Journal of Convex Analysis Volume 5 (1998), No. 2, 381–395

A Viability Result in the Upper Semicontinuous Case^∗

Andrea Gavioli

Dipartimento di Matematica Pura ed Applicata, Università di Modena, Via G. Campi 213/B, 41100 Modena, Italy. e-mail: gavioli@unimo.it

Received May 20, 1996 Revised manuscript received May 12, 1997

We prove the existence of solutions of a differential inclusion u^0 ∈ F (t, u) in a separable Banach space X with constraint u(t) ∈ D(t). F is globally measurable, weakly upper semicontinuous with respect to u and takes convex, weakly compact values. D is upper semicontinuous from the left, and, for every r > 0, the sets D(t) ∩ rB are compact. F and D fulfil a well-known tangential condition, which is expressed by means of the Bouligand cone.

1. Introduction

In this paper we are going to deal with a differential inclusion of the kind u^′ ∈ F (t, u), where F (t, u) is a closed, convex subset of a separable Banach space X. The growth of F with respect to u is at most linear, while u is subject to the constraint u(t) ∈ D(t), t ∈ I ⊆ R. In this field, several results were achieved in the last years, first in the case D(t) ≡ D, then in the general case: we recall the books by Aubin-Cellina [3], Aubin [2], Deimling [15], and the wide references therein. In particular, as regards the upper semicontinuous case, we refer to Haddad [19], Deimling [12,13], Tallos [22], Bressan [7], and more recent works by Benabdellah-Castaing-Ibrahim [4], Bothe [5,6], Castaing-Moussaoui-Syam [9], Cavallucci [11], Malaguti [20], Frankowska-Plaskacz [18].

As is known, any viability result needs a tangential condition, in order to keep the trajectory u(t) inside D(t). In some recent papers, the following property is required, at least almost everywhere: whenever u ∈ D(t), the set F (t, u) must contain a vector v such that (1, v) ∈ T_Γ(t, u), where Γ is the graph of D and T_Γ(z) is the Bouligand cone of Γ at the point z = (t, u) (Def. 2.2). This assumption looks quite natural, since the vector (1, u^′(t)), where it exists, lies in the Bouligand cone of Γ at z = (t, u(t)).

If F is globally upper semicontinuous, and the graph of D is closed, the proof can be reduced to the autonomous case, and the given conditions are known to be enough to ensure the existence of global solutions, at least when X = R^p (see, for instance, [12] for the case D(t) ≡ D). If the dimension of X is not finite, some further assumptions must be introduced, about F or D: for instance, if nothing more is required on D, the non-compactness measure of the sets F (t, u) should be controlled in some way, as in [15, §9]. An alternative approach, which is adopted in [20] and the present paper, leads to the

�Work partially supported by G.N.A.F.A.-C.N.R. and partially by M.U.R.S.T.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

382 A. Gavioli / A viability result in the upper semicontinuous case

following assumptions: for every r > 0 the sets D(t)∩rB are compact, but the sets F (t, u) are only supposed to be weakly compact. Moreover, in this context, it looks natural to assume that F is upper semicontinuous with respect to the weak topology on the space of its values (“scalarly” upper semicontinuous) as in [9], [20].

Further difficulties arise when F (t, u) is upper semicontinuous only with respect to u, since the reduction to the autonomous case does not look easy (see [13], [4], [5]). In particular, an example in [5] shows that solutions could miss even if F is measurable with respect to t. Indeed, in [5], F is supposed to be almost upper semicontinuous, that is to say, for every ϵ > 0, upper semicontinuous on sets of the kind Γ ∩ (I_ϵ × X), where the measure of I\I_ϵ does not exceed ϵ. Here we like better to assume that F is upper semicontinuous with respect to u and globally measurable, that is measurable with respect to the product of the Lebesgue σ-field on I with the Borel σ-field on X. As is known, the two assumptions are equivalent if X is a euclidean space, and also in more general cases (see, for instance, [23, Thm. 2]). As far as we know, however, the question is left open in our context: indeed, the space where F takes its values is endowed with the weak topology, which does not fulfil the assumptions of [23].

In the case X = R^p , our main result (Theorem 2.3) is equivalent to Theorem 1 of [5] (see Remark 2.10), and strongly related to Theorem 3.1 of [18]. When the dimension of X is not finite, the main difference with respect to [6, §3] lies in the assumptions about compactness and upper semicontinuity, which here are referred to the weak topology in the space where F takes its values. Furthermore, our approximate solutions are built in a different way, since we do not suppose (at least directly) that F is almost upper semicontinuous. Indeed, our approach is rather direct, since it relies on a suitable use of measurable selections and their Lebesgue’s points: in particular, it needs neither Scorza-Dragoni’s property (as the proof given in [18]), nor the approximation of F through the Aumann integral means, which some authors used in order to get global upper semicontinuity (see, for instance, [9], [20]).

The plan of the work is conceived as follows: in §2 we explain the problem and prove the main result (Theorem 2.3), on the ground of the existence of suitable approximate solutions (Def. 2.4). In §3 we deal with the most important part of the work: the construction of the approximate solutions, which is performed through a suitable use of Zorn’s Lemma. In §4 we explain some auxiliary results: in particular, in Prop. 4.1, we exploit a result by Castaing [8], in order to get the compactness of the sequence of approximate solutions. Finally, in Theorem 4.5, we show some useful properties of the function ϕ(t, x) = d(x; D(t)).

2. Statement of the problem

Let I = [0, T ] be an interval of the real line, (X, ‖ · ‖) a separable Banach space, B the closed unit ball of X. We denote respectively by L and B the Lebesgue σ-field in I and the Borel σ-field in X. Given A ∈ L, |A| stands for its Lebesgue measure. If x ∈ X and C ⊆ X, d(x; C) is the distance of x from C, while ‖C‖ means sup{‖x‖; x ∈ C}. We also define in E = I × X the distance between two points w = (t, x), w^′ = (t^′, x^′) as d(w, w^′) = max(|t − t^′|, ‖x − x^′‖). Then, given w ∈ E, G ⊆ E, δ(w; G) will denote the distance of w from G. AC(I; X) will be the space of all absolutely continuous functions u : I → X. Now, for every t ∈ I, let D(t) ≠ ∅ be a closed subset of X, and, for every

A. Gavioli / A viability result in the upper semicontinuous case 383

t ∈ I, x ∈ D(t), let F (t, x) ⊆ X be again a closed, non-empty set. Given x_0 ∈ D(0), we are interested in the following problem: find a function u ∈ AC(I; X) such that:

u(0) = x_0, u(t) ∈ D(t) on I u^′(t) ∈ F (t, u(t)) a.e. on I (P) Definition 2.1. If Φ is a multifunction from a set A to X, and C ⊆ X, the script Φ^{−1}(C) denotes the set of those points ξ ∈ A such that Φ(ξ) meets C. Then we say that the multifunction t → D(t) is upper semicontinuous from the left if, for every closed subset C of X, the set D^{−1}(C) is closed in (I, τ^−), where τ^− is the “left” topology on I. We say that F is measurable with respect to L ⊗ B if, for every open set C ⊆ X, it is F^{−1}(C) ∈ L ⊗ B. Finally, let t ∈ I be given: the multifunction x → F (t, x) is said to be weakly upper semicontinuous if, whenever C is weakly closed in X, the set F (t, ·)^{−1}(C) is closed in X.

