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Abstract Given a partition A and a composition B, the stretched Kostka coefficient
Kp(n) is the map n — Ky ,p sending each positive integer n to the Kostka co-
efficient indexed by nA and ng. Kirillov and Reshetikhin (J. Soviet Math. 41(2),
925-955, 1988) have shown that stretched Kostka coefficients are polynomial func-
tions of n. King, Tollu, and Toumazet have conjectured that these polynomials always
have nonnegative coefficients (CRM Proc. Lecture Notes 34, 99-112, 2004), and
they have given a conjectural expression for their degrees (Séminaire Lotharingien
de Combinatoire 54A, 2006).

We prove the values conjectured by King, Tollu, and Toumazet for the degrees of
stretched Kostka coefficients. Our proof depends upon the polyhedral geometry of
Gelfand-Tsetlin polytopes and uses tilings of GT-patterns, a combinatorial structure
introduced in De Loera and McAllister, (Discret. Comput. Geom. 32(4), 459-470,
2004).
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1 Introduction

Kostka coefficients are important numbers appearing in many branches of mathe-
matics, including representation theory, the theory of symmetric functions, and al-
gebraic geometry (see, e.g., [4, 12, 14] and references therein). Given a dominant
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weight A and a weight 8 of the Lie algebra gl, (C), the Kostka coefficient K,z is the
dimension of the weight subspace with weight 8 of the irreducible representation V),
of gl,.(C) [5]. In the theory of symmetric functions, Kostka coefficients are defined
by the expansion of Schur functions s, into monomials. That is, given a partition A
of N € Z>o with r parts, we have that

= ). Kipxl, M
compositions
B of N

where x? =xig‘x§2 xP

Since the parameters defining a Kostka coefficient are themselves vectors, they
may be “stretched” by an integer scaling factor n. This procedure defines a function
n > Ky ng, which, following [7], we call a stretched Kostka coefficient. We denote
this function by Kyg(n) = K ns. Kirillov and Reshetikhin have shown that Ky 5(n)
is a polynomial function of n [11] (see also [3, Proposition 2.6]). King, Tollu, and
Toumazet have conjectured that these polynomials have only positive coefficients [7],
and they have given a conjectural expression for the degree of IC;g(n) [8]. The main
result of this note (Theorem 1.1 below) is that the stretched Kostka coefficients indeed
have the degrees conjectured in [8].

For our purposes, it will suffice to assume that A is a partition and B is a com-
position of the same length and size as A. That is, we take A = (A, ..., A;) € Z
such that A1 > --- > A, and B = (B1,...,B,) € Z_, such that ), B; = >, A;.
The Kostka coefficients K;g are indexed by such pairs (A, ). We sometimes write
A= (k;", ..., kn") to indicate that A has v, parts equal to k, for I < p < m. The use
of this notation always presumes that v, > 1 for 1 < p <m.

Let |A| =), A; denote the size of A. Given an arbitrary sequence of nonnegative
integers B = (B1,....By) € Z., let B = (Bi,..., B) be the unique partition that
may be produced by permuting the terms of 8. We say that A dominates 8, denoted
BLrif Al =|Bland D j_; Ak =Y 4,y B for 1 <i < r.If, in addition, D hei A >
Zf(:l Bi for 1 <i <r, we write B <1 A, and we say that A and g form a primitive
pair.

Theorem 1.1 (Proved on p. 272) Suppose that A = (Kf‘, e k™Y € 7L is a parti-

>

tion and B is a composition such that 8 <I \. Then the degree of the stretched Kostka
coefficient K, g(n) is given by

degicx,sm):(r;l)—Z(”;) ®
p=1

(where we evaluate (%) =0).!

1Equation (2) was asserted in [9, Section 7.5]. However, the statement given there omits the condition
that A and B form a primitive pair. Without this condition, the right-hand side of (2) only gives an upper
bound, as was observed in [2]. For example, take A = (4,2,1) and g = (3, 3, 1). Then deg IC;L}g (n) =0,
but the right-hand side of (2) evaluates to 1.
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Example 1.2 Let A = (4,2,2,0,0,0) = (4',22,0% and g = (3,1,1,1, 1, 1). Then
A < B, so Theorem 1.1 applies. In this case, we have r =6, v; = 1, vy =2, and
v3 = 3, so the degree of Kyg(n) is

(45)-()-()-(2) -
2 2 2 2 '

As stated, Theorem 1.1 gives the degree of a stretched Kostka coefficient only
when A and B are a primitive pair. However, Berenstein and Zelevinsky have shown
that all Kostka coefficients factor into a product of Kostka coefficients indexed by
primitive pairs [1]. It follows from this factorization that Theorem 1.1 suffices to
describe the degrees of stretched Kostka coefficients in all cases.

