Journal of Applied Analysis Vol. 2, No. 2 (1996), pp. 183–201

OPTIMALITY CONDITIONS FOR PROBLEMS WITH SET–VALUED OBJECTIVES

B. EL ABDOUNI AND L. THIBAULT

Abstract. Optimality conditions are established for mathematical programming problems where objectives and constraints are given by set– valued mappings. These conditions are stated with Lagrange multipliers associated with the coderivatives of the set-valued data.

Introduction. H.W. Corley [10, 11] and T. Tanino and Y. Sawaragi [34] have developed an important duality theory for mathematical programming problems with convex vector valued data. The dual problem appears in a natural way as a problem whose objective is a set–valued mapping. These authors have also given several applications of this duality in a series of papers [10, 11, 33, 34].

In our knowledge, the first paper establishing necessary optimality conditions for optimization problems where the objective is a set–valued mapping seems to be the one of H.W. Corley [12]. These optimality conditions are

1991 Mathematics Subject Classification. 49J52, 46B20, 58C20.

Key words and phrases. Optimality conditions, set–valued mappings, contingent derivatives, coderivatives, metric regularity, normally stable set–valued mappings. 183

formulated in terms of derivatives associated to Clarke tangent cones according to the definition introduced by J.-P. Aubin [1]. More precisely, suppose that y ∈ F (x) is an optimal solution of the problem

(P )

Minimize F (x) subject to x ∈ S and G(x) ∩ D ≠ ∅,

where F and G are set–valued mappings from a Banach space X into Banach spaces Y and Z (Y being ordered in [12] by a convex cone K with nonempty interior), S is a subset of X and D is a convex cone of Z with nonempty interior. H.W. Corley proved, for z ∈ G(x) ∩ D, the existence of a nonzero pair (y^∗, z^∗) ∈ (−K)^∘ × D^∘ such that ⟨z^∗, z⟩ = 0 and

(0.1) ⟨y^∗, y⟩ + ⟨z^∗, z⟩ ≥ 0

for all x ∈ domD_C (F_S , G_S )(x, y, z) and (y, z) ∈ D_C (F_S , G_S )(x, y, z)(x). (Here K^∘ denotes the negative polar cone of K and D_C (F_S , G_S ) denotes the derivative in the sense of J.-P. Aubin [1] relatively to the Clarke tangent cone of the set-valued mapping from X into Y × Z defined by

(F_S , G_S )(x) = F (x) × G(x) if x ∈ S and (F_S , G_S )(x) = ∅ otherwise.)

Note that D.T. Luc [26] and D.T. Luc and C. Malivert [27] have also proved for the problem (P) necessary optimality conditions similar to (0.1) but in terms of the contingent derivative of (F_S , G_S ) (instead of the Clarke tangent derivative) and with the assumption that the graph of the contingent derivative is convex. In our knowledge there is no other paper (up to now) devoted to optimality conditions for problems with set-valued objective mappings).

The aim of this paper is to establish optimality conditions with Lagrange– Kuhn–Tucker and Lagrange–Fritz–John multipliers for the problem (P) in terms of the coderivatives of the set–valued mappings F and G separately and the normal cone to S. Such conditions are more general then the ones formulated in terms of the derivative of the set-valued mapping (F_S , G_S ). Our approach allows to suppose that D is any nonempty closed subset of Z and to use any (sequentially) closed normal cone, for examples the ones by F.H. Clarke [9], A.D. Ioffe [18], B.S. Mordukhovich [28]... . Although all the results also hold for the coderivative with respect to the Mordukhovich normal cone whenever the underlying Banach spaces are Asplund (see [29] for subdifferential calculus of functions in these spaces), we will restrict ourselves (to avoid complications of notations) to Clarke and Ioffe coderivatives. Before concluding this introduction we must also say that a premilinary version (see [15]) of this common work has constitued a chapter of the second thesis of the first author.

1. Preliminaries. In this section we recall some definitions and results which will be needed later.

In all the paper X, Y and Z will be Banach spaces, X^∗, Y^∗ and Z^∗ their topological duals and B_X the closed unit ball of X (centered at the origin). Unless otherwise stated the norm on X × Y will be given by ‖(x, y)‖ = ‖x‖ + ‖y‖.

Let f : X −→ R be a locally Lipschitz function and x ∈ X. The Clarke subdifferential ∂_C f(x) of f at x is defined by (see Clarke [9])

∂_C f(x) := {x^∗ ∈ X : ⟨x^∗, v⟩ ≤ f^∘(x; v), ∀ v ∈ X}

where f^∘(x; v) := lim sup_{(t,x)−→(0}+_{,x)} t^{−1}[f(x + tv) − f(x)].

Let F be the collection of all finite dimensional subspaces of X. The approximate subdifferential (see Ioffe [18]) is defined by

∂_Af(x) := ⋂ L∈F lim sup

x−→x

∂^−f_{x+L}(x) = ⋂ L∈F lim sup

(ε,x)→(0^+,x)

∂^−_ε f_{x+L}f(x)

where f_{x+L}(u) = f(u) if u ∈ x + L and f_{x+L}(u) = +∞ otherwise, for ε ≥ 0

∂^−_ε f_{x+L}(x) := {x^∗ ∈ X^∗ : ⟨x^∗, v⟩ ≤

ε‖v‖ + lim inf

t−→0^+

t^{−1}[f_{x+L}(x + tv) − f_{x+L}(x)], ∀v}

and with the convention that ∂^− = ∂^−_ε for ε = 0. Here, for a set-valued mapping M from (a metric space) U into X^∗, x^∗ ∈ lim sup_{u−→u} M(u) means that there exists a net (u_i, x^∗_i ) ∈ Gr M := {(u, x) : u ∈ U, x^∗ ∈ M(u)} converging to (u, x^∗) with respect to the metric topology in U and the weak– star topology in X^∗. Recall (see Ioffe [18]) that (f being locally Lipschitz) one always has ∂_C f(x) = w^∗ − cl co ∂_Af(x) (the weak–star closed convex hull of ∂_Af(x)).