Definition 2.2. Let Γ be the graph of the multifunction D(·), i.e. the set of those pairs (t, x) ∈ E such that x ∈ D(t). Then the Bouligand tangent cone of Γ at a point z ∈ Γ (see, for instance, [15, §4]) is the set of all vectors w ∈ E such that, for a suitable sequence of positive numbers h_n, it is h_n → 0 and δ(z + h_nw; Γ)/h_n → 0, as n → +∞. Then we denote by Q_Γ(z) the set of all points y ∈ X such that (1, y) ∈ T_Γ(z).

Roughly speaking, if z = (a, x), Q_Γ(z) is the set of “admissible speeds” at the time t = a for a trajectory u = u(t) ∈ D(t) such that u(a) = x, and can be easily characterized as follows: y ∈ Q_Γ(a, x) if and only if there exist positive numbers k_n and points x_n ∈ D(a + k_n), with n ∈ N, such that, as n → +∞, (a) k_n → 0, (b) ‖ x_n − x k_n − y‖ → 0. (2.1) From now on, we suppose that D and F fulfil the following conditions:

(i) for every t ∈ I, r > 0, the set D(t) ∩ rB is strongly compact; (ii) for every (t, x) ∈ Γ the set F (t, x) is convex and weakly compact; (iii) D is upper semicontinuous from the left; (iv) F is measurable with respect to L ⊗ B; (v) for every t ∈ I, F (t, ·) is weakly u.s.c. on D(t);

(vi) there exist a function θ ∈ L^1(I) and a set N ∈ L, with |N| = 0, such that, for every (t, x) ∈ Γ with t /∈ N it is ‖F (t, x)‖ ≤ θ(t)(1 + ‖x‖); (vii) if (t, x) ∈ Γ and t /∈ N, then F (t, x) ∩ Q_Γ(t, x) ≠ ∅; otherwise, Q_Γ(t, x) ≠ ∅.

Theorem 2.3. Let X be a separable Banach space, D and F satisfy conditions (i)–(vii), x_0 ∈ D(0). Then problem (P) admits a solution.

The proof of Theorem 2.3 relies, as usual, on the existence of suitable approximate solutions. In order to define this notion, we recall that a family V ⊆ L^1(I; X) is uniformly integrable if, for every ϵ > 0, we can find σ > 0 such that, for every v ∈ V, A ∈ L, with |A| ≤ σ, it is ∫ A ‖v(t)‖dt ≤ ϵ. Furthermore, for every r > 0, we consider the set Γ^r of those pairs (t, x) such that t ∈ I, x ∈ D(t) + rB, and put F_r(t, x) = ∪{F (t, y); y ∈ D(t), ‖y − x‖ ≤ r}, (t, x) ∈ Γ^r. (2.2)

384 A. Gavioli / A viability result in the upper semicontinuous case

Definition 2.4. We say that (u_n)_n in AC(I; X) is a sequence of approximate solutions for problem (P) if the functions u^′_n are uniformly integrable, and there exist numbers ϵ_n ∈]0, 1] such that ∑ n ϵ_n < +∞ , and, for every n ∈ N:

(a) u_n(0) = x_0;

(b) for every t ∈ I, d(u_n(t); D(t)) ≤ ϵ_n;

(c) there exists a set E_n ∈ L such that |I\E_n| ≤ ϵ_n, and, for every t ∈ E_n, it is u^′_n(t) ∈ Φ_n(t, u_n(t)), where, for every (t, x) ∈ Γ^{ϵn} , we put Φ_n(t, x) = F_{ϵn} (t, x) + ϵ_nB.

In §3 we shall show the existence of approximate solutions. In this section, on the ground of that result (Theorem 3.4), we are going to prove Theorem 2.3. We put forward some measurability results: first of all, we remark that Γ ∈ L ⊗ B. Indeed, let A ⊆ X be open, and write A as ∪_nC_n, where the sets C_n are closed. Then D^{−1}(A) = ∪_nD^{−1}(C_n) ∈ L, since the sets D^{−1}(C_n) are closed in (I, τ^−), thanks to (iii). Then the multifunction D is measurable, and Theorem III.13 of [10] shows that Γ ∈ L ⊗ B.

Lemma 2.5. Let Λ ⊆ Γ, Λ ∈ L ⊗ B, and suppose that, for every t ∈ I, the set C(t) = {x ∈ X : (t, x) ∈ Λ} is closed (possibly empty). Let r > 0, and Λ^r be the graph of the multifunction t → C(t) + rB: then Λ^r ∈ L ⊗ B.

Proof. Since C(t) is a closed subset of D(t), and (i) holds, it is easy to see that y ∈ C(t) + rB if and only if d(y; C(t)) ≤ r. Now, if (x_i)_i is a dense sequence in X, this happens if and only if, for every j ∈ Z^+, we can find an index i such that the ball B_{ij} := x_i + j^{−1}B meets C(t), and y ∈ U_{ij} := x_i + (r + j^{−1})B. Now, thanks to Theorem III.23 of [10], the subset E_{ij} of I where B_{ij} ∩ C(t) ≠ ∅ is measurable, since L is a complete σ-field, and E_{ij} is the image of the set (I × B_{ij}) ∩ Γ ∈ L ⊗ B through the projection (t, x) → t. Now it is enough to point out that Λ^r = ∩_j ∪_i (E_{ij} × U_{ij}).

Proposition 2.6. Let r > 0: then Γ^r ∈ L ⊗ B. Furthermore, the multifunction F_r takes weakly compact values, and is measurable with respect to L ⊗ B.

Proof. We already checked that Γ ∈ L ⊗ B: thanks to the previous Lemma (in which we put Λ = Γ), we also get Γ^r ∈ L ⊗ B. The set F_r(t, x) is nothing but the image of the compact set (x + rB) ∩ D(t) through the multifunction F (t, ·): hence, by virtue of (v) and well-known results about upper semicontinuous multifunctions (see [3], Prop. 3, p. 42), F_r(t, x) is weakly compact. Now, let A ⊆ X be open: since X is separable, it is easy to express A as the union of a countable family of closed balls B_n, which are also weakly closed. For every n, the set Γ_n = F^{−1}(B_n) can be seen as the graph of the multifunction t → Ψ_n(t) = F (t, ·)^{−1}(B_n): now, from (iv) and (v) we argue respectively that Γ_n ∈ L ⊗ B, and the sets Ψ_n(t) are closed. Then Lemma 2.5 entails that the graph Γ^r_n of the multifunction t → Ψ_n(t) + rB lies in L ⊗ B as well. But Γ^r_n = F^{−1}_r (B_n), so that F^{−1}_r (A) = ∪_nΓ^r_n ∈ L ⊗ B.

Definition 2.7. Let C ⊆ X, and X^∗ be the dual space of X: then the support function of C is defined, for every p ∈ X^∗, by δ^∗(p; C) = sup{⟨p, v⟩; v ∈ C}. If t ∈ I is given, the multifunction x → F (t, x) is said to be scalarly upper semicontinuous if, for every p ∈ X^∗, the function x → δ^∗(p; F (t, x)) is upper semicontinuous.