The factorization of Kostka coefficients works as follows. It is well known that
K p is invariant under permutations of the coordinates of 8. For example, this fol-
lows from equation (1) and the fact that Schur functions are symmetric. Consequently,
Kpn) =K, k; (n). In particular, to compute the degree of stretched Kostka coeffi-
cients, we need only consider the case where § is a partition.

Suppose that A, § € Z" are both partitions with |[A| = |8]. If > and 8 do not form
a primitive pair, then we may write A and §, respectively, as concatenations of par-
titions such that each of the partitions contained in A forms a primitive pair with
the corresponding partition contained in 8. More precisely, there exists a unique se-
quence of integers

l=i1<ih< - <isg<isgp1=r+1

such that each pair

A =0 ki1 B =Birs s Bipy—1), 1<t <s

is primitive. We then have

S
Kp= l_[ K}\(t)ﬁ(r).

t=1

This observation of Berenstein and Zelevinsky [1] is the justification for the termi-
nology primitive pair. Since the set of indices iy, ..., i;+1 decomposing (A, 8) into
primitive pairs does not change when we scale A and 8 by a parameter n, this decom-
position carries over to the stretched Kostka coefficients:

Kipn) = H’Cm)gm (n).

t=1

Consequently, we have that

deg Kyp(n) = Z deg IC; 0 g (1),

t=1

where each term in the sum may be computed using Theorem 1.1.
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This note is organized as follows. In Section 2, we discuss the polyhedral model
of Kostka coefficients using Gelfand-Tsetlin polytopes. In this context, the degrees
of stretched Kostka coefficients are the dimensions of these polytopes. We prove that
the expression in Theorem 1.1 gives the dimension of a Gelfand-Tsetlin polytope
under certain generic circumstances. In Section 3, we show that these circumstances
obtain precisely when the corresponding Kostka coefficient is indexed by a primitive
pair, proving Theorem 1.1.

2 Dimensions of Gelfand-Tsetlin polytopes

Several combinatorial interpretations of Kostka coefficients have appeared in the lit-
erature. Most classically, K, is the number of semi-standard Young tableaux with
shape A and content 8 (see, e.g., [13]). Of particular interest for our study is the rep-
resentation of Kostka coefficients as the number of lattice points in particular families
of rational polytopes. Gelfand and Tsetlin provided the first such model [6], which
we describe and employ in our study below.

The theory of lattice point enumeration has proved to be a powerful tool for un-
derstanding the behavior of Kostka coefficients. For example, Billey, Guillemin, and
Rassart have used vector partition functions to show that /C;g(n) can be expressed
as a multivariate piecewise polynomial in n and the coordinates of A and 8. They
also examined factorizations of these polynomials and gave upper bounds on their
degrees [2]. More recently, King, Tollu, and Toumazet have introduced K-hive poly-
topes [7], which they used to motivate the conjectures mentioned in the introduction.
Moreover, they deduce from their model additional information about the structure
of the polynomials KC3g(n). Among other results, they provide an interpretation for
the roots of KC;g(n).

Expressing Kostka coefficients using Gelfand—Tsetlin polytopes provides a natural
geometric interpretation of the polynomial Kyg(n) and its degree. To each Kostka
coefficient Kjg, there corresponds a Gelfand-Tsetlin polytope GT;g C RP such
that K4 = |GT;5 NZP|, where D = ("1"). As a consequence of the definition of

Gelfand-Tsetlin polytopes (Definition 2.1 below), scaling A and 8 by a positive inte-
ger n corresponds to dilating the polytope GT'g by n:

Kip(n) = InGTs5 N ZP|.

As mentioned in the introduction, Kirillov and Reshetikhin have shown that K, 5(n)
is in fact a polynomial function of n. As is well known from the theory of lattice point
enumeration in polyhedra, if the number of lattice points in an integer dilation n P of
a polytope P is a polynomial function of #, then the degree of that polynomial is the
dimension of P (see, e.g., [13, Theorem 4.6.25]). Our proof of Theorem 1.1 depends
on this interpretation of deg k') g (n) as the dimension of the Gelfand—Tsetlin polytope
GT,p, which we now define.

