Journal of Convex Analysis Volume 5 (1998), No. 2, 237–248

Turnpike Theorem for Convex Infinite Dimensional Discrete-Time Control Systems

Alexander J. Zaslavski

Department of Mathematics, Technion-Israel Institute of Technology, 32000, Haifa, Israel.

e-mail: ajzasl@techunix.technion.ac.il

Received April 8, 1997 Revised manuscript received February 4, 1998

In this work we study the structure of “approximate” solutions for an infinite dimensional discrete-time optimal control problem determined by a convex function v : K × K → R^1, where K is a convex closed bounded subset of a Banach space. We show that for a generic function v there exists y_v ∈ K such that each “approximate” optimal solution {x_i}^n_{i=0} ⊂ K is a contained in a small neighborhood of y_v for all i ∈ {N, . . . , n − N}, where N is a constant which depends on the neighborhood and does not depend on n.

Keywords: Turnpike property, Banach space, convex function, generic function

1991 Mathematics Subject Classification: 49J99

1. Introduction

Let X be a Banach space, || · || be the norm on X, and let K ⊂ X be a closed convex bounded set. Denote by A the set of all bounded convex functions v : K × K → R^1 which satisfy the following assumption:

Assumption 1.1 (uniform continuity). For each ϵ > 0 there exists δ > 0 such that for each x_1, x_2, y_1, y_2 ∈ K satisfying ||x_i −y_i|| ≤ δ, i = 1, 2 the relation |v(x_1, x_2)−v(y_1, y_2)| ≤ ϵ holds.

We consider the metric space A with the metric ρ(u, v) = sup{|v(x, y) − u(x, y)| : x, y ∈ K}, u, v ∈ A. Evidently the metric space A is complete.

In this paper we investigate the structure of “approximate” solutions of optimization problems_{n−1}X

i=0 v(x_i, x_{i+1}) → min, (P)

{x_i}^n_{i=0} ⊂ K, x_0 = y, x_n = z where v ∈ A, y, z ∈ K and an integer n ≥ 1.

The interest in these discrete-time optimal problems stems from the study of various optimization problems which can be reduced to this framework, e.g., continuous-time control

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag

238 A. J. Zaslavski / Convex discrete-time control systems

systems which are represented by ordinary differential equations whose cost integrand contains a discounting factor (see Leizarowitz [5]), the infinite-horizon control problem of minimizing R^T_0 L(z, z^′)dt as T → ∞ (see Leizarowitz [6]) and the analysis of a long slender bar of a polymeric material under tension in Leizarowitz and Mizel [7] and Zaslavski [16- 18]. Similar optimization problems are also considered in mathematical economics (see Makarov and Rubinov [8], Rubinov [11] and survey [12]).

In this paper we establish the existence of a set F ⊂ A which is a countable intersection of open everywhere dense sets in A and such that for each v ∈ F the following property holds:

There is y_v ∈ K such that for all large enough n and each y, z ∈ K an “approximate” solution {x_i}^n_{i=0} of problem (P) is contained in a small neighborhood of y_v for all i ∈ {N, . . . , n − N} where N is a constant which depends on the neighborhood and does not depend on n.

This phenomenon which is called the turnpike property is well known in mathematical economics. The term was first coined by Samuelson in 1958 (see [13]) where he showed that an efficient expanding economy would spend most of the time in the vicinity of a balanced equilibrium path (also called a von Neumann path). This property was further investigated by Radner [10], McKenzie [9], Makarov and Rubinov [8] and others for optimal trajectories of a von Neumann-Gale model and for optimal trajectories of continuous-time convex autonomous systems (see Carlson, Haurie and Leizarowitz [3, Chap. 4,6]). Asymptotic turnpike property for optimal control problems with infinite time horizon were studied by Carlson [1], Carlson, Haurie and Jabrane [2] and Zaslavski [14]. A related weak version of the turnpike property was studied in Zaslavski [15] with a nonconvex function v : K × K → R^1 and a compact metric space K.

In almost all studies of discrete time control systems the turnpike property was considered for a single cost function v and a space of states K which was a compact convex set in a finite dimensional space. In these studies the compactness of K playes an important role. Perhaps the methods use there can be extended but only to obtain the turnpike property for a weakly compact set K in an infinite dimensional Banach space. Specifically for the optimization problems considered in this paper if a function v has the turnpike property then as we will see later, its “turnpike” y_v is a unique solution of the following optimization problem

v(x, x) → min, x ∈ K.