In our context, the condition given in Def. 2.7 is actually equivalent to (v) [10, Theorem II.20]. We also point out that, through simple arguments, (2.2) allows to express the

A. Gavioli / A viability result in the upper semicontinuous case 385

upper semicontinuity of the function x → δ^∗(p; F (t, x)) as follows:

lim_{r→0}+ δ^∗(p; F_r(t, x)) ≤ δ^∗(p; F (t, x)). (2.3)

Proof of Theorem 2.3. Let us consider the approximate solutions u_n of problem (P), whose existence will be shown in Theorem 3.4 of the next section. Since the sequence (u^′_n)_n is uniformly integrable on the bounded interval I, it is easy to see that it is bounded in L^1(I; X) by some constant M > 0. Now, let R = M +1, recall (2.2) and, for every t ∈ I, put W (t) = F_R(t, x_0). Then, for every t ∈ I, ‖u_n(t) − x_0‖ ≤ M, so that u_n(t) + ϵ_nB ⊆ x_0 + RB. Hence Φ_n(t, u_n(t)) ⊆ W (t) + ϵ_nB, and condition (c) implies that, for every t ∈ E_n, d(u^′_n(t); W (t)) ≤ ϵ_n. Now we can apply Proposition 4.2 to v_n = u^′_n, and infer that the sequence (v_n)_n admits a limit function v in the weak topology of L^1(I; X). More precisely v_{nk} → v weakly in L^1(I; X) as k → +∞, where (n_k)_k is an increasing sequence of positive integers. Now let u ∈ AC(I; X) be the function such that u(0) = x_0 and u^′ = v almost everywhere, and put, for every k ∈ N, x_k = u_{nk} : we are going to show that u solves problem (P). First of all, we notice that, as k → +∞,

x_k(t) = x_0 + ∫_t 0 v_{nk} (τ)dτ → x_0 + ∫_t 0 v(τ)dτ = u(t) weakly in X, t ∈ I. (2.4)

Now it is easy to check that actually x_k → u uniformly on I as k → +∞. Indeed, the functions x_k are equicontinuous, because their derivatives are uniformly integrable. Furthermore, for every t ∈ I, k ∈ N, x_k(t) ∈ x_0 + RB. On the other hand, ϵ_{nk} ≤ 1, so that condition (b) of Def. 2.4 entails that the distance of x_k(t) from the compact set D(t)∩(x_0 +(R+1)B) does not exceed the number σ_k := ϵ_{nk} , which tends to 0 as k → +∞. Then, obviously, for every t ∈ I the sequence (x_k(t))_k lies in a strongly compact set, and Prop. 7.3b of [14] ensures that, in the space C(I; X) of continuous functions x : I → X, the sequence (x_k)_k is relatively compact with respect to ‖ · ‖_∞. Now, let us argue by contradiction and suppose that there exist η > 0 and an infinite set H ⊆ N such that, for every i ∈ H, ‖x_i − u‖_∞ ≥ η. Thanks to the previous compactness arguments, we should find an infinite subset L of H and a continuous function x such that ‖x_j − x‖_∞ → 0 as j → +∞, with j ∈ L. But (2.4) entails x = u, then it should be ‖x_i − u‖_∞ < η for infinitely many i ∈ H, in contrast with the previous inequality. Hence x_k → u uniformly as k → +∞. In particular, from condition (b) of Def. 2.4 (with n = n_k), we get, as k → +∞, d(u(t); D(t)) = 0: since D(t) is closed, we get actually that u(t) ∈ D(t). Finally, let us put I_k = E_{nk} , and n = n_k in condition (c) of Def. (2.4), so as to get

x^′_k(t) ∈ Φ_{nk} (t, x_k(t)), t ∈ I_k. (2.5)

Let us also put ρ_k = ‖x_k − u‖_∞, r_k = ρ_k + σ_k: then x_k(t) ∈ u(t) + ρ_kB, so that x_k(t) + σ_kB ⊆ u(t) + r_kB, and

Φ_{nk} (t, x_k(t)) ⊆ F_{rk} (t, u(t)) + σ_kB. (2.6)

Now we are going to apply a result of Section 4, Prop. 4.2. To this end, let p be a function in the space L^∞_s (I; X^∗), which is defined before Prop. 4.1: then, from (2.5) and (2.6), ⟨p(t), x^′_k(t)⟩ ≤ δ^∗(p(t); F_{rk} (t, u(t))) + σ_k‖p(t)‖^∗, t ∈ I_k, (2.7)

386 A. Gavioli / A viability result in the upper semicontinuous case

where ‖ · ‖^∗ is the norm of X^∗. Now, let J = lim inf_k I_k be the set of those points t ∈ I which lie definitively in I_k: since Def. 2.4 entails that ∑ k |I\I_k| < +∞, we get |I\J| = 0. Furthermore, for every t ∈ J, we can take the upper limit in (2.7) as k → +∞, so as to get, thanks to (2.3),

lim sup k→+∞ ⟨p(t), x^′_k(t)⟩ ≤ δ^∗(p(t); F (t, u(t))) a. e. on I. (2.8)

Now, let us put Φ(t) = F (t, u(t)) and recall condition (vi) of Theorem 2.3, so as to get ‖Φ(t)‖ ≤ Cθ(t), with C = 1 + ‖x_0‖ + R: then we can apply Prop. 4.2 with v_k = x^′_k, v = u^′, and conclude that u^′(t) ∈ F (t, u(t)) for almost every t ∈ I.

Remark 2.8. As we can easily check, condition (iii) implies that, for every x ∈ X, the function t → d(x; D(t)) is lower semicontinuous from the left. Furthermore, we recall that an upper semicontinuous multifunction with closed values has a closed graph [15, Prop. 1.2b]: then condition (iii) also entails that Γ is closed from the left, that is to say, closed with respect to the product of τ^− with the strong topology of X. When X = R^p , this property (which is used also in [6, §3]) could replace (iii): indeed, as we are going to see in the next sections, what we actually need in the proof of Theorem 2.3 is the lower semicontinuity from the left of the functions t → d(x; D(t)), x ∈ X, which in this case holds as soon as Γ is closed from the left.

Remark 2.9. If N = ∅, condition (vii) is a standard assumption: this particular, slightened formulation is also given in [5]. We point out that in [18] a weaker condition is considered, which replaces T_Γ(z) with its closed, convex hull. Thanks to the characterization of Q_Γ given in (2.1), the condition F (t, x) ∩ Q_Γ(t, x) ≠ ∅ entails the following property: there exist numbers k_n > 0 and points x_n ∈ D(t + k_n), with n ∈ N, such that k_n and the distance of (x_n − x)/k_n from F (t, x) tend to 0 as n → +∞. In the case N = ∅, this condition looks less restrictive than (vii) (see [4] for a comparison between the two conditions).

Remark 2.10. As we point out in the introduction, when the dimension of X is finite, Theorem 2.3 is actually equivalent to Theorem 1 of [5]. Indeed, in this case, (v) simply says that F (t, ·) is upper semicontinuous. Then (iv) and (v), thanks to Theorem 2 of [23], entail that F is almost upper semicontinuous, as in [5].

