Journal of Convex Analysis Volume 5 (1998), No. 1, 171–186

Homogenization of Periodic Finsler Metrics

M. Amar

Dipartimento di Matematica, Università di Pavia, 27100 Pavia, Italy.

e-mail: amar@dragon.ian.pv.cnr.it

E. Vitali

Dipartimento di Matematica, Università di Pavia, 27100 Pavia, Italy.

e-mail: vitali@dimat.unipv.it

Received March 26, 1996 Revised manuscript received September 12, 1997

We prove an homogenization result in W^{1,1} and in BV for a sequence (F_ε) of functionals of the form

F_ε(u) =

Z_1 0 f( u ε , u^0) dt where ε is a positive parameter which tends to zero, f : R^n × R^n → [0, +∞) is [0, 1)^n-periodic in the first variable, convex in the second variable and satisfies a suitable growth condition of order one.

Under the additional assumption that f(x, ·) is positively 1-homogeneous, we show how our result is equivalent to the analogous homogenization result (dealt with by Acerbi and Buttazzo) in which growth conditions of order p > 1 are considered.

Keywords: Homogenization, Γ-convergence, BV-functions

1991 Mathematics Subject Classification: 49N20, 35B27

1. Introduction

Let us consider a functional F : W^{1,1}((0, 1); R^n) → [0, +∞) of the type:

F (u) =

∫_1 0 f(u, u^′) dt , (1.1) where the Borel function f : R^n × R^n → [0, +∞) is assumed to be convex and positively 1-homogeneous in the second variable and satisfies the following growth condition: λ|ξ| ≤ f(x, ξ) ≤ Λ|ξ| for every (x, ξ) ∈ R^n × R^n, with 0 < λ ≤ Λ < +∞. It is known that the integral functional defined in (1.1) represents the length of a curve u associated to the Finsler metric f (see [9]). Note the absence of regularity (apart from Borel measurability) in the first variable; the main reason being the fact that in some problems of geometry, physics and engineering (such as, for instance, fields theory, general relativity, geometrical optics etc...) we have to consider metrics with singularities. We recall that the case of a Riemannian manifold falls within this setting taking f of the special form f(x, ξ) = √ g_{ij} (x)ξ^iξ^j .

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

172 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

The main result of this paper is an homogenization theorem concerning a sequence of functionals of the type (1.1). Actually, we will study a more general situation.

Let f : R^n × R^n → [0, +∞) be a Borel function satisfying the following properties:

f(x, ·) is convex for every x ∈ R^n; (1.2) f(·, ξ) is [0, 1)^n-periodic for every ξ ∈ R^n; (1.3) λ|ξ| ≤ f(x, ξ) ≤ Λ(1 + |ξ|) for every (x, ξ) ∈ R^n × R^n, (1.4)

where 0 < λ ≤ Λ < +∞ are fixed constants. For every ε > 0 and u ∈ W^{1,1}((0, 1); R^n), set F_ε(u) =

∫_1 0 f (u ε , u^′ ) dt. We shall prove that, for ε going to zero, F_ε tends (technically, Γ-converges on W^{1,1}((0, 1);

R^n) with respect to the L^1-topology) to the functional defined by

F (u) =

∫_1 0 ϕ(u^′)dt for every u ∈ W^{1,1}((0, 1); R^n), (1.5)

where ϕ : R^n → [0, +∞) is a convex function satisfying (1.4) and given by

ϕ(ξ) = lim_{ε→0+} [ inf {∫_1 0 f( u ε , u^′) dt : u ∈ W^{1,1}((0, 1); R^n), u(0) = 0, u(1) = ξ }] , for every ξ ∈ R^n (see Theorem 3.1). An analogous result in Sobolev spaces W^{1,p}((0, 1);

R^n), with p > 1, was proved by Acerbi and Buttazzo in [1].

In the study of minimum problems involving the functionals F_ε the linear growth (1.4) does not allow the use of the direct methods of the Calculus of Variations, due to the lack of compactness of minimizing sequences. This naturally leads to extend F_ε to the whole space BV ((0, 1); R^n) of functions of bounded variation, with F_ε = +∞ outside W^{1,1}((0, 1); R^n). Also for such extensions we give an homogenization theorem, proving that the limit is just the L^1-lower semicontinuous envelope on BV ((0, 1); R^n) of the functional which coincides with F , given in (1.5), on W^{1,1}((0, 1); R^n), and takes the value +∞ otherwise (see Theorem 5.2).

Finally, a particular attention is given to the case of periodic Finsler metrics (i.e. when f is positively 1-homogeneous in the second variable). Indeed, in this case, the homogenization result can be proved in a simpler way, by using a reparametrization technique; moreover, it is possible to show the equivalence with the analogous result on the homogenization of metrics with growth p > 1 proved by Acerbi and Buttazzo in [1] (see Remark 4.3).

The paper is organized as follows: in Section 2 we recall some definitions and state some results on Γ-convergence. In Section 3, we prove the homogenization result in W^{1,1}((0, 1); R^n) and in Section 4 we specialize it in the positively 1-homogeneous case. Finally, in Section 5 and 6 we study the homogenization in BV ((0, 1); R^n) without and with boundary conditions, respectively.

Acknowledgements. We thank Prof. Gianni Dal Maso for suggesting us the problem and for the useful discussions.

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 173

2. Notation, preliminaries and first results

Throughout the paper n ≥ 1 is a fixed integer. We set I = (0, 1). We denote by

A(R) the family of all bounded open subsets of R. If B is a Borel subset of R, |B| is

its Lebesgue measure. Given an open set A ⊆ R, we denote by C^∞_0 (A) the set of the infinitely differentiable real valued functions with compact support contained in A. The spaces L^p(A; R^n) and W^{1,p}(A; R^n), (1 ≤ p ≤ +∞, A open subset of R) will be simply denoted by L^p(A) and W^{1,p}(A), respectively.