The existence of solution of this problem is guaranteed only if K satisfies some compactness assumptions. To obtain the uniqueness of the solution we need additional assumptions on v such as its strict convexity.

In the present paper, instead of considering the turnpike property for a single cost function v, we investigate it for the space of all such functions equipped with some natural metric, and show that this property holds for most of these functions. This allows us to establish the turnpike property without compactness assumption on the space of states and assumptions on functions themselves.

A. J. Zaslavski / Convex discrete-time control systems 239 For each v ∈ A, each integers m_1, m_2 > m_1 and each y_1, y_2 ∈ K we define

σ(v, m_1, m_2) = inf{ m2−1X

i=m1 v(z_i, z_{i+1}) : {z_i}^{m2}_{i=m1} ⊂ K},

σ(v, m_1, m_2, y_1, y_2) = inf{ m2−1X

i=m1 v(z_i, z_{i+1}) : {z_i}^{m2}_{i=m1} ⊂ K, z_{m1} = y_1, z_{m2} = y_2},

and the minimal growth rate

μ(v) = inf{lim inf_{N→∞} N^{−1} N−1X_{i=0 v(zi, zi+1) : {zi}∞i=0 ⊂ K}.} In this paper we will establish the existence of a set F ⊂ A which is a countable intersection of open everywhere dense subsets of A and such that the following theorems are valid. Theorem 1.2. Let v ∈ F. Then there exists a unique y_v ∈ K such that v(y_v, y_v) = μ(v) and the following assertion holds:

for each ϵ > 0 there exist a neighborhood U of v in A and δ > 0 such that for each u ∈ U and each y ∈ K satisfying u(y, y) ≤ μ(u) + δ the relation ||y − y_v|| ≤ ϵ holds. Theorem 1.3. Let w ∈ F and ϵ > 0. Then there exist δ ∈ (0, ϵ), a neighborhood U of w in A and an integer N ≥ 1 such that for each u ∈ U, each integer n ≥ 2N and each sequence {x_i}^n_{i=0} ⊂ K satisfying n−1X_{i=0 u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ} there exist τ_1 ∈ {0, . . . N} and τ_2 ∈ {n − N, . . . n} such that ||x_t − y_w|| ≤ ϵ, t = τ_1, . . . τ_2. Moreover, if ||x_0 − y_w|| ≤ δ then τ_1 = 0, and if ||y_w − x_n|| ≤ δ then τ_2 = n. 2. Preliminary results Set D_0 = sup{||x|| : x ∈ K}. (2.1) For each bounded function u : K × K → R^1 we set ||u|| = sup{|u(x, y)| : x, y ∈ K}. (2.2) Proposition 2.1. Let v ∈ A. Then μ(v) = inf{v(z, z) : z ∈ K}.

240 A. J. Zaslavski / Convex discrete-time control systems Proof. Clearly inf{v(x, x) : x ∈ K} ≥ μ(v) (2.3) and for each integer m ≥ 1 σ(v, 0, m) ≤ mμ(v). (2.4) Let ϵ > 0. Then there exists δ ∈ (0, ϵ) such that for each x_1, x_2, y_1, y_2 ∈ K satisfying ||x_i − y_i|| ≤ δ, i = 1, 2 the following relation holds |v(x_1, x_2) − v(y_1, y_2)| ≤ ϵ. (2.5) Fix an integer m ≥ 1 for which 8m^{−1}(D_0 + 1) ≤ δ. (2.6) There exists {y_i}^m_{i=0} ⊂ K such that m−1X_{i=0 v(yi, yi+1) ≤ σ(v, 0, m) + δ.} Define z_0 = m^{−1} m−1X_{i=0 yi, z1 = m−1} mX_{i=1 yi.} It is easy to see that ||z_0 − z_1|| ≤ 2m^{−1}D_0 < δ, (2.7)

v(z_0, z_1) ≤ m^{−1} m−1X_{i=0 v(yi, yi+1) ≤ m−1[σ(v, 0, m) + δ]. (2.8)} By (2.7) and the definition of δ (see (2.5)) |v(z_0, z_0) − v(z_0, z_1)| ≤ ϵ.