3. The approximate solutions

Throughout this section we fix a number ϵ ∈]0, 1] and build an approximate solution of problem (P) in correspondence with it (Lemma 3.3). Then Theorem 3.4 will follow easily. Let (x_i)_i be a dense sequence in X and, for every i ∈ N, t ∈ I, put ϕ_i(t) = d(x_i; D(t)), B_i(t) = x_i + ϕ_i(t)B, D_i(t) = D(t) ∩ B_i(t). Thanks to conditions (i), (iii) of Theorem 2.3 the multifunctions D_i have non-empty values and are measurable: hence they admit measurable selections u_i [10, Thm. III-6]. Now let us put, for every i ∈ N, t ∈ I, Φ^ϵ_i (t) = F_{ϵ/2}(t, u_i(t)). Since we already saw that F_{ϵ/2} is measurable with respect to L ⊗ B, and takes weakly compact values (Prop. 2.6), we argue that Φ^ϵ_i is measurable on I, and its values are strongly closed: then it admits a Castaing representation [10, Thm. III-7], that is a countable family V^ϵ_i of measurable selections such that, for every t ∈ I, the set {v(t); v ∈ V^ϵ_i } is dense in Φ^ϵ_i (t). Let L^ϵ be the set of those points t ∈ I which are

A. Gavioli / A viability result in the upper semicontinuous case 387

Lebesgue points for all the functions v of the family V^ϵ = ∪_iV^ϵ_i : since V^ϵ is countable as well, |I\L^ϵ| = 0. Furthermore, for every i ∈ N, v ∈ V^ϵ_i , a ∈ L^ϵ ∩ [0, T [ it is

lim_{h→0}+ 1 h ∫_{a+h} a v(t)dt = v(a). (3.1) Given an initial datum (a, x) ∈ Γ, we are going to build, on a “small” interval I^∗ = [a, a^∗], an approximate solution w of problem (P). To this end, we need a control a priori on the moving set D(t): so we exploit a result of §4 (Theorem 4.5), and take the constant c > 0 which appears in (4.6). Then we put β = max(cθ, 2θ + 1), consider the function r ∈ AC(I; R) such that r(0) = ‖x_0‖, r^′ = β(1 + r) a. e., and put ψ = (1 + r(T ))β. Now we should like to get on I^∗ the following conditions: (a) w(a) = x, w(a^∗) ∈ D(a^∗), (b) d(w(t); D(t)) ≤ ϵ, (c) w^′(t) ∈ F_ϵ(t, w(t)) + ϵB a. e., (d) ‖w(a^∗)‖ ≤ r(a^∗), (e) ‖w^′(t)‖ ≤ ψ(t) a. e.

(3.2)

Unfortunately, we are not able to satisfy all previous conditions for any initial datum, but only when a lies outside the set N_ϵ = (I\L^ϵ) ∪ N, where N is the set which appears in conditions (vi), (vii) of Theorem 2.3. Then we proceed in two different ways, according to whether a /∈ N_ϵ (Lemma 3.1) or a ∈ N_ϵ (Lemma 3.2). We put forward the following inequality, which follows easily from the definition of r: r(t) − r(a) ≥ (1 + r(a)) ∫_t a β(τ)dτ, 0 ≤ a ≤ t ≤ T. (3.3) Lemma 3.1. Let ϵ ∈]0, 1], z = (a, x) ∈ Γ, with a < T , a /∈ N_ϵ, ‖x‖ ≤ r(a). Then there exist a^∗ ∈]a, T ] and a function w ∈ AC(I^∗) (where I^∗ = [a, a^∗]) such that conditions (3.2) hold on I^∗.

Proof. Let σ ∈]0, ϵ/8]. Then we can find i ∈ N such that

(a) ‖x_i − x‖ ≤ σ, (b) ϕ_i(a) = d(x_i; D(a)) ≤ σ, (3.4) so that ‖u_i(a) − x‖ ≤ ‖u_i(a) − x_i‖ + ‖x_i − x‖ ≤ ϕ_i(a) + σ ≤ 2σ ≤ ϵ/2. Since a /∈ N, thanks to condition (vii) of Theorem 2.3 we can find y ∈ F (a, x) ∩ Q_Γ(a, x), and from the previous inequality we get y ∈ Φ^ϵ_i (a). Since V^ϵ_i is a Castaing representation of Φ^ϵ_i , there must be a function v_i ∈ V^ϵ_i such that ‖y − v_i(a)‖ ≤ σ. (3.5) We recall that the function r of (3.3) is continuous, and that (3.1) holds, with v = v_i. Furthermore, thanks to Theorem 4.5, ϕ_i is upper semicontinuous from the right. Then we can find ĥ ∈]0, σ] such that, for every k ∈]0, ĥ] the following inequalities hold: (a) r(a + k) − r(a) ≤ σ, (b) ‖v_i(a) − 1 k ∫_{a+k} a v_i(τ)dτ‖ ≤ σ, (c) ϕ_i(t) ≤ ϕ_i(a) + σ, t ∈ [a, a + k]. (3.6)

388 A. Gavioli / A viability result in the upper semicontinuous case

In particular we get, whenever a ≤ t ≤ a + k, (a) ‖u_i(t) − x‖ ≤ 3σ, (b) ‖v_i(t)‖ ≤ θ(t)(2 + ‖x‖). (3.7) Indeed, since ‖u_i(t) − x_i‖ ≤ ϕ_i(t), (3.7a) follows from (3.4a), (3.6c) and (3.4b). On the other hand, since v_i(t) ∈ F_{ϵ/2}(t, u_i(t)), from (3.7a) and the inequality ϵ/2 + 3σ ≤ 1, we get v_i(t) ∈ F_1(t, x): then condition (vi) of Theorem 2.3 implies (3.7b). Now, let us recall Remark 2.1, and take n so large as to ensure that k_n in (2.1a) and the norm which appears in (2.1b) do not exceed respectively ĥ and σ. Then let us put k = k_n, x^∗ = x_n, a^∗ = a + k, I^∗ = [a, a^∗], q = (x^∗ − x)/k. In particular, k = a^∗ − a fulfils conditions (3.6). On the other hand, if we put y_i =^1_k ∫_{a+k} a v_i(τ)dτ, q_i = q−y_i, from (3.5) and (3.6b) we get ‖y−y_i‖ ≤ 2σ, so that ‖q_i‖ ≤ ‖q − y‖ + ‖y − y_i‖ ≤ σ + 2σ ≤ ϵ. (3.8) We claim that the function w : I^∗ → X defined by w(t) = x + ∫_t a v_i(τ)dτ + (t − a)q_i fulfils conditions (3.2). First of all, (3.2a) holds obviously, since w(a) = x and w(a^∗) = x^∗. In order to prove (3.2d), we recall (3.7b), the inequalities ‖x‖ ≤ r(a), 2θ + 1 ≤ β and (3.3) so as to get: ‖w(t) − x‖ ≤ ∫_{a+k} a ‖v_i(τ)‖dτ + k‖q_i‖ ≤ (2 + ‖x‖) ∫_{a+k} a θ(t)dt + k ≤ ≤ (1 + ‖x‖) ∫_{a+k} a (2θ(t) + 1)dt ≤ (1 + r(a)) ∫_{a+k} a β(t)dt ≤ r(a + k) − r(a). In particular, for t = a^∗ = a + k, (3.2d) follows. Furthermore, thanks to (3.6a), we get ‖w(t) − x‖ ≤ σ. (3.9) In order to prove (3.2b) we deduce from (3.9) and (3.4a) that ‖w(t) − x_i‖ ≤ 2σ. Then d(w(t); D(t)) ≤ 2σ + ϕ_i(t) and, thanks to (3.6c), (3.4b) d(w(t); D(t)) ≤ 4σ ≤ ϵ. We also argue easily (3.2e) on I^∗, since it is, almost everywhere on I^∗, w^′(t) = v_i(t) + q_i, so that, from (3.8) ‖w^′(t) − v_i(t)‖ ≤ ϵ. (3.10) Then ‖w^′(t)‖ ≤ ‖v_i(t)‖ + ϵ, and from (3.7b) and the inequalities ϵ ≤ 1, 2θ + 1 ≤ β we get ‖w^′(t)‖ ≤ β(t)(1 + ‖x‖). Since ‖x‖ ≤ r(a) ≤ r(T ), (3.2e) holds as well. Now let us prove (3.2c) on I^∗: from (3.9) and (3.7a) we get ‖w(t) − u_i(t)‖ ≤ 4σ ≤ ϵ/2, so that

u_i(t) + ϵ 2 B ⊆ w(t) + ϵB. (3.11) On the other hand v_i(t) ∈ Φ^ϵ_i (t) ⊆ F (t, (u_i(t) +^1_2 ϵB) ∩ D(t)), and we get actually from (3.11), almost everywhere on I^∗, v_i(t) ∈ F_ϵ(t, w(t)). Then (3.2c) follows from (3.10).