When f is the distance function d(.; S) to a subset S and x ∈ S, one can require x ∈ S in the limit above (see [18]), that is

∂_Ad(.; S)(x) = ⋂ L∈F lim sup

(ε,x)−→(0_+,x) x∈S ∂^−_ε d_{x+L}(.; S)(x).

So for 0 ≤ α ≤ β one has

α∂_Ad(.; S)(x) ⊂ β ∂_Ad(.; S)(x).

In the sequel we will often write ∂_Ad(x; S) in place of ∂_Ad(.; S)(x).

Consider now a set–valued mapping F from X into Y and the function Δ_F defined on X × Y by

Δ_F (x, y) = d(y, F (x)) if x ∈ dom F and Δ_F (x, y) = +∞ otherwise, where dom F := {x ∈ X : F (x) ≠ ∅} and note that one always has d(x, y; GrF ) ≤ Δ_F (x, y). F.H. Clarke [9] has often used, in optimal control theory, the function Δ_F for locally Lipschitzian set–valued mappings F and L. Thibault [37] has shown that this function can also be crucial in the study of several optimization problems even if F is not (pseudo)–Lipschitzian. Recall that F is γ–pseudo–Lipschitzian around (x, y) ∈ Gr F (see Aubin [2]) if there exists a real number r > 0 such that for all x, x^′ ∈ x + r B_X

(1.1) (y + r B_Y) ∩ F(↶) ⊂ F(↶^′) + γ‖↶ − ↶^′‖B_Y.

For such set-valued mappings F one has (see Thibault [37]) for (x, y) near (x, y)

(1.2) Δ_F (x, y) ≤ (1 + γ)d(x, y; Gr F ).

Note that this has been observed earlier by Clarke [9] for Lipschitzian setvalued mappings.

R.T. Rockafellar [32] has proved that F is γ–pseudo–Lipschitzian around (x, y) iff there exists r > 0 such that for all x, x^′ ∈ x+r B_X and y, y^′ ∈ y+r B_Y

(1.3) |d(y; F (x)) − d(y^′; F (x^′))| ≤ γ‖x − x^′‖ + ‖y − y^′‖.

These set–valued mappings will play a crucial role in our approach by using the metric regularity. An important tool, with which we will give concrete verifiable conditions ensuring metric regularity, is the notion of approximate coderivative. It will also be the key in our approach for optimality conditions for the problem (P). So we end this section by recalling that the approximate coderivative D^∗_AF (x, y) (resp. the Clarke coderivative D^∗_C F (x, y)) of F at (x, y) is the set–valued mapping from Y^∗ into X^∗ defined by

x^∗ ∈ D^∗_AF (x, y)(y^∗) ⇐⇒ (x^∗, −y^∗) ∈ R_+∂_A(↶, ↷; G∖F)

(resp. x^∗ ∈ D^∗_C F (x, y)(y^∗) ⇐⇒ (x^∗, −y^∗) ∈ R_+ ∂_C(↶, ↷; G∖F)).

2. Metric regularity. It is well–known that optimality conditions with Lagrange–Kuhn–Tucker multipliers for optimization problems with single– valued objectives require qualification assumptions. In our approach in the next section the qualification conditions satisfied by the constraints are related to the notion of metric regularity. Beginning with the papers by Robinson [30] and Ursescu [39] on set–valued mappings with closed convex graphs, several authors have studied the metric regularity of general set– valued mappings. Here we are going to consider the metric regularity of a set–valued mapping with respect to another one.

Definition 2.1. Let G_1 and G_2 be two set-valued mappings from X into Z and (x, z) ∈ GrG_1 ∩ GrG_2. We will say that G_1 is metrically regular around (x, z) relatively to G_2 if there exists γ ≥ 0 and r > 0 such that (2.1) d(x, z; GrG_1 ∩ GrG_2) ≤ γ d(z; G_1(x)) for all(x, z) ∈ (x + rB_X) × (� + ∖B_Z) ∩ G∖G_⊭.

Remarks. As (with the convention d(x; ∅) = +∞) d(x, z; GrG_1 ∩ GrG_2) ≤ d(x; G^{−1}_1 (z) ∩ G^{−1}_2 (z)) (where G^{−1}_1 (z) := {x ∈ X : z ∈ G_1(x)}) the inequality above is fulfilled when several other concepts are satisfied.

1) For G_2(x) = {0} if x ∈ S and G_2(x) = ∅ otherwise, (2.1) is implied by the assumption (2.2) d(x; S ∩ G^{−1}_1 (z)) ≤ γ d(z; G_1(x)) for all (x, z) ∈ (x + rB_X) × (∖ B_Z) ∩ S × Z. (Note that Jourani and Thibault [24] have proved that (2.2) ensures the existence of Lagrange-Kuhn-Tucker multipliers for the problem (P^′) Minimize f(x) subject to x ∈ S and 0 ∈ G_1(x) where f is a single-valued mapping from X into Y ).