Together with (2.8) and (2.4) this implies that v(z_0, z_0) ≤ 2ϵ + m^{−1}σ(v, 0, m) ≤ μ(v) + 2ϵ.

Since ϵ is an arbitrary positive number we conclude that inf{v(z, z) : z ∈ K} ≤ μ(v). This completes the proof of the proposition.

Proposition 2.2. Let v ∈ A, ϵ ∈ (0, 1). Then there exist δ ∈ (0, ϵ), u ∈ A and z_0 ∈ K such that 0 ≤ u(x, y) − v(x, y) ≤ ϵ, x, y ∈ K, μ(v) + δ ≥ v(z_0, z_0) (2.9) and for each y ∈ K satisfying u(y, y) ≤ μ(u) + δ the relation ||y − z_0|| ≤ ϵ holds.

A. J. Zaslavski / Convex discrete-time control systems 241 Proof. Choose numbers δ, γ > 0 such that γ(8D_0 + 4) ≤ ϵ, δ < 8^{−1}γϵ. (2.10) By Proposition 2.1 there exists z_0 ∈ K such that v(z_0, z_0) < μ(v)+δ. Define u : K ×K → R^1 as u(x, y) = v(x, y) + γ(||x − z_0|| + ||y − z_0||), x, y ∈ K. (2.11) It is easy to see that u ∈ A and (2.9) is valid. Assume that y ∈ K and u(y, y) ≤ μ(u) + δ. (2.12) It follows from Proposition 2.1, (2.11), (2.12), (2.10) and the definition of z_0 that μ(v) ≤ μ(u) ≤ u(z_0, z_0) = v(z_0, z_0) ≤ μ(v) + δ, 2γ||y − z_0|| + v(y, y) = u(y, y) ≤ μ(u) + δ ≤ μ(v) + 2δ ≤ v(y, y) + 2δ, ||y − z_0|| ≤ δγ^{−1} < ϵ. This completes the proof of the proposition.

Proposition 2.3. There exists a set F_0 which is a countable intersection of open everywhere dense subsets of A and such that for each v ∈ F_0 the following assertions hold: (i) there exists a unique y_v ∈ K such that v(y_v, y_v) = μ(v).

(ii) for each ϵ > 0 there exist a neighborhood U of v in A and δ > 0 such that for each u ∈ U and each y ∈ K satisfying u(y, y) ≤ μ(u) + δ the relation ||y − y_v|| ≤ ϵ holds.

Proof. Let w ∈ A and i ≥ 1 be an integer. By Proposition 2.2 there exist δ(w, i) ∈ (0, 4^{−i}), u^{(w,i)} ∈ A and z(w, i) ∈ K such that 0 ≤ u^{(w,i)}(x, y) − w(x, y) ≤ 4^{−i}, x, y ∈ K, (2.13) w(z(w, i), z(w, i)) ≤ μ(w) + δ(w, i) and for each z ∈ K satisfying u^{(w,i)}(z, z) ≤ μ(u^{(w,i)}) + δ(w, i) the relation ||z − z(w, i)|| ≤ 4^{−i} holds. Set U(w, i) = {u ∈ A : ρ(u, u^{(w,i)}) < 8^{−1}δ(w, i)}. (2.14) It is easy to verify that the following property holds: (a) for each u ∈ U(w, i) and for each z ∈ K satisfying u(z, z) ≤ μ(u) + 8^{−1}δ(w, i) the relation ||z − z(w, i)|| ≤ 4^{−i} is valid.

242 A. J. Zaslavski / Convex discrete-time control systems Define F_0 = ∩^∞_{q=1} ∪ {U(w, i) : w ∈ A, i = q, q + 1, . . . }. Evidently F_0 is a countable intersection of open everywhere dense subsets of A. Assume that v ∈ F_0. We will show that assertions (i) and (ii) are valid. There exists a sequence {x_j}^∞_{j=1} ⊂ K such that

lim_{j→∞} v(x_j, x_j) = μ(v). (2.15)

It follows from the definition of F_0 and property (a) that {x_j}^∞_{j=1} is a Cauchy sequence. Therefore there exists lim_{j→∞} x_j and v( lim_{j→∞} x_j, lim_{j→∞} x_j) = μ(v).