Now we are going to deal with the case a ∈ N_ϵ. Since |N_ϵ| = 0, and the function ψ of (3.2e) is integrable, we can find an open subset N̂_ϵ of I such that N̂_ϵ ⊇ N_ϵ, |N̂_ϵ| ≤ ϵ, ∫_^ Nϵ ψ(t) ≤ ϵ.

A. Gavioli / A viability result in the upper semicontinuous case 389

Lemma 3.2. Let ϵ ∈]0, 1], z = (a, x) ∈ Γ, with a < T , a ∈ N_ϵ, ‖x‖ ≤ r(a). Then there exist a^∗ ∈]a, T ] and a function w ∈ AC(I^∗) (where I^∗ = [a, a^∗]) such that conditions (3.2a,b,d) hold on I^∗. Furthermore I^∗ ⊆ N̂_ϵ, and ∫ I� ‖w^′(t)‖dt ≤ ∫ I� ψ(t)dt. Proof. Let 0 < σ ≤ ϵ/2. We recall that the set N̂_ϵ is open, and r is continuous. Furthermore, thanks to Theorem 4.5 (which will be proved in the next section), the function ϕ(t, x) = d(x; D(t)) is upper semicontinuous from the right with respect to t, and ϕ(a, x) = 0: then we can find k ∈]0, σ] such that [a, a + k] ⊆ N̂_ϵ, (3.6a) holds and, for every t ∈ [a, a + k], ϕ(t, x) ≤ σ. Let us put a^∗ = a + k, I^∗ = [a, a^∗] and take x^∗ ∈ D(a^∗) such that ‖x^∗ − x‖ = ϕ(a^∗, x). Then, from (4.6) and the inequalities cθ ≤ β, ‖x‖ ≤ r(a), we get ‖x^∗ − x‖ ≤ (1 + r(a)) ∫_{a+k} a β(t)dt. Then, from (3.3) and the definition of ψ, (a) ‖x^∗ − x‖ ≤ r(a + k) − r(a), (b) ‖x^∗ − x‖ ≤ ∫_{a+k} a ψ(t)dt. (3.12) Now let us put q = (x^∗ − x)/k, and define w : I^∗ → X by w(t) = x + (t − a)q. Then w(a) = x and w(a^∗) = x^∗, so that (3.2a) holds obviously. In order to prove (3.2b), we point out that ‖w(t) − x‖ ≤ ‖x^∗ − x‖. Then, from (3.12a) and (3.6a), ‖w(t) − x‖ ≤ σ, so that d(w(t); D(t)) ≤ ϕ(t, x) + σ. On the other hand, ϕ(t, x) ≤ σ, and 2σ ≤ ϵ: then (3.2b) holds as well, and, again from (3.12a), we easily get (3.2d). Finally, I^∗ ⊆ N̂_ϵ, and, from (3.12b), ∫ I� ‖w^′(t)‖dt = ‖x^∗ − x‖ ≤ ∫ I� ψ(t)dt. Now we are going to deduce, from the two previous lemmas, the existence of approximate solutions of problem (P ) on the whole interval I, through a suitable use of Zorn’s Lemma.

Lemma 3.3. Let ϵ > 0, x_0 ∈ D(0). Then there exist a function w ∈ AC(I) and a set Λ_ϵ ∈ L such that w(0) = x_0, (3.2b) holds on I, |Λ_ϵ| ≤ ϵ and (a) ∫ A ‖w^′(t)‖dt ≤ ∫ A ψ(t)dt + ϵ, A ∈ L, (b) w^′(t) ∈ F_ϵ(t, w(t)) + ϵB, t ∈ I\Λ_ϵ. (3.13)

Proof. For every a ∈ I, let λ_ϵ(a) be the integral of ψ on the set N̂_ϵ ∩ [0, a], and define W_a as the space of those functions w ∈ AC([0, a]) such that w(0) = x_0, w(a) ∈ D(a), ‖w(a)‖ ≤ r(a), (3.2b) holds on [0, a], (3.2c) holds a. e. on [0, a]\N̂_ϵ, and, for every A ∈ L, with A ⊆ [0, a], ∫ A ‖w^′(t)‖dt ≤ ∫ A ψ(t)dt + λ_ϵ(a). (3.14)

Let Q be the family of all pairs (a, w) such that 0 < a ≤ T and w ∈ W_a: we define on Q the usual partial order ⪯ according to which (a_1, w_1) ⪯ (a_2, w_2) if and only if a_1 ≤ a_2 and w_2 agrees with w_1 on [0, a_1]. Thanks to the previous Lemmas, in which we put a = 0, Q is non-empty. Furthermore, we can easily check that every non-empty family F ⊆ Q which is totally ordered with respect to ⪯ admits an upper bound in Q: indeed, let J be the set of those points α ∈ I such that W_α ≠ ∅, and, for some w ∈ W_α, (α, w) ∈ F. If a = sup J, we can certainly find in F a monotone sequence (a_i, w_i)_i such that a = sup_i a_i: then let us define w on [0, a[ as the only function which agrees with w_i on each interval

390 A. Gavioli / A viability result in the upper semicontinuous case

[0, a_i]. Of course, w is absolutely continuous on these intervals, and admits a. e. on [0, a[ a derivative which agrees a. e. with w^′_i on each interval [0, a_i]. Then, for every t ∈ [0, a[, it is w(t) = x_0 + ∫_t 0 w^′(t)dt. On the other hand, let us put A = [0, a_i] in (3.14), and take the limit as i → +∞: then the function ‖w^′‖ turns out to be integrable on [0, a[. Hence w(t) converges in X as t → a^−, and w can be extended to t = a in such a way that w ∈ AC([0, a]; X). Now we are going to check that w ∈ W_a: of course, w(0) = x_0; furthermore, the points (a_i, w(a_i)) lie in Γ, and Γ is closed from the left, according to Remark 2.8; then the point (a, w(a)) = lim_i(a_i, w(a_i)) lies in Γ as well, that is to say, w(a) ∈ D(a). Since w and r are continuous, it is also ‖w(a)‖ ≤ r(a). Furthermore, (3.2b) holds on [0, a], while (3.2c) holds a.e. on [0, a]\N̂_ϵ. In order to get (3.14) in [0, a], we notice that, for every measurable subset A of [0, a], that inequality holds for A ∩ [0, a_i]: then it is enough to let i → +∞. Now we can conclude that (a, w) ∈ Q, so that (a, w) is an upper bound for the pairs (a_i, w_i), then, actually, for the whole family F.