2) Consider G_2 given as above and G_1(x) = −g(x) + D if x ∈ S and G_1(x) = ∅ otherwise. Then (2.1) is equivalent to the relation (2.3) d(x; S ∩ g^{−1}(D)) ≤ γ d(g(x); D) for all x ∈ (x + r B_X) ∩ S. This relation has been used in Jourani and Thibault [22] to establish optimality conditions with Lagrange-Kuhn-Tucker multipliers for the problem (P^{′′}) Minimize f(x) subject to x ∈ S and g(x) ∈ D. 3) Suppose now that g : X −→ Z is continuously differentiable at x ∈ S ∩ g^{−1}(D) and that S and D are closed convex subsets of X and Z respectively. Under the condition (2.4) 0 ∈ core [∇g(x)(S − x) − (D − g(x))] necessary optimiality conditions have been proved in Borwein [5] and Penot [30] for the problem (P”) when f is continuously differentiable. It is known that (2.4) ensures (2.3) which is equivalent in this case to (2.1).

We are going to consider some conditions in terms of coderivatives ensuring (2.1). First we will need the following proposition using ideas, introduced in metric regularity theory by Ioffe [17] and applied later by Auslender [4] and Borwein [5]. The method will be also inspired by techniques in Theorem 2.2. of Borwein and Zhuang [7], Lemma 1.2 of Jourani [20] and Theorem 3.1 of Kruger [25]. Here we will follow the approaches in [20] and [7].

Proposition 2.2. Let G_1 and G_2 be two set–valued mappings with closed graphs from X into Z and let (x, z) ∈ Gr G_1 ∩Gr G_2. If G_1 is not metrically regular at (x, z) relatively to G_2, then there exist sequences (x_n, y_n, z_n) −→ (x, z, z) and s_n ↓ 0 such that

i) y_n ∈ G_1(x_n), z_n ∈ G_2(x_n) and z_n ∉ G_1(x_n) ii) ‖z_n − y_n‖ ≤ ‖z − y‖ + s_n(‖x − x_n‖ + ‖y − y_n‖ + ‖z − z_n‖) for all (x, y, z) ∈ A := {(x, y, z) ∈ X × Z × Z : (x, y) ∈ Gr G_1, (x, z) ∈ Gr G_2}.

Proof. By definition 2.1 there exists (a_n, b_n) −→ (x, z) with (a_n, b_n) ∈ Gr G_2 such that d(a_n, b_n; Gr G_1 ∩ Gr G_2) > nd(b_n; G_1(a_n)).

It follows that b_n ∉ G_1(a_n) and there exists c_n ∈ G_1(a_n) satisfying

(2.5) d(a_n, b_n; Gr G_1 ∩ Gr G_2) > n‖b_n − c_n‖.

Since (a_n, b_n)_n converges, one has c_n −→ z. If one puts f(x, y, z) := ‖z − y‖ and ε^2_n := f(a_n, b_n, c_n) one has ε^2_n > 0 and for all (x, y, z) ∈ A

f(a_n, b_n, c_n) ≤ f(x, y, z) + ε^2_n.

Applying the Ekeland variational principle (see [13]) on A with λ_n := min{nε^2_n, ε_n} one obtains (x_n, y_n, z_n) ∈ A satisfying for all (x, y, z) ∈ A

(2.6)

‖x_n − a_n‖ + ‖y_n − c_n‖ + ‖z_n − b_n‖ ≤ λ_n f_n(x_n, y_n, z_n) ≤ f_n(x, y, z) + s_n(‖x − x_n‖ + ‖y − y_n‖ + ‖z − z_n‖),

where s_n := λ^{−1}_n ε^2_n −→ 0. Moreover (2.6) and (2.5) ensure that z_n ∉ G_1(x_n) and hence the proof is complete.

Before proving our first theorem, let us introduce the following notion.

Definition 2.3. Let G be a set–valued mapping from X into Z and (x, z) ∈ Gr G. We will say that G is partially normally stable at (x, z) (with respect to the second variable) if for any sequence (x_n, z_n) −→ (x, z) with z_n ∈ G(x_n) and any (x^∗_n, z^∗_n) ∈ ∂_Ad(x_n, z_n; Gr G) with lim ‖z^∗_n‖ ≠ 0, one has (x^∗, z^∗) ≠ (0, 0) for the limit (x^∗, z^∗) of any w^∗–convergent subnet of (x^∗_n, z^∗_n).

When z^∗ ≠ 0 for the limit (x^∗, z^∗) of any w^∗–convergent subnet, we will say that G is partially uniformly normally stable at (x, z).

Obviously any set–valued mapping is partially uniformly normally stable (hence partially normally stable) whenever the range space Z is finite dimensional. More generally, a typical example of such mappings is that of partially compactly epi–Lipschitzian.

Recall (see Jourani and Thibault [24]) that G is partially compactly epi– Lipschitzian at (x, z) if there exist a real number r > 0 and two compact subsets H and K in X and Z respectively such that

(x + rB_X) × (� + ∖B_Z) ∩ G∖ G + ≈({⊬} × ∖ B_Z) ⊂ G∖ G − ≈(H × K).

This is a slight adaptation of the definition of compactly epi–Lipchitzian sets by Borwein and Strojwas [6] to set-valued mappings.

Jourani and Thibault [24] showed that, for such a set–valued mapping, there exists γ > 0 such that for any ε ∈]0, 1] there are vectors h_1, . . . , h_m ∈ H and k_1, . . . , k_m ∈ K satisfying

ε ‖x^∗‖ + ‖z^∗‖ ≤ 3ε + γ max_{1≤i≤m} |⟨x^∗, h_i⟩| + γ max_{1≤i≤m} |⟨z^∗, k_i⟩|

for all (x, z) near (x, z) and (x^∗, z^∗) ∈ ∂_Ad(x, z; Gr G). According to this inequality, G is partially normally stable at (x, z) whenever it is partially compactly epi–Lipschitzian at (x, z).