Since any sequence {x_j}^∞_{j=1} ⊂ K satisfying (2.15), converges in K, we conclude that there exists a unique y_v ∈ K such that v(y_v, y_v) = μ(v). Let ϵ > 0. Choose an integer q ≥ 1 such that 4^{−q} < 8^{−1}ϵ. (2.16) By the definition of F_0 there exists w ∈ A and an integer i ≥ q such that v ∈ U(w, i). Property (a) implies that ||y_v − z(w, i)|| ≤ 4^{−i}. (2.17) It follows from (2.17), property (a) and (2.16) that for each u ∈ U(w, i) and each y ∈ K satisfying u(y, y) ≤ μ(u) + 8^{−1}δ(w, i) the relation ||y − y_v|| ≤ ϵ holds. This completes the proof of the proposition. Remark 2.4. The statement (i) of Proposition 2.3 is similar to a result in [4].

3. Proof of Theorems 1.2 and 1.3 Let the set F_0 be as guaranteed in Proposition 2.3. For each w ∈ F_0 there exists a unique y_w ∈ K such that w(y_w, y_w)_=μ(w). (3.1)

Let v ∈ F_0, γ ∈ (0, 1). Define v_γ (x, y) = v(x, y) + γ(||x − y_v|| + ||y − y_v||), x, y ∈ K. (3.2) Clearly v_γ ∈ A.

A. J. Zaslavski / Convex discrete-time control systems 243 Lemma 3.1. Let ϵ ∈ (0, 1). Then there exists an integer n ≥ 1 such that for each sequence {x_i}^n_{i=0} ⊂ K which satisfies n−1X_{i=0 vγ (xi, xi+1) ≤ σ(vγ , 0, n, x0, xn) + 4 (3.3)} there is j ∈ {0, . . . n − 1} such that ||x_j − y_v||, ||x_{j+1} − y_v|| ≤ ϵ. (3.4) Proof. Choose an integer n > (ϵγ)^{−1}(5 + 4(||v_γ|| + ||v||)). (3.5) It is easy to verify that nμ(v) ≤ σ(v, 0, n) + 2||v||. (3.6) Assume that {x_i}^n_{i=0} ⊂ K satisfies (3.3). Define {y_i}^n_{i=0} ⊂ K as y_i = x_i, i = 0, n, y_i = y_v, i = 1, . . . n − 1. (3.7) It follows from (3.2), (3.3), (3.7), (3.1), (3.6) and (3.5) that

σ(v, 0, n) + γ n−1X_{i=0 (||xi − yv|| + ||xi+1 − yv||) ≤} n−1X_{i=0 vγ (xi, xi+1)} ≤ n−1X_{i=0 vγ(yi, yi+1) + 4 ≤ 4||vγ|| + 4 + nv(yv, yv)} = 4 + 4||v_γ|| + nμ(v) ≤ 4 + 4||v_γ|| + σ(v, 0, n) + 2||v||, inf{||x_i − y_v|| + ||x_{i+1} − y_v|| : i = 0, . . . n − 1} ≤ (nγ)^{−1}(4 + 4||v_γ|| + 2||v||) < ϵ. This completes the proof of the lemma. Lemma 3.1 implies Lemma 3.2. Let ϵ ∈ (0, 1). Then there exist a neighborhood U of v_γ in A and an integer n ≥ 1 such that for each u ∈ U and each sequence {x_i}^n_{i=0} ⊂ K which satisfies n−1X_{i=0 u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + 3} there is j ∈ {0, . . . n − 1} such that ||x_j − y_v||, ||x_{j+1} − y_v|| ≤ ϵ.