We recall that the space BV (A) of functions of bounded variation on an open subset A of

R and with values in R^n can be defined as the space of those functions u ∈ L^1(A) whose

distributional derivative u^′ is a vector-valued Radon measure for which the total variation in A, denoted by |u^′|(A) or ∫ A |u^′|, is finite. We indicate by u^′_a and u^′_s the absolutely continuous and the singular part of the derivative u^′ with respect to the Lebesgue measure, and we set u^+(t_0) = lim_{t→t+} 0 u(t), u^−(t_0) = lim_{t→t}� 0 u(t). Let ϕ : R^n → [0, +∞) be a convex function such that there exists Λ > 0 with ϕ(ξ) ≤ Λ(1 + |ξ|) for every ξ ∈ R^n; then the limit

ϕ^∞(ξ) = lim_{t→+∞} ϕ(tξ) t exists and is finite for every ξ ∈ R^n, thus defining the so-called recession function ϕ^∞ : R^n → [0, +∞) of ϕ. Note that ϕ^∞ is positively homogeneous of degree 1. For every A ∈ A(R) and u ∈ BV (A) we set ∫ A ϕ(u^′) = ∫ A ϕ(u^′_a) dt + ∫ A ϕ^∞( u^′_s |u^′_s| )|u^′_s| (2.1)

where u^′_s |u^′_s| is the Radon-Nikodym derivative of u^′_s with respect to its total variation, and

the last integral denotes the integration of ϕ^∞(^u

0_s |u0_{s|} ) with respect to |u^′s|. Formula (2.1) defines a “natural” extension of ∫ A ϕ(u^′) dt from W^{1,1}(A) to BV (A); indeed, by [13], the right-hand side of (2.1) is the L^1(A)-lower semicontinuous envelope on BV (A) of the functional which takes the value ∫ A ϕ(u^′) dt on the functions u ∈ W^{1,1}(A) and +∞ on BV (A) \ W^{1,1}(A).

Γ-convergence

Let X be a metric space endowed with a metric d. Let (F_h) be a sequence of functionals defined on X with values in [−∞, +∞]. For every x ∈ X we set ( Γ- lim inf h→+∞ F_h ) (x) = inf { lim inf h→+∞ F_h(x_h) : d(x_h, x) → 0 }

( Γ- lim sup h→+∞ F_h ) (x) = inf { lim sup h→+∞ F_h(x_h) : d(x_h, x) → 0 } . We say that the sequence (F_h) Γ-converges to a functional F : X → [−∞, +∞] with respect to the topology induced by d, and we write F_h^Γ→ F or Γ- lim_{h→+∞} F_h = F , if ( Γ- lim inf h→+∞ F_h ) (x) = ( Γ- lim sup h→+∞ F_h ) (x) = F (x)

174 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

for every x ∈ X. This means that for every x ∈ X: (a) if (x_h) converges to x then F (x) ≤ lim inf_{h→+∞} F_h(x_h) and (b) there exists a sequence (x_h) converging to x such that

F (x) = lim_{h→+∞} F_h(x_h). It turns out that Γ- lim inf_{h→+∞} F_h, Γ- lim sup_{h→+∞} F_h, and Γ- lim_{h→+∞} F_h are

lower semicontinuous on X.

If (F_h) is a constant sequence, i.e. F_h = F for every h and for some functional F , then the Γ-limit exists and is given by the lower semicontinuous envelope of F .

Given a family (F_ε)_{ε>0} of functionals on X, we say that it Γ-converges to a functional F for ε which tends to 0 if (F_{εh} ) Γ-converges to F whenever (ε_h) is an infinitesimal sequence of positive numbers. We define (see [5, Proposition 3.3]) ( Γ- lim inf ε→0+ F_ε ) (x) = inf{ ( Γ- lim inf h→+∞ F_{εh} ) (x) : (ε_h) infinitesimal sequence} ( Γ- lim sup ε→0+ F_ε ) (x) = sup{ ( Γ- lim sup h→+∞ F_{εh} ) (x) : (ε_h) infinitesimal sequence} .

Both functionals are lower semicontinuous on X.

For the definitions and the main properties of Γ-convergence and relaxation we refer to [10, 11, 6, 7].

Setting of the problem and first results

Let f : R^n × R^n → [0, +∞) be a Borel function satisfying the following properties

f(x, ·) is convex for every x ∈ R^n; (2.2) f(·, ξ) is [0, 1)^n-periodic for every ξ ∈ R^n; (2.3) λ|ξ| ≤ f(x, ξ) ≤ Λ(1 + |ξ|) for every (x, ξ) ∈ R^n × R^n, (2.4)

where 0 < λ ≤ Λ < +∞ are fixed constants. For every ε > 0 and A ∈ A(R) we define F_ε(u, A) = {∫ A f (_u ε , u^′ ) dt if u ∈ W^{1,1}(A) +∞ if u ∈ BV (A) \ W^{1,1}(A).

(2.5)

Remark 2.1. For every A ∈ A(R) set G(u, A) = ∫ A |u^′| dt if u ∈ W^{1,1}(A), and G(u, A) = +∞ if u ∈ BV (A)\W^{1,1}(A). By standard lower semicontinuity and approximation results for functions of bounded variations (see, e.g., [12]), it turns out that the L^1(A)-lower semicontinuous envelope of G(·, A) is given by G(u, A) = ∫ A |u^′| (2.6)

for every u ∈ BV (A). Therefore, estimates (2.4) on f imply that for every A ∈ A(R) the Γ-lower and the Γ-upper limits of any sequence (F_{εh} (·, A)) with respect to the L^1(A)- topology are finite on BV (A). In particular, if the sequence admits a Γ-limit F (·, A), then λ ∫ A |u^′| ≤ F (u, A) ≤ Λ ( |A| + ∫ A |u^′| ) (2.7)

for every u ∈ BV (A).

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 175 Proposition 2.2. Let (F_{εh} ) be a sequence of functionals as defined in (2.5), with ε_h → 0. Then there exists a subsequence (F_{εσ(h)} ) of (F_{εh} ) and a functional F defined on the pairs (u, A) with A ∈ A(R) and u ∈ BV (A), such that

F_{εσ(h)} (·, A)^Γ→ F (·, A) on BV (A) with respect to the L^1(A)-topology, for every A ∈ A(R). Moreover, for every such set A and u ∈ BV (A) there exists a Borel measure on A which coincides with F (u, ·) on the open subsets of A. Remark 2.3. The result of this proposition clearly implies that

F_{εσ(h)} (·, A)^Γ→ F (·, A) on W^{1,1}(A) with respect to the L^1(A)-topology.