Now we can apply Zorn’s Lemma, and deduce that Q admits a maximal element (a, w): we claim that a = T . Indeed, let us suppose, by contradiction, that a < T . Then we can put z = (a, w(a)) and apply Lemma 3.1 or Lemma 3.2 according to whether a lies outside N_ϵ or not. In both cases we can extend w to an interval [0, a^∗] in such a way that w(a^∗) ∈ D(a^∗), ‖w(a^∗)‖ ≤ r(a^∗) and (3.2b) holds on [0, a^∗], while (3.2c) holds a.e. on [0, a^∗]\N̂_ϵ. As regards (3.14), let us take A ∈ L, A ⊆ [0, a^∗], and call λ^∗ the integral of ‖w^′‖ on A ∩ I^∗: then, according to whether a /∈ N_ϵ or a ∈ N_ϵ, from (3.2e) or the last statement of Lemma 3.2 we argue that

(a) λ^∗ ≤ ∫ A∩I� ψ(t)dt or (b) λ^∗ ≤ ∫ I� ψ(t) = λ_ϵ(a^∗) − λ_ϵ(a). (3.15)

On the other hand, since A\I^∗ ⊆ [0, a] and (3.14) holds in [0, a], ∫ A ‖w^′(t)‖dt = ∫ A\I� ‖w^′(t)‖dt + ∫ A∩I� ‖w^′(t)‖dt ≤ ∫ A\I� ψ(t)dt + λ_ϵ(a) + λ^∗. Now is is easy to check that (3.15a) or (3.15b), together with the last inequality, implies (3.14) (with a^∗ instead of a) whenever A ∈ L, A ⊆ [0, a^∗]. Then w ∈ W_a� and (a, w) ≺ (a^∗, w), in contrast with our assumption. Then actually a = T , and (3.2b) holds on I, while (3.2c) holds a. e. on I\N̂_ϵ. In particular, if Z is the subset of I\N̂_ϵ where (3.2c) does not hold, let us put Λ_ϵ = N̂_ϵ ∪ Z and recall that |N̂_ϵ| ≤ ϵ. Since |Z| = 0, we get |Λ_ϵ| ≤ ϵ, and (3.13b) holds. Finally, since λ_ϵ(T ) =

∫_^ Nϵ ψ(t)dt ≤ ϵ, we get also (3.13a).

Hence w is the function we looked for.

Theorem 3.4. Let X be a separable Banach space, D and F satisfy conditions (i)–(vii), x_0 ∈ D(0). Then problem (P) admits a sequence of approximate solutions, according to Def. 2.4.

Proof. For every n ∈ N, let us apply the previous lemma with ϵ = ϵ_n and put u_n = w, E_n = I\Λ_{ϵn} . Then conditions (a), (b) and (c) follow at once. Finally, if we put in (3.13a) w = u_n and ϵ = ϵ_n, we also argue easily that (u^′_n)_n is uniformly integrable.

4. Some auxiliary results

In the first part of this section, we give two results (Prop. 4.1 and 4.2) which are useful in the proof of Theorem 2.3: the first one exploits a compactness result by Castaing [8],

A. Gavioli / A viability result in the upper semicontinuous case 391

while the second one can be related to [10, Thm. VI-4]. First of all we recall the definition of uniformly integrable family in L^1(I; X), given after Theorem 2.3, and other well-known notions: a multifunction t → C(t) from I to X is said to be measurable if, for every open subset Q of X, C^{−1}(Q) ∈ L; X^∗ is the dual space of X, with norm ‖ · ‖^∗ and closed unit ball B^∗, while B^∗ denotes its Borel σ-field with respect to the strong topology. If C ⊆ X, ‖C‖ was defined at the beginning of §2, while the support function p → δ^∗(p; C) was introduced in Def. 2.7. We also denote by L^∞_s (I; X^∗) the space of all essentially bounded functions p : I → X^∗ which are weakly or scalarly measurable [16, p. 41]. As is known, L^∞_s (I; X^∗) is the dual space of L^1(I; X) [21, p.301].

Proposition 4.1. For every t ∈ I, let W (t) be a weakly compact subset of X, and suppose that the multifunction W (·) is measurable. For every n ∈ N, let v_n ∈ L^1(I; X), ϵ_n > 0, E_n ∈ L be such that

d(v_n(t); W (t)) ≤ ϵ_n for every t ∈ E_n, (4.1)

and, as n → +∞, ϵ_n → 0, |I\E_n| → 0. Suppose that the sequence (v_n)_n is uniformly integrable: then (v_n)_n is relatively weakly compact in L^1(I; X).

Proof. For every n ∈ N, t ∈ E_n, let us put Ŵ_n(t) = W (t) ∩ (v_n(t) + ϵ_nB). Since W (t) is weakly compact and (4.1) holds, Ŵ_n(t) is non-empty on E_n. Let v̂_n : I → X agree with v_n on I\E_n, and be a measurable selection of Ŵ_n on E_n; it is easy to see that, for every A ∈ L, the integral on A of ‖v̂_n‖ − ‖v_n‖ cannot exceed ϵ_n|A|. Then the functions v̂_n are uniformly integrable as well. On the other hand, it is easy to check that the sequence (v̂_n)_n is R_w-tight, according to the definition given in [1, p.38]: then it is relatively weakly compact in L^1(I; X), thanks to a result given in [8, Thm.1, p. 2-14] and also reported in [1, Thm.4], so that it admits a limit function v ∈ L^1(I; X). More precisely: v̂_{nk} → v weakly in L^1(I; X) as k → +∞, where (n_k)_k is an increasing sequence of integers. Since, obviously, lim_k ‖v̂_{nk} − v_{nk} ‖_1 = 0, we actually proved that v_{nk} → v weakly in L^1(I; X) as k → +∞. Proposition 4.2. For every t ∈ I, let Φ(t) be a closed, convex subset of X, suppose that the multifunction Φ(·) is measurable and that the function t → ‖Φ(t)‖ is integrable. Let (v_k)_k be a sequence in L^1(I; X) which converges weakly to a function v, and assume that, for every p ∈ L^∞_s (I; X^∗),

lim sup k→+∞ ⟨p(t), v_k(t)⟩ ≤ δ^∗(p(t); Φ(t)) a.e. on I. (4.2)

Then v(t) ∈ Φ(t) a. e. on I.