Theorem 2.4. Let G_1 and G_2 be two set–valued mappings with closed graphs from X into Z with (x, z) ∈ Gr G_1 ∩ Gr G_2 and let A be the subset as given in the statement of Proposition 2.2. Assume that for some α > 0

(2.7) d(x, y, z; A) ≤ α [d(x, y; Gr G_1) + d(x, z; Gr G_2)]

for all (x, y, z) near (x, y, z), that G_1 or G_2 is partially normally stable at (x, z) and

(2.9) D^∗_AG_1(x, z)(0) ∩ (−D^∗_AG_2(x, z)(0)) = {0}.

If for all z^∗ ≠ 0 in Z^∗

(2.10) 0 ∉ D^∗_AG_1(x, z)(z^∗) + D^∗_AG_2(x, z)(−z^∗),

then the set-valued mapping G_1 is metrically regular at (x, z) relatively to G_2.

Proof. Assume that the metric regularity is not satisfied. By (2.7), the Clarke penalization (Proposition 2.4.3 in [9]) and Proposition 2.2, the point

(x_n, y_n, z_n) is, for some β > 0, an unconstrained local minimizer of the function

(x, y, z) −→ f(x, y, z) + β d(x, y; Gr G_1) + d(x, z; Gr G_2). An easy calculus of the subdifferential of the function (y, z) −→ ‖z − y‖ ensures that there exist (x^∗_{1,n}, z^∗_{1,n}) ∈ β ∂_Ad(x_n, y_n; Gr G_1), (x^∗_{2,n}, z^∗_{2,n}) ∈ β ∂_A d(x_n, z_n; Gr G_2) and y^∗_n ∈ Z^∗ with ‖y^∗_n‖ = 1 satisfying

‖x^∗_{1,n} + x^∗_{2,n}‖ ≤ s_n, ‖y^∗_n + z^∗_{1,n}‖ ≤ s_n and ‖ − y^∗_n + z^∗_{2,n}‖ ≤ s_n. Extracting subnets if necessary we may suppose (x^∗_{1,n}, x^∗_{2,n}, y^∗_n, z^∗_{1,n}, z^∗_{2,n})^{w∗}−→(x^∗, −x^∗, z^∗, −z^∗, z^∗) and hence (x^∗, −z^∗) ∈ β ∂_A d(x, z; Gr G_1) and (−x^∗, z^∗) ∈ β ∂_A d(x, z; Gr G_2). The partial normal stability assumption ensures that (x^∗, z^∗) ≠ (0, 0). So considering x^∗ ≠ 0 (resp. z^∗ ≠ 0) we arrive at a contradiction with (2.9) (resp. 2.10) and the proof is complete.

The proof of the following theorem is similar to the one of Theorem 2.4.

Theorem 2.5. Under the notations of Theorem 2.4, assume that (2.7) holds, that G_1 or G_2 is partially uniformly normally stable at (x, z) and that (2.10) holds. Then G_1 is metrically regular at (x, z) relatively to G_2.

Before giving some corollaries, let us consider an important case where condition (2.7) is automatically satisfied.

Proposition 2.6. Assume that G_1 : X^{−→}→ Y is γ–pseudo–Lipschitzian at (x, y) ∈ Gr G_1. Then for any G_2 : X^{−→}→ Z with z ∈ G_2(x) and for Λ := {(x, y, z) ∈ X × Y × Z : y ∈ G_1(x), z ∈ G_2(x)}, one has for k := 1 + γ and (x, y, z) near (x, y, z) d(x, y, z; Λ) ≤ k[d(x, y; Gr G_1) + d(x, z; Gr G_2)].

Proof. Fix r > 0 given by (1.1), (1.2) and (1.3) and (x, y, z) ∈ V := (x, y, r) + (r/3)B. Then for any (a, b) ∈ ((x, z) + r B) ∩ G∖ G_⊭ and any c ∈ G_1(a), we have d(x, y, z; Λ) ≤ ‖x − a‖ + ‖y − c‖ + ‖z − b‖ and hence d(x, y; z; Λ) ≤ ‖x − a‖ + ‖z − b‖ + d(y; G_1(a)).

So (1.3) ensures that

d(x, y, z; Λ) ≤ (1 + γ)‖x − a‖ + ‖z − b‖ + d(y; G_1(x))

and hence by (1.2)

d(x, y, z; Λ) ≤ (1 + γ) d(x, z; Gr G_2 ∩ ((x, z) + r B)) + (⊮ + γ)(↶, ↷; G∖ G_⊮) = (1 + γ)[d(x, y; Gr G_1) + d(x, z; Gr G_2)].

We can now state the following corollary. It is a direct consequence of Theorems 2.4 and 2.5 and Proposition 2.6 since, as easily seen, ‖x^∗‖ ≤ γ‖z^∗‖ for any x^∗ ∈ D^∗_AG_1(x, z)(z^∗) whenever G_1 is pseudo-Lipschitzian around (x, z) and Z is finite dimensional.

Corollary 2.7. Let G_1 and G_2 be two set-valued mappings with closed graphs from X into Z and let z ∈ G_1(x) ∩ G_2(x) such that

0 ∉ D^∗_AG_1(x, z)(z^∗) + D^∗_AG_2(x, z)(−z^∗) for all nonzero z^∗ in Z^∗.

Consider

i) G_1 or G_2 is pseudo-Lipschitzian at (x, z) and (2.9) holds ; ii) G_1 or G_2 is pseudo-Lipschitzian at (x, z) and Z is finite dimensional ; iii) Z is finite dimensional and (2.7) is satisfied.

Then under one of the three assertions i), ii) and iii), G_1 is metrically regular at (x, z) relatively to G_2.

3. Necessary optimality conditions. In all the sequel, K will be a convex subset of Y with int(K) ≠ ∅ and 0 ∈ K \ int_Y K, F and G will be two set-valued mappings with closed graphs from X into Y and Z and S and D will be two subsets of X and Z.