The proof of Proposition 2.2 relies on the following technical lemma, which will be needed later on, too, and which can be obtained following the proof of Theorem 19.1 in [7]. Lemma 2.4. For every η > 0 and for every A^′, A^{′′}, B ∈ A(R), with A^′ ⊂⊂ A^{′′}, there exists a constant M > 0 with the following property: for every ε > 0, u ∈ W^{1,1}(A^{′′}) and v ∈ W^{1,1}(B) there exists a function φ ∈ C^∞_0 (A^{′′}), with φ = 1 in a neighbourhood of A^′ and 0 ≤ φ ≤ 1 such that F_ε(φu + (1 − φ)v, A^′ ∪ B) ≤ (1 + η)[F_ε(u, A^{′′}) + F_ε(v, B)] + M‖u − v‖_L1_{(S)} + η, where S = (A^{′′} \ A^′) ∩ B.

Proof (of Proposition 2.2). The compactness for the Γ-convergence (see Theorem 16.9 in [7]) guarantees the existence of a subsequence (F_{εσ(h)}) with the following property: if for every A ∈ A(R) we denote by F^−(·, A) and F^+(·, A) the Γ-lower and the Γ-upper limits, respectively, of the sequence (F_{εσ(h)} (·, A)) on BV (A), then the inner regular envelopes of F^+ and F^− have a common value F (u, A) at every pair (u, A) with A ∈ A(R) and u ∈ BV (A); i.e. F (u, A) = sup{F^±(u, A^′) : A^′ ∈ A(R), A^′ ⊂⊂ A}. By means of Lemma 2.4 and standard techniques it is possible to see that F^+(u, ·) is inner regular on A for every u ∈ BV (A), so that F ≤ F^− ≤ F^+ = F . In other words, we have the convergence of (F_{εσ(h)} (·, A)) to F (·, A) on BV (A).

The measure property of F (u, ·) follows from Theorem 18.5 in [7], taking into account Lemma 2.4.

3. Homogenization in W^{1,1} Here and in the sequel f is the function introduced in Section 2 satisfying conditions (2.2), (2.3) and (2.4), and (F_ε) is the family of functionals defined in (2.5). In this section we prove the following result.

Theorem 3.1. For every bounded open subset A of R the limit Γ- lim_{ε→0+} F_ε(·, A) exists on W^{1,1}(A) with respect to the L^1(A)-topology, and, for every u ∈ W^{1,1}(A), takes the value F (u, A) = ∫ A ϕ(u^′) dt , (3.1)

176 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

where ϕ : R^n → [0, +∞) is a convex function such that

λ|ξ| ≤ ϕ(ξ) ≤ Λ(1 + |ξ|), for every ξ ∈ R^n. (3.2)

Moreover, ϕ is given by the following formula:

ϕ(ξ) = lim_{ε→0+} [ inf {∫_1 0 f( u ε , u^′) dt : u ∈ W^{1,1}(I), u(0) = 0, u(1) = ξ }] , (3.3)

for every ξ ∈ R^n. Finally, for every A ∈ A(R) and u_0 ∈ W^{1,1}(A) the family (F_ε(·, A)) Γ-converges to F (·, A) on u_0 + W^{1,1}_0 (A) with respect to the L^1(A)-topology.

Proposition 3.2. The limit in (3.3) exists for every ξ ∈ R^n and defines a continuous function ϕ : R^n → [0, +∞) satisfying (3.2).

Proof. The existence of the limit in (3.3) can be obtained as in Proposition III.8 in [1], the proof of which is independent of the fact that the growth condition for f is of order p > 1. Estimates (3.2) are an easy consequence of (2.4). Let us come to the proof of the continuity.

For every ε > 0 and ξ ∈ R^n set

M_ε(ξ) = inf {∫_1 0 f( u ε , u^′) dt : u ∈ W^{1,1}(I), u(0) = 0, u(1) = ξ } . (3.4)

Fix ξ, ζ ∈ R^n and ε > 0. Let u ∈ W^{1,1}(I), with u(0) = 0 and u(1) = ξ. For any σ ∈ (0, 1), define

v_σ(t) = { u(t) if 0 ≤ t ≤ 1 − σ; u(1 − σ) +^{t−(1−σ)}_σ [ζ − u(1 − σ)] if 1 − σ ≤ t ≤ 1.

Then, v_σ ∈ W^{1,1}(I), v_σ(0) = 0 and v_σ(1) = ζ. Hence, it follows that

M_ε(ζ) ≤ ∫_1 0 f (v_σ ε , v^′_σ ) dt ≤ ∫_1 0 f (u ε , u^′ ) dt + Λ ∫_1 1−σ ( 1 + 1 σ |ζ − u(1 − σ)| ) dt ≤ ∫_1 0 f (u ε , u^′ ) dt + Λ(σ + |ζ − u(1 − σ)|). When σ tends to 0 we obtain M_ε(ζ) ≤ ∫_1 0 f (u ε , u^′ ) dt + Λ|ζ − ξ|. Taking the infimum with respect to u and hence passing to the limit, we have

lim_{ε→0+} M_ε(ζ) ≤ lim_{ε→0+} M_ε(ξ) + Λ|ζ − ξ|.

The result follows by symmetry.

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 177 Lemma 3.3. Let (ε_h) be an infinitesimal sequence of positive numbers such that for every A ∈ A(R) the limit F (·, A) = Γ- lim_{h→+∞} F_{εh} (·, A) exists on W^{1,1}(A) or on BV (A) (with respect to the L^1(A)-topology). Then for every u ∈ W^{1,1}(A) or, respectively, u ∈ BV (A), and for every ζ ∈ R^n and T ∈ R we have F (u + ζ, A) = F (u, A), F (u ∘ ψ_T , A + T ) = F (u, A), where ψ_T (t) = t − T .