244 A. J. Zaslavski / Convex discrete-time control systems Lemma 3.3. Let ϵ ∈ (0, 1). Then there exists δ ∈ (0, ϵ) such that for each integer n ≥ 1 and each sequence {x_i}^n_{i=0} ⊂ K which satisfies ||x_i − y_v|| ≤ δ, i = 0, n, n−1X_{i=0 vγ (xi, xi+1) ≤ σ(vγ, 0, n, x0, xn) + δ, (3.8)} the following relation holds ||x_i − y_v|| ≤ ϵ, i = 0, . . . n. (3.9) Proof. It is easy to see that for each integer m ≥ 1 σ(v, 0, m, y_v, y_v) = mμ(v). (3.10) Fix δ_0 ∈ (0, 8^{−1}γϵ). (3.11) There exists δ ∈ (0, 2^{−1}δ_0) such that for each x_1, x_2, y_1, y_2 ∈ K satisfying ||x_i − y_i|| ≤ δ, i = 1, 2 the following relation holds |v(x_1, x_2) − v(y_1, y_2)| ≤ 64^{−1}δ_0. (3.12) Assume that an integer n ≥ 1 and a sequence {x_i}^n_{i=0} ⊂ K satisfies (3.8). We will show that (3.9) is valid.

Let us assume the converse. Then n ≥ 2 and there exists j ∈ {1, . . . , n − 1} such that ||x_j − y_v|| > ϵ. (3.13) Define z_i = x_i, i = 0, n, z_i = y_v, i = 1, . . . n − 1, (3.14) h_i = y_v, i = 0, n, h_i = x_i, i = 1, . . . , n − 1. It follows from (3.2), (3.13), (3.8), (3.14) and (3.1) that γϵ + n−1X_{i=0 v(xi, xi+1) ≤} n−1X_{i=0 vγ(xi, xi+1) ≤} n−1X_{i=0 vγ(zi, zi+1) + δ (3.15)} = δ + v_γ (x_0, y_v) + v_γ(y_v, x_n) + (n − 2)μ(v).

By (3.8), (3.1) and the definition of δ (see (3.12)) |v(x_i, y_v) − μ(v)|, |v(y_v, x_i) − μ(v)| ≤ 64^{−1}δ_0, i = 0, n, (3.16) |v(y_v, x_1) − v(x_0, x_1)| ≤ 64^{−1}δ_0, |v(x_{n−1}, x_n) − v(x_{n−1}, y_v)| ≤ 64^{−1}δ_0.

(3.16), (3.8), (3.15), (3.10), (3.14) and (3.2) imply that γϵ + n−1X_{i=0 v(hi, hi+1) ≤ γϵ +} n−1X_{i=0 v(xi, xi+1) + 32−1δ0}

A. J. Zaslavski / Convex discrete-time control systems 245 ≤ 32^{−1}δ_0 + δ + (n − 2)μ(v) + v_γ (x_0, y_v) + v_γ(y_v, x_n) ≤ 32^{−1}δ_0 + δ + μ(v)n + 32^{−1}δ_0 + 2γδ ≤ μ(v)n + 16^{−1}δ_0 +3δ = σ(v, 0, n, y_v, y_v) + 16^{−1}δ_0 + 3δ.

Together with (3.14) this implies that γϵ ≤ 4δ_0. This is contradictory to (3.11). The obtained contradiction proves the lemma.

Lemma 3.4. Let ϵ ∈ (0, 1). Then there exist δ ∈ (0, ϵ), a neighborhood U of v_γ in A and an integer N ≥ 1 such that for each u ∈ U, each integer n ≥ 2N and each sequence {x_i}^n_{i=0} ⊂ K satisfying n−1X_{i=0 u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ (3.17)} there exist τ_1 ∈ {0, . . . , N}, τ_2 ∈ {−N + n, n} such that ||x_i − y_v|| ≤ ϵ, t = τ_1, . . . τ_2, (3.18) and moreover if ||x_0 − y_v|| ≤ δ then τ_1 = 0, and if ||x_n − y_v|| ≤ δ then τ_2 = n. Proof. By Lemma 3.3 there exists δ ∈ (0, 4^{−1}ϵ) such that for each integer n ≥ 1 and each sequence {x_i}^n_{i=0} ⊂ K which satisfies