We recall that x ∈ S ∩ G^−(D) is a weak local Pareto solution for the problem

(P ) Minimize F (x) subject to x ∈ S and G(x) ∩ D ≠ ∅

if there exist a neighborhood V of x in X and a point y ∈ F (x) such that for all x ∈ V ∩ S ∩ G^−(D) and y ∈ F (x) one has y − y ∉ int_Y K.

In this case we will say that x solves locally (P) in y with respect to K. Note that the order above is not so general than the nontransitive relations considered by L. Gajek and D. Zagrodny [16] for which they established existence results for maximal points.

We start by proving the following lemma whose proof is largely inspired by a similar result in Jahn [19] (see also Thibault [38]) where the Pareto notion is considered with respect to a convex cone.

Lemma 3.1. Let y be a weak local Pareto minimum of a subset L ⊂ Y . For each point b ∈ y −^1_2 int_Y K, there exist a continuous seminorm p on Y and a neighborhood W of y such that 1 = p(y − b) ≤ p(y − b) for all y ∈ L ∩ W and p(y − b − u) ≤ p(y − b) for all u ∈ K ∩ (2y − 2b − int_Y (K)).

Proof. Put

p(y) = inf{t ∈ R : ≈ > ⊬, ≈^{−⊮}↷ ∈ ( − ↷ + K) ∩ (↷ − − K)}. Then p is a continuous seminorm (since Q := (b − y + K) ∩ (y − b − K) is a convex neighborhood of zero) and p(y−b) = 1 (since y−b is a boundary point of Q). If W denotes a neighborhood of y such that L∩W ∩(y −int_Y K) = ∅, then ((L ∩ W ) − b) ∩ int_Y Q = ∅ and hence 1 ≤ p(y − b) for all y ∈ L ∩ W.

To prove the second inequality of the lemma, it is enough to see that for any u ∈ K ∩ (2y − 2b − int_Y K) one has y − b − u ∈ Q and hence p(y − b − y) ≤ 1 = p(y − b).

The following second lemma will also be needed.

Lemma 3.2. Let p be given by the lemma above. Then for any y^∗ ∈ ∂p(y − b) (the convex subdifferential) one has y^∗ ≠ 0 and ⟨y^∗, y⟩ ≥ 0 for all y ∈ K.

Proof. If we fix y^∗ ∈ ∂p(y − b), then we have for all y ∈ Y (3.1) ⟨y^∗, y − y + b⟩ ≤ p(y) − p(y − b) and hence it is easy to see (taking y = 0 in (3.1)) that y^∗ ≠ 0. Now fix any y ∈ K. Since 2y − 2b ∈ int_Y K, there exists some t > 0 such that 2y − 2b − ty ∈ int_Y K and hence ty ∈ K ∩ (2y − 2b − int_Y K). Then it follows from (3.1) and Lemma 3.1 that ⟨y^∗, −ty⟩ ≤ p(y − b − ty) − p(y − b) ≤ 0 and hence ⟨y^∗, y⟩ ≥ 0, which completes the proof.

We can now prove necessary optimality conditions for unconstrained problems.

Theorem 3.3. Let x be a local solution in y of the problem Minimize F (x), x ∈ X.

Then there exists a nonzero y^∗ ∈ Y^∗ such that ⟨y^∗, y⟩ ≥ 0 for all y ∈ K and 0 ∈ D^∗_AF (x, y)(y^∗) (resp. 0 ∈ D^∗_C F (x, y)(y^∗)).

Proof. Lemma 3.1 and the Clarke penalization (Proposition 2.4.3 in [11]) ensure that (for some k > 0) (x, y) is a local minimizer of (x, y) −→ p(y − b) + k d(x, y; Gr F ). By subdifferential calculus rules (see [18]) one has (0, 0) ∈ {0} × ∂p(y − b) + k ∂_Ad(x, y; Gr F ) and hence there exists y^∗ ∈ ∂p(y − b) with (0, −y^∗) ∈ k ∂_Ad(x, y; Gr F ). This implies 0 ∈ D^∗_A F (x, y)(y^∗) and completes the proof since one always has D^∗_A ⊂ D^∗_C .

Remark. Note that the scalarization method by Ciligot-Travain [8] (via the signed distance function) could be also used.

Before proving optimality conditions in terms of F and G separately, we are going to establish optimality conditions in terms of the coderivative of (F, G). Recall that (F, G)(x) = F (x) × G(x).

Proposition 3.4. Assume that x is a local solution in y of the problem Minimize F (x) subject to G(x) ∩ D ≠ ∅ where D is a convex subset of Z with nonempty interior. Then for any z ∈ G(x) ∩ D there exists a nonzero pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that ⟨y^∗, y⟩ ≥ 0 for all y ∈ K and ⟨z^∗, z⟩ ≤ ⟨z^∗, z⟩ for all z ∈ D and 0 ∈ D^∗_A(F, G)(x, y, z)(y^∗, z^∗) (resp. 0 ∈ D^∗_C (F, G)(x, y, z)(y^∗, z^∗)).

Proof. For Q := −(D − z), the set K × Q is a convex subset with nonempty interior and (0, 0) ∈ (K × Q) \ int (K × Q). Denote by V a neighborhood of x over which the problem is solved by x. Then for any x ∈ V satisfying (G(x) − z) ∩ (−int_Z Q) ≠ ∅, we have F (x) − y) ∩ (−int_Y K) ≠ ∅.

Therefore for any x ∈ V we have (F (x) × G(x) − (y, z)) ∩ (−int (K × Q)) ≠ ∅ and hence x solves in y (with respect to K × Q) the unconstrained problem Minimize (F, G)(x), x ∈ X.