Let X, be the set of triangular arrays (x;;)1<;<j<r. Note that X, inherits a normed
vector space structure under the obvious isomorphism X, = R”"+1/2_ Therefore, we
will be able to speak of cones, lattices, and polytopes in X,.. It is customary to depict
an array in X, by arranging its entries as follows:
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X1r X2r X3r te Xrr
X13 X23 X33
X12 X22
X11

Within the space X, we define the cone of Gelfand—Tsetlin patterns, or GT-patterns,
as follows. A GT-pattern is a triangular array X = (x;;)1<i<j<r € X, satisfying the
Gelfand-Tsetlin inequalities

Xij+1 = Xij > Xit1,j+1, forl<i<j<r—1 3

For any point x € X, we define the highest weight hwt(x) of x to be the top row
(Xtr, ..., xrr) of X, and we define the weight wt(x) = (B1, ..., Br) of X by B1 = x11
and B; = YJ_ xij — )= xi j_1 for 2 < j < r. Thus, wt and hwt are both linear
maps X, - R".

For each A € R", let GT), be the polytope of GT-patterns with highest weight A:

GT) = {x € X, : xis a GT-pattern and hwt(x) = A}.

Note that the GT inequalities (3) force the top row of a GT-pattern to be weakly
decreasing, so GT, = @ if A is not weakly decreasing. (The converse is also true,
since if A is weakly decreasing, then (x;j)1<i<j<r With x;; = A; is a GT-pattern in
GT)..) For each B e R", let Wg C X, be the affine subspace of points in X, with
weight 8:

W ={x € X, : wt(x) = B8}.

Definition 2.1 Given A, 8 € R", the Gelfand-Tsetlin polytope GT)g is the convex
polytope of GT-patterns with highest weight A and weight 8:

GT)p = GT; N Wg.

Observe that each GT-pattern x lives in a unique GT-polytope. We denote this poly-
tope by GT (x) = GThwt(x),wt(x)-

We associate to each GT-pattern a certain combinatorial object, called a filing.
Tilings of the GT-patterns in a GT-polytope have a poset structure isomorphic to the
face lattice of the GT-polytope. In particular, the tiling of a point x provides a straight-
forward way to compute the dimension of the lowest-dimensional face of GT'(x) that
contains x (Theorem 2.4).

Definition 2.2 The tiling T of x is that partition of the set
I={G,j)eZ*:1<i<j<r)

@ Springer



268 J Algebr Comb (2008) 27: 263-273

iy QOO
S

Fig. 1 Tilings of GT-patterns
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into subsets, called tiles, that results from grouping together those entries in x that
are equal and adjacent. More precisely, 7 is that partition of Z such that two pairs
(i, j), (', j') are in the same tile if and only if there are sequences

. . . . ./
L=11,12,...,lg =1
. ./

j:jlsj29~'-9.]S=.]

such that, for each k € {1, ..., s — 1}, we have that

(ik+17 jk-‘rl) € {(lk + 1».]/( + 1)7 (lks .]k + 1)3 (lk - ]3Jk - 1)» (lks .]k - 1)}

and Xigy jiy = Xigje-

In other words, the tiles are the connected components in the graph of a Gelfand-
Tsetlin pattern. See Figure 1 for examples of GT-patterns and their tilings. The shad-
ing of some of the tiles in that figure is explained below.

Given a GT-pattern x with tiling 7, we associate to 7 (or, equivalently, to Xx) a
matrix A5 (or Ayx) as follows. Define the free rows of x to be those that are neither
the top nor the bottom row of x. The free tiles T, ..., Ty of T are those tiles in T
that intersect only free rows of x—i.e., those tiles that contain neither (1, 1) nor (7, r)
for 1 <i <r. The remaining tiles are the non-free tiles. The order in which the free
tiles are indexed will not matter for our purposes, but, for concreteness, we adopt the
convention of indexing the free tiles in the order that they are initially encountered as
the entries of x are read from left to right and bottom to top. Define the tiling matrix
Ay =Ax = (ajp)1<j<r—2,1<k<s by

ajp=#i: G, j+1)eT).