Proof. If we take a Castaing representation of the multifunction Φ(·) [10, Thm. III-7], we can easily check that the mapping (t, p) → δ^∗(p; Φ(t)) is measurable with respect to L ⊗ B^∗: in particular, the right-hand side of (4.2), say γ(t), is measurable with respect to t. Furthermore, γ(t) ≤ η(t) = ‖p(t)‖^∗‖Φ(t)‖, where η is obviously integrable. Now, let p ∈ L^∞_s (I; X^∗), and, for every k ∈ Z^+, t ∈ I, put ϕ_k(t) = ⟨p(t), v_k(t)⟩. Let J_k ⊆ I be the set where ϕ_k ≤ 1 + γ, and put ψ_k = ϕ_k ∧ (1 + γ): from (4.2) we easily argue that, a. e. on I, the equality ψ_k = ϕ_k holds definitively, so that |I \ J_k| → 0 as k → +∞. On the other hand, since the sequence (v_k)_k is weakly convergent, it is also uniformly integrable: then,

392 A. Gavioli / A viability result in the upper semicontinuous case

as k → +∞, the integrals of ‖v_k‖ and 1 + γ on I \ J_k tend to 0, so that ∫ I ⟨p(t), v(t)⟩dt = lim_{k→+∞} ∫ Jk ϕ_k(t)dt = lim_{k→+∞} ∫ I ψ_k(t)dt ≤ ≤ ∫ I lim sup k→+∞ ψ_k(t)dt = ∫ I lim sup k→+∞ ϕ_k(t)dt ≤ ∫ I δ^∗(p(t), Φ(t))dt. (4.3)

We remark that in the first inequality of (4.3) it is right to apply Fatou’s lemma, since ψ_k ≤ 1 + γ, and γ is integrable. Hence (4.3) holds for every p ∈ L^∞_s (I; X^∗). Now, let us argue by contradiction, and suppose that there exist r > 0, E_r ∈ L such that |E_r| > 0 and, for every t ∈ E_r, d(v(t); Φ(t)) ≥ r. In particular, by virtue of the Hahn-Banach theorem, for every t ∈ E_r the sets Φ(t) and v(t) + rB^∘ can be separated by a functional p ∈ X^∗, with ‖p‖^∗ ≤ 1: then, for every z ∈ Φ(t), u ∈ B^∘, it is ⟨p, z⟩ ≤ ⟨p, v(t) + ru⟩, that is to say, δ^∗(p; Φ(t)) ≤ ⟨p, v(t)⟩ − r. Let Q_r(t) ≠ ∅ be the set of such p’s: thanks to the previous remarks about the mapping (t, p) → δ^∗(p; Φ(t)), the multifunction t → Q_r(t) from E_r to (B^∗, ‖ · ‖^∗) is measurable, since its graph lies in L × B^∗. Now, let us consider the space (B^∗, d), where d is a distance which gives rise to the σ(X^∗, X) topology on B^∗: since (B^∗, d) is compact, it is complete and separable. Furthermore, the open sets of (B^∗, d) are open in (B^∗, ‖ · ‖^∗), and the values of Q_r are certainly closed with respect to σ(X^∗, X). Hence, if we regard Q_r as a multifunction from E_r to (B^∗, d), we can conclude as well that Q_r is measurable and takes non-empty, closed values, so that Theorem III.6 in [10] ensures the existence of a selection p̄ of Q_r which is the pointwise limit, with respect to the σ(X^∗, X) topology, of simple, measurable functions on E_r. Now, let p be the extension of p̄ which vanishes outside E_r, and put ψ(t) = ⟨p(t), v(t)⟩ − δ^∗(p(t); Φ(t)): then we get ψ ≥ r on E_r and ψ ≡ 0 outside E_r, so that ∫ I ψ(t)dt ≥ r|E_r| > 0. On the other hand, p ∈ L^∞_s (I; X^∗), so that (4.3) entails ∫ I ψ(t)dt ≤ 0, in contrast with the previous inequality. Then v(t) ∈ Φ(t) a. e. on I, as claimed.

Now we are going to state two results about Dini’s derivatives of a real function. To this end, given a function ρ : I → R and a point t ∈ [0, T [, we denote by D_+ρ(t), as usual, the lower limit, as τ → t^+, of (ρ(τ) − ρ(t))/(τ − t). In Lemma 4.3 we give a particular version of the “chain rule”, which involves D_+ρ; in Lemma 4.4 we give a generalized version of Gronwall’s Lemma: both results are exploited in Theorem 4.5, which provides with useful properties of the functions t → d(x; D(t)).

Lemma 4.3. Let ρ : I → R be bounded from below, J ⊇ ρ(I) an interval, a = inf ρ(I) ∈ J, f ∈ C^1(J; R) such that f^′ > 0 on J, μ = f ∘ ρ. Then, for every t ∈ [0, T [, D_+μ(t) = f^′(ρ(t))D_+ρ(t), where, for every α > 0, α · (±∞) is to be understood as ±∞.

Proof. Given t ∈ [0, T [, let us prove that D_+μ(t) ≤ f^′(ρ(t))D_+ρ(t): if D_+ρ(t) = +∞ the inequality is obvious, since f^′ > 0. If D_+ρ(t) = l < +∞, let us consider, for every τ ∈]t, T ], the ratio between ρ(τ) − ρ(t) and τ − t, and call it Δ(t, τ): then there exist points t_n ∈]t, T ] such that t_n → t^+ and Δ(t, t_n) → l as n → +∞. Furthermore, the mean value theorem ensures that, for every n, the segment S_n with endpoints ρ(t) and ρ(t_n) contains a point c_n such that f(ρ(t_n)) − f(ρ(t)) = f^′(c_n)(ρ(t_n) − ρ(t)). Now, let γ be the lower limit of the numbers c_n as n → +∞: then γ = lim_k γ_k, where γ_k = c_{nk} and the indexes n_k strictly increase with k. Furthermore, since l < +∞ and γ_k ≥ a ∈ J, we easily argue that γ ∈ J. Now, for every k ∈ N, let us put τ_k = t_{nk} , r_k = ρ(τ_k), r = ρ(t), and

A. Gavioli / A viability result in the upper semicontinuous case 393

let Δ_k be the ratio between f(r_k) − f(r) and τ_k − t: then Δ_k = f^′(γ_k)Δ(t, τ_k). Now we consider two cases: if l = −∞, we get lim_k Δ_k = −∞, because f^′(γ) > 0; if l ∈ R, it must be r_k → r, so that γ = r: then lim_k Δ_k = f^′(r)l. In both cases, we conclude that Δ_k → f^′(ρ(t))D_+ρ(t) as k → +∞. Since D_+μ(t) ≤ lim_k Δ_k we actually get the required inequality. In order to get the reverse inequality, it is enough to consider g = f^{−1} in place of f and exchange the rôles of ρ and μ.

Lemma 4.4. Let ρ : I → [0, +∞[ be lower semicontinuous from the left, M > 0, θ ∈ L^1(I), and suppose that, for every t ∈ [0, T [, D_+ρ(t) ≤ θ(t)(M + ρ(t)). Then:

ρ(t) ≤ (M + ρ(a)) exp ( ∫_t a θ(τ)dτ) − M, 0 ≤ a < t ≤ T. (4.4) Proof. Let us apply Lemma 4.3 with J = [0, +∞[, and, for every r ∈ J, f(r) = log(M + r): if μ = f ∘ ρ, then D_+μ(t) = D_+ρ(t)/(M + ρ(t)), so that D_+μ(t) ≤ θ(t). Furthermore, μ is lower semicontinuous from the left, like ρ. Now, for every ϵ > 0 let θ_ϵ > θ be a lower semicontinuous function such that ∫ I θ_ϵ(t)dt ≤ ∫ I θ(t)dt + ϵ (see, for instance, [17]). Let 0 ≤ a < t < T : then we can find a sequence of points t_n ∈]t, T ] such that t_n → t as n → +∞, and μ(t_n) − μ(t) ≤ ∫_{tn} t θ_ϵ(τ)dτ + ϵ(t_n − t). (4.5)