By Theorem 3.3 there exists a nonzero pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that (3.2) ⟨y^∗, y⟩ + ⟨z^∗, z⟩ ≥ 0 for all (y, z) ∈ K × Q and 0 ∈ D^∗_A(F, G)(x, y)(y^∗, z^∗).

Moreover it is obvious that (3.2) ensures that

⟨y^∗, y⟩ ≥ 0 for all y ∈ K and ⟨z^∗, z⟩ ≤ ⟨z^∗, z⟩ for all z ∈ D and hence the proof is complete.

Recall that F_S (x) = F (x) if x ∈ S and F_S (x) = ∅ otherwise.

Theorem 3.5. Assume that D is a convex subset with non empty interior and that x solves locally (P) in y. Then for any z ∈ G(x) ∩ D, there exists a nonzero pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that

⟨y^∗, y⟩ ≥ 0 for all y ∈ K and ⟨z^∗, z⟩ ≥ ⟨z^∗, z⟩ for all z ∈ D and 0 ∈ D^∗_A(F_S , G_S )(x, y, z)(y^∗, z^∗) (resp. 0 ∈ D^∗_C (F_S , G_S )(x, y, z)(y^∗, z^∗)).

Proof. It is enough to see that x is a local solution of the problem Minimize F_S (x) subject to G_S (x) ∩ D ≠ ∅ and to apply Theorem 3.4.

At this stage, we can already deduce the main result (Theorem 5.1) in Corley [12]. It is a direct consequence of Theorem 3.5 and the definition of the Clarke coderivative. Recall that for a set-valued mapping M from X into Z with z ∈ M(x), the Clarke tangent derivative D_C M(x, y) of M at (x, y) is the set-valued mapping from X into Z whose graph is the Clarke tangent cone to Gr M at (x, z).

Corollary 3.6. Assume that D is a convex cone with nonemtpy interior and that x is a local solution of (P) in y. Then for any z ∈ G(x) ∩ D, there exists a nonzero pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that ⟨y^∗, y⟩ ≥ 0 for all y ∈ K, ⟨z^∗, z⟩ ≥ 0 for all z ∈ D with ⟨z^∗, z⟩ = 0 and for all x ∈ dom D_C (F_S , G_S )(x, y, z) and (y, z) ∈ D_C (F_S , G_S )(x, y, z)(x).

Now we are going to establish necessary optimality conditions for the problem (P) in terms of the coderivatives of F and G separately.

Considering the particular case in definition 2.1 with G_1 = G and Gr G_2 = S × D, we will say that G is metrically regular around (x, y) relatively to S × D if there exist γ ≥ 0 and r > 0 such that (3.3) d(x, z; (S × D) ∩ Gr G) ≤ γ d(z; G(x)) for all (x, z) ∈ [(x + r B_X) × (� + ∖ B_Z)] ∩ (C × D).

In the remainder of this section we will suppose that S and D are closed subsets of X and Z, that x solves locally (P) in y and that z ∈ G(x) ∩ D. We will also suppose that F and G are pseudo-Lipschitzian around (x, y) and (x, z) respectively.

Theorem 3.7. Under the assumptions above, if G is metrically regular around (x, z) relatively to S × D, then for k > 0 large enough, there exists a pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that

y^∗ ≠ 0, ⟨y^∗, y⟩ ≥ 0 for all y ∈ K, z^∗ ∈ k ∂_Ad(z; D) (resp. z^∗ ∈ k ∂_C d(z; D)) and 0 ∈ D^∗_AF (x, y)(y^∗) + D^∗_AG(x, z)(z^∗) + k ∂_Ad(x; S) (resp. 0 ∈ D^∗_C F (x, y)(y^∗) + D^∗_C G(x, z)(z^∗) + k ∂_C d(x; S)).

Proof. If we put q(x, y, z) := p(y − b) (where p is given by Lemma 3.1), it is not difficult to see that (x, y, z) is a local minimizer of the problem Minimize q(x, y, z) subject to (x, y) ∈ Gr F and (x, z) ∈ (S × D) ∩ Gr G. Then by the Clarke penalization (see Proposition 2.4.3 in [9]), the metric regularity assumption and Proposition 2.6, for k > 0 large enough, (x, y, z) is an unconstrained local minimizer of the function (x, y, z) −→ q(x, y, z) + kd(x, y; Gr F ) + kd(x, z; Gr G) + kd(x, z; S × D). Therefore 0 is in the sum of the subdifferentials, that is there exist y^∗_1 ∈ ∂p(y − b), (x^∗_2, y^∗_2) ∈ k∂_Ad(x, y; Gr F )

(x^∗_3, z^∗_3 ) ∈ k∂_Ad(x, z; Gr G) and (x^∗_4, z^∗_4 ) ∈ k∂_Ad(x, z; S × D) such that 0 = x^∗_2 + x^∗_3 + x^∗_4, 0 = y^∗_1 + y^∗_2 and 0 = z^∗_3 + z^∗_4 .

Putting y^∗ := y^∗_1 = −y^∗_2 and z^∗ := z^∗_4 = −z^∗_3 , we obtain 0 ∈ D^∗_AF (x, y)(y^∗) + D^∗_AG(x, z)(z^∗) + k∂_Ad(x; S).

To conclude, it remains to apply Lemma 3.2 to get y^∗ ≠ 0 and ⟨y^∗, y⟩ ≥ 0 for all y ∈ K.

The corollaries below are direct consequences of Theorem 3.7, 2.4, 2.5 and Proposition 2.6.