Proof. The proof is an easy consequence of the definition of Γ-convergence, taking into account that ζ ∈ R^n can be approximated by a sequence (ε_hm_h) with m_h ∈ Z^n. Proof (of Theorem 3.1). Assume that (ε_h) is an infinitesimal sequence of positive numbers such that for every A ∈ A(R) the limit F (·, A) = Γ- lim_{h→+∞} F_{εh} (·, A) exists on W^{1,1}(A) (with respect to the L^1(A)-topology). We set u_ξ(t) = tξ for ξ ∈ R^nand t ∈ R. Step 1. We prove that there exists a convex function ϕ_0 : R^n → [0, +∞) such that F (u, A) = ∫ A ϕ_0(u^′) dt

for every A ∈ A(R) and u ∈ W^{1,1}(A). Let A ∈ A(R) be fixed. Then for every u ∈ W^{1,1}(A) and E open subset of A (a) F (u, E) = F (v, E) if u = v a.e. on E;

(b) there exists a Borel measure on A which coincides with F (u, ·) on the open subsets of A;

(c) F (u, E) ≤ Λ ∫ E (1 + |u^′|) dt; (d) F (u + ζ, E) = F (u, E) for every ζ ∈ R^n;

(e) F (·, E) is sequentially weakly lower semicontinuous on W^{1,1}(A). Indeed, property (a) is obvious, (b), (c) and (d) follow from Proposition 2.2, Remark 2.1 and Lemma 3.3, respectively, while (e) is an immediate consequence of the fact that F is a Γ- limit with respect to the L^1-topology.

Therefore we can apply Theorem 1.1 in [4] (see also [2]): the function

ϕ_0(t, ξ) = lim sup_{ρ→0+} F (u_ξ, (t − ρ, t + ρ)) 2ρ (3.5)

gives the integral representation F (u, A) = ∫ A ϕ_0(t, u^′) dt for every u ∈ W^{1,1}(A). By (3.5) and Lemma 3.3 we obtain that ϕ_0(t, ξ) is constant with respect to the first variable; thus we can drop the dependence on t. Moreover, the function ϕ_0 is a convex function and it is not difficult to see that (2.7) and (3.5) implies (3.2) for ϕ_0; hence, the function ϕ_0 turns out to be continuous. Step 2. ϕ(ξ) ≤ ϕ_0(ξ) for every ξ ∈ R^n.

178 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

Let ξ ∈ R^n. From the definition of Γ-limit there exists a sequence (u_h) in W^{1,1}(I) converging to u_ξ in L^1(I), such that lim h→+∞ F_{εh} (u_h, I) = F (u_ξ, I) = ϕ_0(ξ).

By Lemma 2.4 for every 0 < η < 1/2 there exists M > 0 such that for every h ∈ N we can find a function w_h ∈ W^{1,1}(I) with w_h(0) = 0 and w_h(1) = ξ such that

F_{εh} (w_h, I) ≤ (1 + η)[F_{εh} (u_h, I) + F_{εh} (u_ξ, A_η)] + M‖u_h − u_ξ‖_L1_{(I)} + η,

where A_η = (0, η) ∪ (1 − η, 1). Then by formula (3.3) for ϕ

ϕ(ξ) ≤ lim inf h→+∞ F_{εh} (w_h, I) ≤ (1 + η) ( ϕ_0(ξ) + 2Λ(1 + |ξ|)η ) + η. We conclude letting η tend to 0. Step 3. ϕ(ξ) ≥ ϕ_0(ξ) for every ξ ∈ R^n.

Since ϕ and ϕ_0 are continuous (Proposition 3.2 and Step 1 above) we can assume ξ ∈ Q^n. Let M_ε(ξ) be as in (3.4). Fix σ > 0; then there exist η > 0 and u ∈ W^{1,1}(I), with u(0) = 0, u(1) = ξ, such that

∫_1 0 f ( u η , u^′ ) dt ≤ M_η (ξ) + σ 2 ≤ lim_{ε→0+} M_ε(ξ) + σ 2 + σ 2 = ϕ(ξ) + σ . (3.6)

Set v(t) = u(t) − u_ξ(t), when t ∈ [0, 1] and extend v by periodicity on the whole real line. For every h ∈ N, let us define

w_h(t) = u_ξ(t) + ε_h η v ( t (ε_h/η) ) for every t ∈ R.

Since v is bounded, (w_h) converges to u_ξ in the L^1(I)-topology. Moreover, since ξ ∈ Q^n, we may assume that η is such that ξ/η ∈ Z^n. Hence, we have

∫_1 0 f ( w_h ε_h , w^′_h ) dt ≤ [ ηε h ] ∑ j=0 ∫_{(j+1)}^εh_η j εhη f ( 1 η u( t ε_h/η − j) + j ξ η , u^′( t ε_h/η − j) ) dt

≤ ( 1 + ε_h η ) ∫_1 0 f ( u η , u^′ ) dt. Passing to the lower limits and taking into account (3.6), we obtain

F (u_ξ, I) ≤ lim inf_{h→+∞}

∫_1 0 f ( w_h ε_h , w^′_h ) dt ≤ lim_{h→+∞} ( 1 + ε_h η ) ∫_1 0 f ( u η , u^′ ) dt = ∫_1 0 f ( u η , u^′ ) dt ≤ ϕ(ξ) + σ. Since, by Step 1, F (u_ξ, I) = ϕ_0(ξ), the result follows letting σ tend to 0. Step 4. Up to now we have proved that all the Γ-convergent sequences (F_{εh} ), with ε_h → 0, have the same limit, given by (3.1). Taking into account Proposition 2.2, we obtain

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 179

the Γ-convergence of (F_ε) by applying Proposition 8.3 in [7] (Urysohn property of Γconvergence), which asserts that (F_{εh} ) converges to F if and only if every subsequence of (F_{εh} ) contains a further subsequence converging to F .