||x_i − y_v|| ≤ 4δ, i = 0, n, n−1X_{i=0 vγ (xi, xi+1) ≤ σ(vγ, 0, n, x0, xn) + 4δ (3.19)} the following relation holds ||x_i − y_v|| ≤ ϵ, i = 0, . . . n. (3.20) By Lemma 3.2 there exist an integer N ≥ 1 and a neighborhood U_1 of v_γ in A such that for each u ∈ U_1 and each sequence {x_i}^N_{i=0} ⊂ K satisfying N−1X_{i=0 u(xi, xi+1) ≤ σ(u, 0, N, x0, xN ) + 3 (3.21)} there is j ∈ {0, . . . N − 1} for which ||x_j − y_v||, ||x_{j+1} − y_v|| ≤ δ. (3.22) Define U = {u ∈ U_1 : ρ(u, v_γ) ≤ (16N)^{−1}δ}. (3.23) Assume that u ∈ U, an integer n ≥ 2N and a sequence {x_i}^n_{i=0} ⊂ K satisfies (3.17). By (3.17) and the definition of U_1, N (see (3.21), (3.22)) there exist integers τ_1, τ_2 such that: τ_1 ∈ {0, . . . N}, τ_2 ∈ {n − N, . . . n}, ||x_{τi} − y_v|| ≤ δ, i = 1, 2; (3.24)

246 A. J. Zaslavski / Convex discrete-time control systems if ||x_0 − y_v|| ≤ δ then τ_1 = 0; if ||x_n − y_v|| ≤ δ then τ_2 = n.

We will show that (3.18) is valid. Let us assume the converse. Then there is an integer s ∈ (τ_1, τ_2) for which ||x_s − y_v|| > ϵ. (3.25) By (3.17), (3.24) and the definition of U_1, N (see (3.21), (3.22)) there exist integers t_1, t_2 such that sup{τ_1, s − N} ≤ t_1 < s, s < t_2 ≤ inf{τ_2, s + N}, ||x_{ti} − y_v|| ≤ δ, i = 1, 2. (3.26) (3.23), (3.26) and (3.17) imply that t2−1X

i=t1 v_γ(x_i, x_{i+1}) ≤ σ(v_γ , t_1, t_2, x_{t1} , x_{t2} ) + 2δ. (3.27)

It follows from (3.26), (3.27) and the definition of δ (see (3.19), (3.20)) that ||x_t − y_t|| ≤ ϵ, t = t_1, . . . t_2. This is contradictory to (3.25). The obtained contradiction proves that (3.18) is valid. This completes the proof of the lemma.

Clearly the set {v_γ : v ∈ F_0, γ ∈ (0, 1)} is everywhere dense in A.

Let v ∈ F_0, γ ∈ (0, 1) and let j ≥ 1 be an integer. There exist an integer N(v, γ, j) ≥ 1, an open neighborhood U_0(v, γ, j) of v_γ in A and a number δ(v, γ, j) ∈ (0, 2^{−j}) such that Lemma 3.4 holds with v, γ, ϵ = 2^{−j}, δ = δ(v, γ, j), U = U_0(v, γ, j), N = N(v, γ, g). There are an open neighborhood U(v, γ, j) of v_γ in A and an integer N_1(v, γ, j) ≥ 1 such that U(v, γ, j) ⊂ U_0(v, γ, j) and Lemma 3.2 holds with v, γ, U = U(v, γ, j), n = N_1(v, γ, j), ϵ = 4^{−j}δ(v, γ, j). Define F = [∩^∞_{q=1} ∪ {U(v, γ, j) : v ∈ F_0, γ ∈ (0, 1), j = q, q + 1, . . . }] ∩ F_0. Clearly F is a countable intersection of open everywhere dense subsets of A. It is easy to see that Theorem 1.2 follows from Proposition 2.3 and the definition of F. Proof of Theorem 1.3. Let w ∈ F, ϵ > 0. We may assume that ϵ < 1. Choose an integer q ≥ 1 such that 64 · 2^{−q} < ϵ. (3.28) There exist v ∈ F_0, γ ∈ (0, 1) and an integer j ≥ q such that w ∈ U(v, γ, j). (3.29) By (3.29), Lemma 3.2 which holds with U = U(v, γ, j), n = N_1(v, γ, j), ϵ = 4^{−j}δ(v, γ, j), v, γ, and relation σ(w, 0, N_1(v, γ, j), y_w, y_w) = N_1(v, γ, j)μ(w) ||y_w − y_v|| ≤ 4^{−j}δ(v, γ, j). (3.30)