Indeed, let σ > 0 be such that, for every s ∈]0, σ], θ_ϵ(t) ≤ θ_ϵ(t + s) + ϵ, and, consequently, θ_ϵ(t)s ≤ ∫_{t+s} t θ_ϵ(τ)dτ + ϵs. Thanks to the strict inequality D_+μ(t) < θ_ϵ(t), we can find numbers h_n ∈]0, σ] such that h_n → 0 as n → +∞ and, for every n ∈ N, μ(t + h_n) − μ(t) ≤ θ_ϵ(t)h_n. By virtue of the previous inequality, the points t_n = t + h_n fulfil (4.5). Now, let I_ϵ(a) be the set of all points t ∈ [a, T ] such that μ(t) − μ(a) ≤ ∫_t a θ_ϵ(τ)dτ + ϵ(t − a). (4.6) Since μ is lower semicontinuous from the left, I_ϵ(a) is closed from the left. Furthermore, every point t ∈ I_ϵ(a) ∩ [0, T [ is a cluster point for I_ϵ(a)∩]t, T ]: in order to check this property, it is enough to choose points t_n as in (4.5) and take the sum of (4.6) and (4.5) so as to prove that, for every n ∈ N, t_n ∈ I_ϵ(a). Now we argue easily that actually I_ϵ(a) = [a, T ], so that (4.6) holds on [a, T ]: so, if ϵ → 0, we get μ(t) ≤ μ(a) + ∫_t a θ(τ)dτ, and, in order to prove (4.4), it is enough to take the exponential of both sides in the last inequality.

Theorem 4.5. Under the assumptions of Theorem 2.3, for every ξ ∈ X the function t → d(ξ; D(t)) is upper semicontinuous from the right. Furthermore, there exists a constant c > 0 such that, whenever ξ ∈ D(a) and t > a, d(ξ; D(t)) ≤ c(1 + ‖ξ‖) ∫_t a θ(τ)dτ. (4.7) Proof. Let ξ ∈ X, put ρ = d(ξ; D(·)) and take t ∈ [0, T [. Let x ∈ D(t) such that ‖ξ − x‖ = ρ(t) and, according to condition (vii) of Theorem 2.3, take y = y_t ∈ Q_Γ(t, x).

394 A. Gavioli / A viability result in the upper semicontinuous case

Let us choose k_n and x_n as in (2.1): then ρ(t + k_n) − ρ(t) k_n ≤ ‖x_n − ξ‖ − ‖x − ξ‖ k_n ≤ ‖x_n − x‖ k_n . (4.8)

Now, let l be the lower limit of the left hand side of (4.8): from (2.1b) we get easily D_+ρ(τ) ≤ l ≤ ‖y_t‖. Now let us recall the set N of conditions (vi), (vii). Since |N| = 0, it is right to change θ on N: then we put, if t ∈ N, θ(t) = ‖y_t‖/(1 + ‖x‖). If t /∈ N, we can suppose that y_t ∈ F (t, x) as well, so as to get D_+ρ(t) ≤ ‖F (t, x)‖. Then, thanks to (vi), we get, in both cases, D_+ρ(t) ≤ θ(t)(1 + ‖x‖). On the other hand, ‖x‖ ≤ ‖ξ‖ + ρ(t): hence D_+ρ(t) ≤ θ(t)(M +ρ(t)), where M = 1+‖ξ‖. Thanks to the previous Lemma, (4.4) holds, so that ρ, that is the function t → d(ξ; D(t)), is actually upper semicontinuous from the right at the point a. Finally, let ξ ∈ D(a), so as to get ρ(a) = 0 in (4.4). Let c > 0 be such that e^λ ≤ 1 + cλ whenever 0 ≤ λ ≤ ∫ I θ(τ)dτ, let us consider that inequality for λ = ∫_t a θ(τ)dτ and combine it with (4.4): then we get ρ(t) ≤ Mc ∫_t a θ(τ)dτ. Since M = 1 + ‖ξ‖, the proof is complete.

Acknowledgements. I thank both referees for useful suggestions and remarks on the present paper. I am also indebted to Carlo Benassi for helpful discussions about Lemma 4.4 and Theorem 4.5.

References [1] A. Amrani, C. Castaing, M. Valadier: Convergence forte dans L^1 impliquée par la convergence faible. Méthodes de troncature, C. R. Acad. Sci. Paris, Série I 314 (1992) 37–40.

[2] J. P. Aubin: Viability Theory, Birkhäuser, Boston, 1991.

[3] J. P. Aubin, A. Cellina: Differential Inclusions; Set-valued Maps and Viability Theory, Springer Verlag, Berlin, 1984.

[4] H. Benabdellah, C. Castaing, M. A. Gamal Ibrahim: BV solutions of multivalued differential equations on closed moving sets in Banach spaces, Sém. d’Anal. Convexe Montpellier, Exposé 10 (1992).

[5] D. Bothe: Multivalued differential equations on graphs, Nonlinear Analysis 18/3 (1992) 245–252.

[6] D. Bothe: Doctoral Thesis, Paderborn, 1992.

[7] A. Bressan: Upper and lower semicontinuous differential inclusions: a unified approach, Controllability and Optimal Control, (H. Sussmann, ed.), M. Dekker, New York (1989) 21–32.

[8] C. Castaing: Quelques resultats de convergence des suites adaptées, Sém. d’Anal. Convexe Montpellier, Exposé n. 2 (1988).

[9] C. Castaing, M. Moussaoui, A. Syam: Multivalued differential equations on closed moving sets in Banach spaces, Set Valued Analysis 1 (1994) 329–353.

[10] C. Castaing, M. Valadier: Convex Analysis and Measurable Multifunctions, Lecture Notes in Mathematics 580, Springer Verlag, Berlin, 1977.

[11] A. Cavallucci: Inclusioni differenziali su sottoinsiemi localmente chiusi di uno spazio di Banach, Seminario di Analisi Matematica, Bologna.

A. Gavioli / A viability result in the upper semicontinuous case 395

[12] K. Deimling: Multivalued differential equations on closed sets, Diff. Int. Equat. 1/1 (1988) 23–30.

[13] K. Deimling: Multivalued differential equations on closed sets II, Diff. Int. Equat. 3/4 (1990) 639–642.

[14] K. Deimling: Nonlinear Functional Analysis, Springer Verlag, Berlin et al., 1985. [15] K. Deimling: Multivalued Differential Equations, De Gruyter Series in Nonlinear Analysis and Applications, Berlin, 1992.

[16] J. Diestel, J. J. Uhl: Vector Measures, American Mathematical Society, Providence, Rhode Island, 1977.

[17] R. E. Edwards: Functional Analysis, Holt, Rinehart and Winston, New York, 1965. [18] H. Frankowska, S. Plaskacz: A measurable upper semicontinuous viability theorem for tubes, Nonlinear Analysis 26/3 (1996) 565–582.

[19] G. Haddad: Monotone trajectories of differential inclusions and functional differential inclusions with memory, Israel J. Math. 39 (1981) 83–100.

[20] L. Malaguti: Monotone trajectories of differential inclusions in Banach spaces, Journal of Convex Analysis 3/2 (1996) 269–282.

[21] P. A. Meyer: Probabilité et Potentiel, Hermann, Paris, 1966.

[22] P. Tallos: Viability problems for non-autonomous differential inclusions, SIAM J. Control and Optim. 29/2 (1991) 253–263.

[23] W. Zygmunt: A note concerning the Scorza-Dragoni’s type property of the compact valued multifunction, Rend. Accad. XL, Serie V, Parte I, 13/1 (1989) 31–33.