That is, a jx counts the number of entries in the jth free row of x that are contained
in the free tile Pr. While a different choice of order for the free tiles would result
in a tiling matrix with permuted columns, this will be immaterial because we will
ultimately be interested only in the rank of A4 . The terminology free tile represents
the fact that the entries in the non-free tiles of x are fixed once the weight and highest
weight of x are fixed.
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Example 2.3 Two GT-patterns and their tilings are given in Figure 1. The unshaded
tiles are the free tiles. Index the free tiles in the order that they are initially encoun-
tered as the entries of x are read from left to right and bottom to top. Then the asso-
ciated tiling matrices are respectively

L1000 100
0 1 1 0 and220
0 0 0 1 111

The primary motivation for introducing tilings of GT-patterns is the following
Theorem:

Theorem 2.4 [3, Theorem 1.5] Suppose that T is the tiling of a GT-pattern X. Then
the dimension of the kernel of Ay is equal to the dimension of the minimal (dimen-
sional) face of the GT-polytope containing X.

Theorem 2.4 was used in [3] to study the properties of vertices of GT-polytopes,
establishing in particular that they can have arbitrarily large denominators. In the
present note, we move to the opposite end of the face lattice and apply the tiling
machinery to points in the interior of GT-polytopes. We use the notation intP to
denote the relative interior of a polytope P—that is, the interior of P with respect to
the affine space that it spans. As an immediate corollary to Theorem 2.4, we get:

Corollary 2.5 Ifx € int(GT,g), then dim GT)g = dimker Ay.

If GT) # 9, the tilings of GT-patterns in the relative interior of GT', have an easy
characterization. Observe that if a block of entries xi,, Xk+1,r, ..., X¢ in the top
row of a GT-pattern all have the same value «, then the GT inequalities (3) require
that the entries x;; with k <i < £ — (r — j) all assume that same value k. These
are the entries that lie within the triangular region whose horizontal edge consists
of the entries Xk, Xk+1r, - .., X¢r and whose diagonal edges run parallel to the di-
agonals of the GT-pattern. Let T), be the tile of entries in this region. That is, if
k:(/clvl,...,/(,'i[") e R", put

-1 p
T,=1G,j)el: qu<i§qu—(r—j)}, l<p<m.
q=1 q=1

Define the generic interior tiling T, associated with A to be the tiling consisting of
these T),’s together with a distinct tile for each entry not contained in one of the
T,’s. See Figure 2 for an example of a generic interior tiling when (vy,...,vs) =
(3,1,2,1,4). The shaded tile at the bottom of the pattern, and each of the unshaded
free tiles, contains only a single entry.

The next theorem characterizes when a GT-pattern x has the generic interior tiling
and gives the dimension of the GT-polytope containing x. This is the main result from
which Theorem 1.1 will follow.
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Fig. 2 The tiling of a point in
the interior of GT,

Fig. 3 Filling of a portion of
the generic interior tiling

Theorem 2.6 Let A = (Kf', k) eR.

(1) A GT-pattern x € GT)_is in the relative interior of GT),_ if and only if the tiling of
X is the generic interior tiling T;..
(2) If x has the generic interior tiling T, and m > 2, then

dim GT(x) = (r;1> —Z(Uz”)

p=1
(where we evaluate (;) =0).

Proof To prove part (1), note that the GT inequalities (3) include the facet-defining
inequalities of GT, in X,. A point X lies in the relative interior of GT) if and only if
x satisfies with equality only those GT-inequalities that are satisfied with equality by
every point in GT;.

We claim that the GT-inequalities satisfied with equality by every point in GT),
are precisely the ones implied by forcing each entry in T, to be equal to «, for
1 < p <m. Since every point in GT', must satisfy those equalities, it remains only to
exhibit a point x € GT, satisfying only those equalities. That is, we need to construct
an x € GT, with the generic interior tiling.