Step 5. Let A ∈ A(R) and u_0 ∈ W^{1,1}(A). In order to prove the Γ-convergence on u_0 + W^{1,1}_0 (A) it is now sufficient to show that for every u ∈ u_0 + W^{1,1}_0 (A) we can find a sequence (w_h) in u_0 + W^{1,1}_0 (A) such that

lim sup h→+∞ F_{εh} (w_h, A) ≤ F (u, A). From the convergence of (F_{εh} (·, A)) on W^{1,1}(A) we obtain a sequence (u_h) in W^{1,1}(A) which converges to u in L^1(A) and such that lim_{h→+∞} F_{εh} (u_h, A) = F (u, A). Fix η > 0 and

K compact subset of A. Apply Lemma 2.4 to join the functions u_h and u, with A^{′′} = A, A^′ ⊇ K, B = A \ K. Then there exists a constant M > 0 and a sequence (w_h) in u_0 + W^{1,1}_0 (A) converging to u in L^1(A), such that

F_{εh} (w_h, A) ≤ (1 + η)[F_{εh} (u_h, A) + F_{εh} (u, A \ K)] + M‖u_h − u‖_L1_{(A)} + η .

Since F_{εh} (u, A \ K) ≤ Λ ∫ A\K (1 + |u^′|) dt, we conclude by passing to the upper limit and taking the arbitrariness of η and K into account.

Since this holds for any sequence (F_{εh} ), the theorem follows taking into account Proposition 8.3 in [7], as in Step 4.

4. Homogenization in W^{1,1} : the positively homogeneous case

In this section we assume that the integrand function f in (2.5) is positively homogeneous of degree 1 in the second variable, i.e.

f(x, αξ) = αf(x, ξ) for every (x, ξ) ∈ R^n × R^n and α > 0. (4.1)

In Remark 4.3 we point out how, under this additional condition on f, Theorem 3.1 is equivalent to the analogous homogenization theorem proved in [1] for integrand functions satisfying a growth condition of order p > 1. We shall also see (Remark 4.4) how Theorem 3.1 can be obtained in a simpler way, if (4.1) holds.

The key fact is that the positive 1-homogeneity makes the functional F_ε(·, J) (J open interval) invariant under reparametrizations of curves in W^{1,1}(J); more precisely, if u, v ∈ W^{1,1}(J) and v = u ∘ τ with τ an absolutely continuous, increasing function from J onto J, then F_ε(u, J) = F_ε(v, J).

Lemma 4.1. Let J be a bounded open interval of R, and u_0 ∈ W^{1,1}(J). Let (u_h) be a sequence in u_0 + W^{1,1}_0 (J), bounded in W^{1,1}(J). Then, for every h ∈ N, there exists a Lipschitz function τ_h from J onto J with strictly positive derivative a.e. and such that (u_h ∘ τ_h) is a sequence of Lipschitz functions which is bounded in W^{1,∞}(J) and belongs to u_0 + W^{1,1}_0 (J).

Proof. It is not restrictive to assume J = (0, 1). For every h ∈ N set L_h =

∫_1 0 |u^′_h| dt, and let σ_h : [0, 1] → [0, 1] be the function defined by

σ_h(t) = ∫_t 0 1 + |u^′_h| 1 + L_h dτ.

180 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

Clearly, σ_h(0) = 0, σ_h(1) = 1 and σ^′_h > 0 a.e.. Set τ_h = σ^{−1}_h and v_h = u_h ∘ τ_h; it is easy to see that τ_h and v_h are absolutely continuous and

v^′_h(s) = u^′_h(τ_h(s))

1 + L_h 1 + |u^′_h(τ_h(s))| for a.e. s ∈ J . (4.2)

By assumption (L_h) has an upper bound, say C; then (v_h) is a sequence of Lipschitz functions whose Lipschitz constants are bounded by 1 + C.

The following proposition is a bit more general than what needed in the subsequent remark, which relates the homogenization results for 1-homogeneous and p-homogeneous integrand functions.

Proposition 4.2. Let p > 1. For every ε > 0 let f_ε : R^n × R^n → [0, +∞) be a Borel function satisfying the following properties

f_ε(x, ·) is positively homogeneous of degree 1 for every x ∈ R^n λ|ξ| ≤ f_ε(x, ξ) ≤ Λ(1 + |ξ|) for every (x, ξ) ∈ R^n × R^n,

where 0 < λ ≤ Λ < +∞ are fixed constants. For every A ∈ A(R), u ∈ W^{1,1}(A) and v ∈ W^{1,p}(A) define F_ε(u, A) = ∫ A f_ε(u(t), u^′(t)) dt , G_ε(v, A) = ∫ A ( f_ε(v(t), v^′(t)) )_p dt. Then (F_ε(·, A)) Γ-converges on W^{1,1}(A) with respect to the L^1(A)-topology for every A ∈

A(R) if and only if (Gε(·, A)) Γ-converges on W^{1,p}(A) with respect to the L^p(A)-topology

for every A ∈ A(R). If F (·, A) and G(·, A) are their respective Γ-limits, then there exists a Borel function f : R^n × R^n → [0, +∞) such that F (u, A) = ∫ A f(u, u^′) dt , G(v, A) = ∫ A ( f(v, v^′) )_p dt whenever u ∈ W^{1,1}(A) and v ∈ W^{1,p}(A).

Proof. Step 1. Let (ε_h) be an infinitesimal sequence such that for every A ∈ A(R) the sequences (F_{εh} (·, A)) and (G_{εh} (·, A)) Γ-converge on W^{1,1}(A) in the L^1(A)-topology and, respectively, on W^{1,p}(A) in the L^p(A)-topology; let F (·, A) and G(·, A) be their respective limits. Then there exist Borel functions f, g : R^n × R^n → [0, +∞) such that F (u, A) = ∫ A f(u, u^′) dt , G(v, A) = ∫ A g(v, v^′) dt for every A ∈ A(R), u ∈ W^{1,1}(A) and v ∈ W^{1,p}(A). Moreover,

f(x, ξ) = lim inf_{η→0+} 1 η inf{F (u, (0, η)) : u ∈ W^{1,1}(0, η), u(0) = x, u(η) = x + ηξ} , (4.3)

g(x, ξ) = lim inf_{η→0+} 1 η inf{G(v, (0, η)) : v ∈ W^{1,p}(0, η), v(0) = x, v(η) = x + ηξ} , (4.4) whenever (x, ξ) ∈ R^n × R^n.

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 181

These facts are an easy consequence of Theorem 7.1 in [3] and Theorem 6.1 in [2] (growth condition of order p > 1 or p = 1 respectively). We want to show that g = f^p.

