressible barotropic fluids, Ann. Polon. Math. 60 (1995), 255–287.

[29] Zaja̧czkowski, W.M., On nonstationary motion of a compressible barotropic viscous capillary fluid bounded by a free surface, SIAM J. Math. Anal. 25 (1994), 1–84.

[30] Zaja̧czkowski, W.M., Comments on the proof of global existence of solutions of free boudary problems for viscous compressible barotropic fluids, (to appear).

E. ZADRZYŃSKA W.M. ZAJA̧CZKOWSKI INSTITUTE OF MATHEMATICS INSTITUTE OF MATHEMATICS AND OPERATIONS RESEARCH MILITARY UNIVERSITY POLISH ACADEMY OF TECHNOLOGY OF SCIENCES S. KALISKIEGO 2 ŚNIADECKICH 8 01-489 WARSAW 00-950 WARSAW POLAND POLAND