A. J. Zaslavski / Convex discrete-time control systems 247 Set U = U(v, γ, j), N = N(v, γ, j), δ = 4^{−j}δ(v, γ, j). (3.31) Assume that u ∈ U, an integer n ≥ 2N and a sequence {x_i}^n_{i=0} ⊂ K satisfies n−1X_{i=0 u(xi, xi+1) ≤ σ(u, 0, n, x0, xn) + δ. (3.32)} It follows from (3.32), (3.31), the definition of U_0(v, γ, j), N(v, γ, j), δ(v, γ, j) and Lemma 3.4 that there exist τ_1 ∈ {0, . . . N}, τ_2 ∈ {n − N, . . . n} such that ||x_i − y_v|| ≤ 2^{−j}, t = τ_1, . . . τ_2. Moreover if ||x_0 − y_v|| ≤ δ(v, γ, j) then τ_1 = 0, and if ||x_n − y_v|| ≤ δ(v, γ, j) then τ_2 = n. Together with (3.30), (3.28), (3.31) this implies that: ||x_i − y_w|| ≤ 2^{1−j} < ϵ, i = τ_1 . . . τ_2; if ||x_0 − y_w|| ≤ δ then ||x_0 − y_v|| ≤ δ(v, γ, j) and τ_1 = 0; if ||x_n − y_w|| ≤ δ then ||x_n − y_v|| ≤ δ(v, γ, j) and τ_2 = n. This completes the proof of the theorem.

References [1] D. A. Carlson: The existence of catching-up optimal solutions for a class of infinite horizon optimal control problems with time delay, SIAM Journal on Control and Optimization 28 (1990) 402–422.

[2] D. A. Carlson, A. Jabrane, A. Haurie: Existence of overtaking solutions to infinite dimensional control problems on unbounded time intervals, SIAM Journal on Control and Optimizaton 25 (1987) 1517–1541.

[3] D. A. Carlson, A. Haurie, A. Leizarowitz: Infinite Horizon Optimal Control, Springer- Verlag, Berlin, 1991.

[4] R. Deville, G. Godefroy, V. Zizler: A smooth variational principle with applications to Hamilton-Jacobi equations in infinite dimensions, J. of Functional Analysis 111 (1993) 197– 212.

[5] A. Leizarowitz: Infinite horizon autonomous systems with unbounded cost, Appl. Math.

and Opt. 13 (1985) 19–43.

[6] A. Leizarowitz: Optimal trajectories on infinite horizon deterministic control systems, Appl.

Math. and Opt. 19 (1989) 11–32.

[7] A. Leizarowitz, V. J. Mizel: One dimensional infinite horizon variational problems arising in continuum mechanics, Arch. Rational Mech. Anal. 106 (1989) 161–194.

[8] V. L. Makarov, A. M. Rubinov: Mathematical Theory of Economic Dynamics and Equilibria, Nauka, Moscow, 1973, English trans.: Springer-Verlag, New York, 1977.

[9] L. W. McKenzie: Turnpike theory, Econometrica 44 (1976) 841–866. [10] R. Radner: Path of economic growth that are optimal with regard only to final states; a turnpike theorem, Rev. Econom. Stud. 28 (1961) 98–104.

248 A. J. Zaslavski / Convex discrete-time control systems

[11] A. M. Rubinov: Superlinear Multivalued Mappings and their Applications in Economic Mathematical Problems, Nauka, Leningrad, 1980.

[12] A. M. Rubinov: Economic dynamics, J. Soviet Math. 26 (1984) 1975–2012. [13] P. A. Samuelson: A catenary turnpike theorem involving consumption and the golden rule, American Economic Review 55 (1965) 486–496.

[14] A. J. Zaslavski: Optimal programs on infinite horizon 1, SIAM Journal on Control and Optimization 33 (1995) 1643–1660.

[15] A. J. Zaslavski: Optimal programs on infinite horizon 2, SIAM Journal on Control and Optimization 33 (1995) 1661–1686.

[16] A. J. Zaslavski: The existence of periodic minimal energy configurations for one dimensional infinite horizon variational problems arising in continuum mechanics, Journal of Mathematical Analysis and Applications 194 (1995) 459–476.

[17] A. J. Zaslavski: The existence and structure of extremals for a class of second order infinite horizon variational problems, Journal of Mathematical Analysis and Applications 194 (1995) 660–696.

[18] A. J. Zaslavski: Structure of extremals for one-dimensional variational problems arising in continuum mechanics, Journal of Mathematical Analysis and Applications 198 (1996) 893–921.