Let (x, ξ) ∈ R^n × R^n and η > 0 be fixed. Define

I_h = inf{F_{εh} (u, (0, η)) : u ∈ W^{1,1}(0, η), u(0) = x, u(η) = x + ηξ} (4.5) J_h = inf{G_{εh} (v, (0, η)) : v ∈ W^{1,p}(0, η), v(0) = x, v(η) = x + ηξ} . (4.6)

We show that

J_h = η^{1−p}(I_h)^p. (4.7)

Let v be an admissible function for problem (4.6). By Jensen’s inequality we have G_{εh} (v, (0, η)) = ∫_η 0 ( f_{εh} (v, v^′) )_p dt ≥ η^{1−p} (∫^η 0 f_{εh} (v, v^′) dt )_p ≥ η^{1−p}(I_h)^p .

We prove that this lower bound is actually the infimum J_h. For every δ > 0 let u_δ be an admissible function for problem (4.5) such that F_{εh} (u_δ, (0, η)) ≤ I_h + δ. Consider the function σ_δ : [0, η] → [0, η] defined by

σ_δ(t) = γ^{−1}_δ ∫_t 0 (f_{εh} (u_δ, u^′_δ) + δ) ds , where γ_δ =^1_η ∫_η 0 (f_{εh} (u_δ, u^′_δ) + δ) ds. Thus, σ_δ is an absolutely continuous function with strictly positive derivative a.e. and σ_δ(0) = 0, σ_δ(η) = η; then its inverse τ_δ is an absolutely continuous function from [0, η] onto [0, η] with strictly positive derivative a.e., and v_δ = u_δ ∘ τ_δ is absolutely continuous. From the growth conditions of f_{εh} it follows that v^′_δ is bounded; in particular v_δ ∈ W^{1,p}(0, η). Moreover, we have ∫_η 0 ( f_{εh} (v_δ, v^′_δ))^p ds = γ^p_δ ∫_η 0 ( f_{εh} (u_δ(τ_δ(s)), u^′_δ(τ_δ (s))) )_p( f_{εh} (u_δ(τ_δ(s)), u^′_δ(τ_δ(s)) + δ) )_{−p} ds ≤ ηγ^p_δ ≤ η (1 η (I_h + δ) + δ )_p . When δ tends to 0 the last term tends to η^{1−p}(I_h)^p, hence J_h ≤ η^{1−p}(I_h)^p. This proves (4.7).

Let now (δ_h) be an infinitesimal sequence of positive numbers; for every h ∈ N let u_h be an admissible function for problem (4.5) such that F_{εh} (u_h, (0, η)) ≤ I_h + δ_h. In view of the invariance of F_{εh} (·, (0, η)) with respect to reparametrizations, we can replace (u_h) by the sequence obtained from Lemma 4.1 applied to (u_h). It can be easily verified that Lemma 2.4 holds without change for the family (F_ε) now under consideration. Thus, as in Step 5 in the proof of Theorem 3.1, we deduce the Γ-convergence of (F_{εh} (·, (0, η)) on {u ∈ W^{1,1}(0, η) : u(0) = x, u(η) = x + ηξ}. By Corollary 7.20 in [7] it follows that

inf{F (u, (0, η)) : u ∈ W^{1,1}(0, η), u(0) = x, u(η) = x + ηξ} = lim_{h→+∞} I_h.

The same result for the sequence (G_{εh} (·, (0, η))) can be obtained by analogous techniques: see Theorems 21.1 and 7.8 in [7]. Thus inf{G(v, (0, η)) : v ∈ W^{1,p}(0, η), v(0) = x, v(η) = x + ηξ} = lim_{h→+∞} J_h .

182 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

Therefore, in view of (4.7),

g(x, ξ) = lim inf_{η→0+} 1 η lim h→+∞ η^{1−p}(I_h)^p = ( lim inf η→0+ 1 η lim h→+∞ I_h )_p = (f(x, ξ))^p .

Step 2. As remarked above, Lemma 2.4 still holds for the sequence (F_ε) we deal with at present. As a consequence, we obtain for (F_ε) the compactness property stated in Proposition 2.2. The analogous result for the family (G_ε) follows from Theorem 19.6 in [7]. This, together with Step 1, allows to conclude the proof of the Proposition, taking into account the Urysohn property of Γ-convergence (see [7, Proposition 8.3]).

Remark 4.3. [1] deals with the homogenization of functionals G_ε(u, A) = ∫ A g( u ε , u^′) dt , where A ∈ A(R), u ∈ W^{1,p}(A), p > 1, and g(x, ξ) is a non-negative Borel function periodic in x, convex in ξ and such that λ|ξ|^p ≤ g(x, ξ) ≤ Λ(1 + |ξ|^p) (0 < λ ≤ Λ < +∞) for every (x, ξ) ∈ R^n × R^n. Theorem III.1 in [1] proves that for every A ∈ A(R) the limit Γ- lim_{ε→0+} G_ε(·, A) exists on W^{1,p}(A) with respect to the L^p(A)-topology, and can be represented in the form ∫ A φ(u^′) dt , where φ : R^n → [0, +∞) is a convex function satisfying

λ|ξ|^p ≤ φ(ξ) ≤ Λ(1 + |ξ|^p), for every ξ ∈ R^n.

By means of Proposition 4.2 this result implies Theorem 3.1 in case f (the integrand function in the definition of F_ε) is positively 1-homogeneous in the second variable (take g = f^p). On the contrary, if g is positively p-homogeneous in the second variable, then the homogenization result of Theorem III.1 in [1] follows from Theorem 3.1.