For 1 < p <m — 1, consider the upper-left-to-lower-right diagonals that abut the
tile T,,. Let S, be the set of entries in these diagonals. Apply a total order to S, by
reading each diagonal from left to right, and then reading the diagonals themselves
from left to right. Finally, construct x by assigning values to the entries in S, accord-
ing to a strictly monotonically decreasing function mapping ), into the open interval
lp+1, kp[. For example, in the portion depicted in Figure 3, we fill the tiles with
strictly decreasing values in the order indicated by the arrows. It is easy to see that x
is a GT-pattern and that its tiling is 73, so part (1) is proved.
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To prove part (2), suppose that x has the generic interior tiling. Then, by
part (1), we have that x € int(GT(x)). Thus, we can apply Corollary 2.5 to com-
pute dim GT (x). The hypothesis that m > 2 implies that every free row of X contains
a free tile. Hence, each of the r — 2 rows of the tiling matrix Ax contains a nonzero
entry. Moreover, since every free tile of the generic interior tiling 7, contains only a
single entry, every column of Ay contains only a single 1. Thus, Ay is in reduced row
echelon form (perhaps after a suitable permutation of its columns, which amounts to
re-indexing the free tiles). This means that

dim GT (x) = dimker Ay
= (# of columns of Ax) — (dimension of row span of Ay)
= (# of free tiles in 7;) — (r — 2).

Thus the computation reduces to finding the number of free tiles in 7}, which is easily

done:
(;) (1Tl —vp) — 1= (;) = <v2p> ~1
p=1 p=1
Hence,
wmaro=(3)-$(3)--0-(3)-£(3)
p=1 p=1
as claimed. O

3 The degree of stretched Kostka coefficients

In the previous section, we showed that if the interior points of GT'g have the generic
interior tiling, then the dimension of GTg is given by the expression in Theorem 1.1.
To complete our proof of Theorem 1.1, it remains only to show that, if 8 < A, then
the interior points of GT'g have the generic interior tiling. To this end, we call upon
a well-known fact from the theory of convex polytopes.

Lemma 3.1 Given a polytope P C R™ and a linear map w:R™ — R”", we have that
int(zr (P)) C w(intP).

The converse containment is also true and easy to prove, but it is unnecessary for
our purposes. It is also worth mentioning that this is the point at which the geometry
of convex polyhedra is crucial to the argument. Lemma 3.1 does not hold for every
polyhedral set, even if it is connected and full-dimensional. For completeness, we
now give a proof of Lemma 3.1.

Proof of Lemma 3.1 Without loss of generality, we assume that dim P = m and
dimm (P) = n. Suppose that y ¢ m(intP). We show that y ¢ int(zr(P)) by exhibit-
ing an “exit vector” y such that, for every ¢ > 0, y 4+ ¢y ¢ 7 (P). Since we assume
that 7 (P) is full-dimensional, this will prove the claim.
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Since y ¢ m(intP), we have that n_l(y) NintP = . The sets n_l(y) and intP
are both convex, so there is a hyperplane H separating them. Let x € R” be a normal
to H pointing away from P. Then, for every x’ € 7' (y) and & > 0, we have that
x'+ex ¢ P.Let y=m(x). Suppose that ¢ > 0 and that x € R™ is such that 7 (x) =
y +¢ey. Then x —ex e 771 (y), so x =x — ex + X ¢ P. In other words, y + ¢y ¢
7 (P), proving the claim. U

Let D(A) C R” be the image of GT under the map wt: X, — R". Note that for
B € D(A), we have GTg = wt~1(B) N GT,. It is well known that GTyg #9 if and
only if B < A [10]. For, if 8 < A, then Kjg > 0 (see, e.g., [5, Exercise A.11]), so
GT g contains an integral point. Conversely, if GT’g # ¢, then some integral multiple
nGT)p = GTy) »p contains an integral point. Hence, Ky »s > 0, so n < nA. Since
the relative order of two weights is not changed by scaling both by #, it follows that
B < X. This establishes the following lemma:

Lemma 3.2 Suppose that . € Z" is a partition. Then D(A) = {8 € R" : § < 1}. Con-
sequently, if B <\ A, then B € int(D(X)).

Putting together the preceding results, we are now ready to prove Theorem 1.1
from page 264.

Proof of Theorem 1.1 The claim is trivial if r = 1, so suppose that r > 2. From
Lemmas 3.2 and 3.1, we have that

B int(D(1)) C wt(int(GT»)).

Hence,
GT)g Nint(GT}) = wt_l(,B) Nint(GT)) # 0.