Corollary 3.8. Suppose that, in place of the metric regularity of G in Theorem 3.7, both assumptions below are fulfilled

i) for each nonzero z^∗ ∈ R_+ ∂_A(�; D) one has (see 2.10) 0 ∉ D^∗_AG(x, z)(z^∗) + R_+∂_A(↶; S);

ii) G is partially normally stable at (x, z) and (see 2.9) D^∗_AG(x, z)(0) ∩ (−∂_Ad(x; S)) = {0}.

Then the conclusion of Theorem 3.7 holds.

Corollary 3.9. Suppose that in corollary 3.8 the assumption ii) is replaced by one of the following assumptions

iii) G is partially uniformly normally stable at (x, y) ; iv) D is normally stable at (x, y).

Then the conclusion of Theorem 3.7 holds.

According to Corolary 2.7 we also have the following corollary.

Corollary 3.10. Suppose that assumption i) in Corollary 3.8 is fulfilled and that Z is finite dimensional. Then the conclusion of Theorem 3.7 holds.

Now we are going to show that optimality conditions with Lagrange–Fritz John multipliers can be derived from the results above.

Theorem 3.11. Suppose that either assumption ii) in Corollary 3.8 is fulfilled or Z is finite dimensional. Then there exist some k > 0 and a nonzero pair (y^∗, z^∗) ∈ Y^∗ × Z^∗ such that

⟨y^∗, y⟩ ≥ 0 for all y ∈ K, z^∗ ∈ k∂_Ad(z; D) (resp. z^∗ ∈ k∂_C d(z; D)) and 0 ∈ D^∗_AF (x, y)(y^∗) + D^∗_AG(x, z)(z^∗) + k∂_Ad(x; S) (resp. 0 ∈ D^∗_C F (x, y)(y^∗) + D^∗_C G(x, z)(z^∗) + k∂_C d(x; S)).

Proof. If the assumption i) in Corollary 3.8 is satisfied, then the result follows from this corollary. Otherwise there exists a nonzero z^∗ ∈ R_+∂_A(�; D) such that 0 ∈ D^∗_AG(x, z)(z^∗) + R_+∂_A(↶; S) and hence it is enough to choose y^∗ = 0.

One can also easily derive from the results above the necessary optimality conditions established in El Abdouni and Thibault [14], Thibault [38] and Jourani [21] for Pareto optimization problems with single-valued objective mappings which are compactly Lipschitzian in the sense introduced by the second author (see [35, 36]).

4. The convex case. In this section we are going to consider the convex case. We will show in this case that all the preceding necessary optimality conditions are sufficient too.

Recall that the set-valued mapping F is convex if its graph is a convex subset of X × Y .

Theorem 4.1. Assume that F and G are convex and that S and D are convex subsets of X and Z. Let x ∈ S ∩ G^−(D) and y ∈ F (x). If there exist z ∈ G(x) ∩ D, a nonzero y^∗ in Y^∗ with ⟨y^∗, y⟩ ≥ 0 for all y ∈ K and z^∗ ∈ R_+∂_A(�; D) such that 0 ∈ D^∗_AF (x, y)(y^∗) + D^∗_AG(x, z)(z^∗) + R_+∂_A(↶; S),

then x solves the problem (P) in y.

Proof. Suppose that x does not solve (P) in y. Then, there exist x ∈ S ∩ G^−(D) and y ∈ F (x) such that

y_1 := y − y ∈ −int_Y K.

As y^∗ ≠ 0, there exists y_0 ∈ Y with ⟨y^∗, y_0⟩ > 0, and since y_1 ∈ −int_Y K, we may choose t > 0 such that −y_1 − ty_0 ∈ int_Y K which ensures

(4.1) ⟨y^∗, y_1⟩ ≤ −t⟨y^∗, y_0⟩ < 0. Moreover, we may write (because of the assumptions)

(4.2) 0 = x^∗_1 + x^∗_2 + x^∗_3 with (x^∗_1, −y^∗) ∈ R_+∂_A(↶, ↷; G∖ F), (↶^∗_⊭, −�^∗) ∈ R_+∂_A(↶, �; G∖ G) and x^∗_3 ∈ R_+∂_A(↶; S). Since x ∈ S ∩ G^−(D), there exists some z ∈ G(x) ∩ D and by subdifferential calculus rules in convex analysis we have

⟨x^∗_1, x − x⟩ − ⟨y^∗, y − y⟩ ≤ 0 and ⟨x^∗_2, x − x⟩ − ⟨z^∗, z − z⟩ ≤ 0.

Therefore ⟨x^∗_1 + x^∗_2, x − x⟩ − ⟨y^∗, y_1⟩ − ⟨z^∗, z − z⟩ ≤ 0 and hence, since x^∗_3 ∈ R_+∂_A(↶; S) and z^∗ ∈ R_+∂_A(�; D), we obtain by (4.2)

⟨y^∗, y_1⟩ ≥ −⟨x^∗_3, x − x⟩ − ⟨z^∗, z − z⟩ ≥ 0,

which is in contradiction with (4.1). So the proof is complete.

References

[1] Aubin, J.-P., Contingent derivatives of set-valued maps and existence of solutions to nonlinear inclusions and differential inclusions, Mathematical Analysis and Applications, Part A; Advances in Math. Supplementary studies, Academic Press, Vol. 7A (1981), 159–229.

[2] Aubin, J.-P., Lipschitz behavior of solutions to nonconvex problems, Math. Oper.

Res. 9 (1984), 87–111.

[3] Aubin, J.-P. and Frankowska, H., Set–Valued Analysis, Birkhäuser, Boston (1990).

[4] Auslender, A., Stability in mathematical programming with nondifferentiable data, SIAM J. Contr. and Optim. (1984), 239–254.

[5] Borwein, J.M., Stability and regular point of inequality systems, J. Optim. Theory Appl. 48 (1986), 9–52.