Remark 4.4. We point out that if f is positively 1-homogeneous with respect to the second variable, then Step 3 in the proof of Theorem 3.1 can be obtained in the following way. Let M_ε(ξ) be as in (3.4). For any h ∈ N and σ > 0, there exists u^σ_h ∈ W^{1,1}(I) such that u^σ_h(0) = 0, u^σ_h(1) = ξ and F_{εh} (u^σ_h, I) = ∫_1 0 f ( u^σ_h ε_h , (u^σ_h)^′ ) dt ≤ M_{εh} (ξ) + σ . In particular F_{εh} (u^σ_h , I) ≤ ∫_1 0 f ( tξ ε_h , ξ ) dt + σ ≤ Λ(1 + |ξ|) + σ ;

by the growth condition (2.4), it follows that ‖(u^σ_h)^′‖_L1_{(I)} is bounded indipendently of h. Now, let τ^σ_h : [0, 1] → [0, 1] and v^σ_h = u^σ_h ∘ τ^σ_h be as in Lemma 4.1; then, there exists v^σ ∈ W^{1,1}(I), with v^σ(0) = 0 and v^σ(1) = ξ, such that, up to a subsequence, (v^σ_h ) converges to v^σ uniformly on [0, 1]. Thanks to the homogeneity of f, we have F_{εh} (v^σ_h , I) = F_{εh} (u^σ_h, I).

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 183

Passing to the lower limits, using Jensen’s inequality and taking into account Proposition 3.2, we have

ϕ_0(ξ) = ϕ_0 (∫_1 0 (v^σ)^′ ds ) ≤ ∫_1 0 ϕ_0((v^σ)^′) ds = F (v^σ, I) ≤ lim inf_{h→+∞} F_{εh} (v^σ_h , I)

= lim inf h→+∞ F_{εh} (u^σ_h, I) ≤ lim_{h→+∞} M_{εh} (ξ) + σ = ϕ(ξ) + σ.

We conclude letting σ tend to 0.

Remark 4.5. We observe that the functional F (·, I) is lower semicontinuous on W^{1,1}(I) with respect to the L^1(I)-topology, since it is a Γ-limit. Therefore, an application of Lemma 4.1 guarantees the existence of a solution to the problem of minimizing F (·, I) on the space of curves belonging to W^{1,1}(I), whereas in the general case with linear growth, the lack of compactness of the minimizing sequences leads to introduce the space BV , in order to obtain a solution for the minimum problem. This latter case will be treated in the next section.

5. Homogenization in BV

We now study the homogenization in the space BV . To this purpose, we recall the following result from [8, Theorem 3.5].

Theorem 5.1. Let F be a functional with values in [0, +∞) defined on the pairs (u, A) with A ∈ A(R) and u ∈ BV (A), and satisfying the following properties: for every A ∈

A(R), u, v ∈ BV (A) we have

(i) F (u + ζ, A) = F (u, A) for every ζ ∈ R^n;

(ii) F (u ∘ ψ_T , A + T ) = F (u, A) for every T ∈ R, where (ψ_T ∘ u)(t) = u(t − T ); (iii) F (u, A) ≤ Λ(|A| + |u^′|(A)); (iv) there exists a Borel measure μ on A such that μ(E) = F (u, E) for every open subset E of A;

(v) F (·, A) is sequentially L^1(A)-lower semicontinuous; (vi) F (u, A) = F (v, A) when u = v a.e. on A;

(vii) inf_{τ >0} R_τ F (·, I_0) is sequentially L^1(I_0)-lower semicontinuous at u_ξ for every ξ ∈ R^n and for every bounded open interval I_0 with 0 ∈ I_0 and |I_0| = 1;

here R_τ F (w, I_0) =^1_τ F (O 1_τ w, τ I_0), O 1_τ w(t) = τ u(^t_τ ), and u_ξ(t) = tξ. Then there exists a Borel function ϕ_0 : R^n → [0, +∞) such that F (u, A) = ∫ A ϕ_0(u^′_a) dt + ∫ A ϕ^∞_0 ( u^′_s |u^′_s| ) |u^′_s| for every A ∈ A(R) and u ∈ BV (A). (5.1)

Theorem 5.2. For every bounded open subset A of R, the limit Γ- lim_{ε→0+} F_ε(·, A) exists on BV (A) with respect to the L^1(A)-topology, and, for every u ∈ BV (A), takes the value F (u, A) = ∫ A ϕ(u^′_a) dt + ∫ A ϕ^∞( u^′_s |u^′_s| ) |u^′_s|, (5.2)

where ϕ is given in (3.3).

184 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics

Proof. Let (ε_h) be an infinitesimal sequence of positive numbers such that for every A ∈

A(R) the limit F (·, A) = Γ- lim_{h→+∞} Fε_h (·, A) exists on BV (A), according to Proposition 2.2.

By Lemma 3.3, we obtain that F satisfies (i), and (ii) of Theorem 5.1 and by (2.7) and Proposition 2.2 it follows that F satisfies (iii) and (iv) of Theorem 5.1, respectively. Finally, (v) and (vi) are an immediate consequence of the fact that F (·, A) is a Γ-limit with respect to the L^1(A)-topology. Hence, in order to represent F in integral form, it is enough to prove that property (vii) of Theorem 5.1 holds, too.

Let u ∈ BV (I), τ > 0, and (v_h) a sequence in W^{1,1}(τ I_0) converging to O 1_τ u and such that

F (O 1_τ u, τ I_0) = lim_{h→+∞} F_{εh} (v_h, τ I_0).

For every h ∈ N, let u_h(t) =^1_τ v_h(τ t); clearly, u_h ∈ W^{1,1}(I_0) and (u_h) converges to u in L^1(I_0). Then, it follows that

R_τ F (u, I_0) = 1 τ F (O 1_τ u, τ I_0)

= lim_{h→+∞} 1 τ F_{εh} (v_h, τ I_0) = lim_{h→+∞} ∫ I0 f( u_h ε_h/τ , u^′_h) dt ≥ G(u), where G = Γ- lim_{ε→0+} F_ε(·, I_0). Passing to the infimum when τ > 0, we have

inf_{τ >0} R_τ F (u, I_0) ≥ G(u) for every u ∈ BV (I_0). (5.3)

Let (u_h) be a sequence in BV (I_0) converging to u_ξ in L^1(I_0); recalling the lower semicontinuity of G, by (5.3) we have

lim inf h→+∞ inf_{τ >0} R_τ F (u_h, I_0) ≥ lim inf_{h→+∞} G(u_h)

≥ G(u_ξ ) = inf_{τ >0} R_τ F (u_ξ, I_0).

Indeed, since u_ξ ∈ W^{1,1}(I_0), by Theorem 3.1, G(u_ξ ) = F (u_ξ, I_0) = ∫ I0 ϕ(ξ) dt = inf_{τ >0} R_τ F (u_ξ, I_0). This proves property (vii).