Choose x € GTg Nint(GT},). By part (1) of Theorem 2.6, x has the generic interior
tiling 7;. Note that since § < A, we must have that m > 2, for otherwise the GT-
inequalities would force 8; = A1. Hence, we may apply part (2) of Theorem 2.6 to
compute the dimension of GT'(x) = GT)g. Since the dimension of GT)g is the degree
of KC;g(n) [13, Theorem 4.6.25], this yields

deg KCyp(n) = dim GT ;g = dim GT'(x)
1 - v
_ ("~ _ p
p=1
as claimed. O

Acknowledgements The author wishes to thank Christophe Tollu and Frederic Toumazet for exposing
him to their conjecture, and Jestis De Loera for helpful comments and suggestions. The author also thanks
the anonymous referees for suggestions improving the exposition.

@ Springer



J Algebr Comb (2008) 27: 263-273 273

References

. Berenstein, A. D., & Zelevinsky, A. V. (1990). When is the multiplicity of a weight equal to 1?.

Funktsional’nyi Analiz i ego Prilozheniya, 24(4), 1-13, 96.

Billey, S., Guillemin, V., & Rassart, E. (2004). A vector partition function for the multiplicities
of sl C. Journal of Algebra, 278(1), 251-293.

De Loera, J. A., & McAllister, T. B. (2004). Vertices of Gelfand-Tsetlin polytopes. Discrete and
Computational Geometry, 32(4), 459—470. arXiv:math.CO/0309329.

Fulton, W. (1997). Young tableaux. London mathematical society student texts (Vol. 35). Cambridge:
Cambridge University Press. With applications to representation theory and geometry.

Fulton, W., & Harris, J. (1991). Representation theory. Graduate texts in mathematics (Vol. 129). New
York: Springer. A first course, Readings in Mathematics.

Gelfand, I. M., & Tsetlin, M. L. (1950). Finite-dimensional representations of the group of unimodular
matrices. Doklady Akademii Nauk SSSR (N.S.), 71, 825-828. English translation in Collected papers
(Vol. 11, pp. 653-656). Springer, Berlin, 1988.

King, R. C., Tollu, C., & Toumazet, F. (2004). Stretched Littlewood-Richardson and Kostka coeffi-
cients. In Symmetry in physics. CRM proc. lecture notes (Vol. 34, pp. 99—112). Providence: Am. Math.
Soc.

King, R. C., Tollu, C., & Toumazet, F. (2006). The hive model and the factorisation of Kostka coeffi-
cients. Séminaire Lotharingien de Combinatoire, 54A, Article B54Ah.

Kirillov, A. N. (2001). Ubiquity of Kostka polynomials. In Physics and combinatorics, Nagoya, 1999
(pp- 85-200). River Edge: World Sci. Publishing. arXiv:math.QA/9912094.

Kirillov, A. N., & Berenstein, A. D. (1995). Groups generated by involutions, Gel’fand-Tsetlin pat-
terns, and combinatorics of Young tableaux. Algebra i Analiz, 7(1), 92-152. Translation in St. Peters-
burg Mathematical Journal, 7(1) (1996), 77-127.

. Kirillov, A. N., & Reshetikhin, N. Y. (1986). The Bethe ansatz and the combinatorics of Young

tableaux. Zapiski Nauchnykh Seminarov Leningradskogo Otdelenia Matematicheskogo Instituta
im. VA. Steklova (LOMI) (Differentsialnaya Geometriya, Gruppy Li i Mekhanika VIII), 155 65-115,
194. Translation in Journal of Soviet Mathematics, 41(2) (1988), 925-955.

Stanley, R. P. (1977). Some combinatorial aspects of the Schubert calculus. In Lecture notes in math-
ematics: Vol. 579. Combinatoire et représentation du groupe symétrique (pp. 217-251). Actes Table
Ronde CNRS, Univ. Louis-Pasteur Strasbourg, Strasbourg, 1976. Berlin: Springer.

Stanley, R. P. (1997). Enumerative combinatorics, Vol. 1. Cambridge studies in advanced mathematics
(Vol. 49). Cambridge: Cambridge University Press. With a foreword by Gian-Carlo Rota, Corrected
reprint of the 1986 original.

Stanley, R. P. (1999). Enumerative combinatorics, Vol. 2. Cambridge studies in advanced mathematics
(Vol. 62). Cambridge: Cambridge University Press. With a foreword by Gian-Carlo Rota and appendix
1 by Sergey Fomin.

@ Springer



	Degrees of stretched Kostka coefficients
	Abstract
	Introduction
	Dimensions of Gelfand-Tsetlin polytopes
	The degree of stretched Kostka coefficients
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