[6] Borwein, J.M. and Strojwas, H.M., Tangential approximations, Nonlinear Anal.

Th. Meth. Appl. 9 (1985), 1347–1366.

[7] Borwein, J.M. and Zhuang, D.M., Verifiable necessary and sufficient conditions for openness and regularity of set–valued and single–valued maps, J. Math. Anal. Appl. 134 (1988), 441–459.

[8] Ciligot–Travain, M., On Lagrange–Kuhn–Tucker multipliers for Pareto optimization problems, Numerical Functional Analysis and Optimization, 15 (1994), 689–693.

[9] Clarke, F.H., Optimization and Nonsmooth Analysis, Wiley–Interscience, New York (1983).

[10] Corley, H.W., Duality theory for maximization with respect to cones, J. Math.

Anal. Appl. 84 (1981), 560–568.

[11] Corley, H.W., Existence and Lagrange duality for maximization of set–valued functions, J. Optim. Theory Appl. 54 (1987), 489–501.

[12] Corley, H.W., Optimality conditions for maximizations of set–valued functions, J.

Optim. Theory Appl. 58 (1988), 1–10.

[13] Ekeland, I., On the variational principle, J. Math. Anal. Appl. 47 (1974), 324–353. [14] El Abdouni, B. and Thibault, L., Lagrange multipliers for Pareto nonsmooth programming problems in Banach spaces, Optimization 23 (1992), 277–286.

[15] El Abdouni, B. and Thibault, L., Conditions d’optimalité pour les problèmes d’optimisation de Pareto dont les objectifs sont des multi–applications, (1995).

[16] Gajek, L. and Zagrodny, D., Existence of maximal points with respect to ordered bipreference relations, J. Optim. Theory Appl. 70 (1991), 355–364.

[17] Ioffe, A.D., Regular points of Lipschitz mappings, Trans. Amer. Math. Soc. 251 (1979), 61–69.

[18] Ioffe, A.D., Approximate subdifferentials and applications 3 : Metric theory, Mathematika 36 (1989), 1–38.

[19] Jahn, J., Mathematical Vector Optimization in Partially Ordered Linear Spaces, Verlag Peter Lang, Frankfort am Main (1986).

[20] Jourani, A., Regularity and strong sufficient optimality conditions in differentiable optimization problems, Numer. Funct. Anal. Optim. 14 (1993), 69–87.

[21] Jourani, A., Qualification conditions for multivalued functions in Banach spaces with applications to nonsmooth vector optimization problems, Math. Programming 66 (1994), 1–23.

[22] Jourani, A. and Thibault, L., Approximations and metric regularity in mathematical programming in Banach spaces, Math. Oper. Res. 18 (1993), 390–401.

[23] Jourani, A. and Thibault, L., Metric regularity for strongly compactly Lipschitzian mappings, Nonlinear Anal. Th. Meth. Appl. 24 (1995), 229–240.

[24] Jourani, A. and Thibault, L., Verifiable conditions for openness and regularity of multivalued mappings in Banach spaces, Trans. Amer. Math. Soc. 347 (1995), 1255–1268.

[25] Kruger, A.Y., A covering theorem for set–valued mappings, Optimization 19 (1988), 763–780.

[26] Luc, D.T., Contingent derivatives of set–valued maps and applications to vector optimization, Math. Programming 50 (1991), 99–111.

[27] Luc, D.T. and Malivert, C., Invex optimization problems, Bull. Austral. Math.

Soc. 46 (1992), 47–66.

[28] Mordukhovich, B.S., Approximation Methods in Problems of Optimization and Control, Nauka Moscow (1988).

[29] Mordukhovich, B.S. and Shao, Y., Nonsmooth sequential analysis in Asplund spaces, Trans. Amer. Math. Soc.(to appear).

[30] Penot, J.-P., On the regularity conditions in mathematical programming, Math.

Prog. Study 19 (1982), 167–199.

[31] Robinson, S.M., Regularity and stability for convex multivalued functions, Math.

Oper. Res. 1 (1976), 130–143.

[32] Rockafellar, R.T., Lipschitz property of multifuncitons, Nonlinear Anal. Th.

Meth. Appl. 9 (1985), 867–885.

[33] Tanino, T., Sensitivity analysis in multi–objective optimization, J. Optim. Theory Appl. 56 (1988), 479–499.

[34] Tanino, T. and Savaragi, Y., Duality in multi–objective programming, J. Optim.

Theory Appl. 27 (1979), 509–529.

[35] Thibault, L., Sous–différentiels de fonctions vectorielles compactement lipschitziennes, C.R. Acad. Sc. Paris 286 (1978), 995–998.

[36] Thibault, L., Subdifferentials of compactly Lipschitzian vector valued functions, Annali. Math. Pura Appl. 125 (1980), 157–192.

[37] Thibault, L., On subdifferentials of optimal value functions, SIAM J. Contr. and Optim. 29 (1991), 1019–1036.

[38] Thibault, L., Lagrange–Kuhn–Tucker multipliers for Pareto optimization problems, Optimization and Nonlinear Analysis, editors A. D. Ioffe, M. Marcus and S. Reich, Pitman Research Notes in Mathematics Series (1990).

[39] Ursescu, C., Multifunctions with convex closed graphs, Czechoslovak Math. J. 22 (1975), 438–441.

B. EL ABDOUNI L. THIBAULT UNIVERSITÉ MOHAMMED V UNIVERSITÉ MONTPELLIER II DÉPARTEMENT DE MATHÉMATIQUES LABORATOIRE D’ANALYSE ET INFORMATIQUE CONVEXE B.P. 1014, RABAT CASE COURRIER 051 MAROC 34095 MONTPELLIER, CEDEX 5 FRANCE