By Theorem 5.1 we conclude that F can be represented as in (5.1). In view of Theorem 3.1, ϕ_0 = ϕ.

Since we have proved that all the Γ-convergent sequences (F_{εh} ) have the same limit, we can conclude as in Step 4 of the proof of Theorem 3.1.

6. Homogenization in BV with boundary data Let a, b ∈ R^n be fixed. For every ε > 0 and u ∈ BV (I) define

F^0_ε (u) = {∫ I f(^u_ε , u^′) dt if u ∈ W^{1,1}(I), u(0) = a, u(1) = b, +∞ otherwise on BV (I).

M. Amar, E. Vitali / Homogenization of periodic Finsler metrics 185

Theorem 6.1. The limit Γ- lim_{ε→0+} F^0_ε exists on BV (I) with respect to the L^1(I)-topology, and, for every u ∈ BV (I), takes the value

F^0(u) = ∫ I ϕ(u^′_a) dt + ∫ I ϕ^∞( u^′_s |u^′_s| ) |u^′_s| + ϕ^∞(u^+(0) − a) + ϕ^∞(b − u^−(1)), (6.1)

where ϕ is defined in (3.3).

Proof. Denote by Φ(u) the right-hand side in (6.1). Let (ε_h) be an infinitesimal sequence of positive numbers.

Step 1. We prove that Φ ≤ Γ − lim inf_{h→+∞} F^0_{εh} on BV (I).

Let (u_h) be a sequence in W^{1,1}(I) which converges in L^1(I) to a function u ∈ BV (I) and such that u_h(0) = a and u_h(1) = b. For every σ > 0 let I_σ = (−σ, 1 + σ) and define ~u_h and ~u as the extensions of u_h and u, respectively, to I_σ with value a on (−σ, 0) and b on (1, 1 + σ). Then by Theorem 5.2 Φ(u) ≤ ∫ Iσ ϕ(~u^′_a) dt + ∫ Iσ ϕ^∞( ~u^′_s |~u^′_s| )| ≤ lim inf h→+∞ F_{εh} (~u_h, I_σ) ≤ lim inf_{h→+∞} F^0_{εh} (u_h) + 2Λσ|~u^′_s|.

Let now σ tend to 0.

Step 2. We prove that Γ − lim sup_{h→+∞} F^0_{εh} ≤ Φ on BV (I).

Let u ∈ BV (I) and σ > 0. Define J_σ = (σ, 1 − σ) and

u_σ = a on (0, σ), u on J_σ, b on (1 − σ, 1).

By Theorem 5.2 there exists a sequence (u_h) in W^{1,1}(I) which converges to u_σ in L^1(I) and lim h→+∞ F_{εh} (u_h, I) = ∫ I ϕ(u^′_σ) . Apply Lemma 2.4 with A^{′′} = I ⊃⊃ A^′ ⊃⊃ J_σ , B = I \ J_σ , u = u_h and v = u_σ . Then for every η > 0 we can find a sequence (w_h) in W^{1,1}(I), with w_h(0) = a and w_h(1) = b, which converges to u_σ in L^1(I) and

lim sup h→+∞ F_{εh} (w_h, I) ≤ (1 + η)[ ∫ I ϕ(u^′_σ) + 2Λσ] + η .

Thus ( Γ − lim sup h→+∞ F^0_{εh} ) (u_σ) ≤ (1 + η)[ ∫ I ϕ(u^′_σ) + 2Λσ] + η .

186 M. Amar, E. Vitali / Homogenization of periodic Finsler metrics Now let η and σ tend to 0; taking into account the lower semicontinuity of the upper Γ-limit we have ( Γ- lim sup h→+∞ F^0_{εh} ) (u) ≤ lim inf_{σ→0+} ∫ I ϕ(u^′_σ) ≤ lim inf σ→0+ [ ∫ I ϕ(u^′) + ϕ^∞(u^+(σ) − a) + ϕ^∞(b − u^−(1 − σ)) + 2Λσ] = Φ(u) .

References [1] E. Acerbi, G. Buttazzo: On the limits of periodic Riemannian metrics, Journal d’Analyse Mathématique 43 (1983/84) 183–201.

[2] M. Amar: Integral representation of functionals defined on curves of W^{1,1}_{loc} (R), Bollettino U.M.I. (7) 10-B (1996) 359–380.

[3] M. Amar, G. Bellettini, S. Venturini: Integral representation of functionals defined on curves

of W^{1,p}, to appear in Proc. Royal Soc. of Edinburgh.

[4] G. Buttazzo, G. Dal Maso: Integral representation and relaxation of local functionals, Nonlin. Anal. TMA 9 (1985) 515–532.

[5] G. Buttazzo: Su una definizione generale dei Γ-limiti, Bollettino U.M.I. 14-B(V) (1977) 722–744.

[6] G. Buttazzo: Semicontinuity, Relaxation and Integral Representation Problems in the Calculus of Variations, Pitman Res. Notes in Math., Longman, Harlow, 1989.

[7] G. Dal Maso: An Introduction to Γ-convergence, Birkhäuser, Boston, 1993. [8] R. De Arcangelis, G. Gargiulo: Homogenization of integral functionals with linear growth defined on vector-valued functions, Nonlinear Differential Equations and Applications 2 (1995) 371-416.

[9] G. De Cecco, G. Palmieri: Distanza intrinseca su una varietà finsleriana di Lipschitz, Rend.

Acc. Naz. delle Scienze detta dei XL, Memorie di Matematica XVII(1) (1993) 129–151. [10] E. De Giorgi, T. Franzoni: Su un tipo di convergenza variazionale, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 58(8) (1975) 842–850.

[11] E. De Giorgi, T. Franzoni: Su un tipo di convergenza variazionale, Rend. Sem. Mat. Brescia 3 (1979) 63–101.

[12] E. Giusti: Minimal Surfaces and Functions of Bounded Variation, Birkhäuser, Boston, 1984. [13] C. Goffman, J. Serrin: Sublinear functions of measures and variational integrals, Duke Math. J. 31 (1964) 159–178.