Journal of Convex Analysis Volume 6 (1999), No. 1, 29–40

Topological Properties of a New Graph Topology

P. Brandi

Department of Mathematics, University of Perugia, Via L. Vanvitelli 1, 06100 Perugia, Italy.

e-mail: mateas@unipg.it

R. Ceppitelli

Department of Mathematics, University of Perugia, Via L. Vanvitelli 1, 06100 Perugia, Italy.

e-mail: matagria@dipmat.unipg.it

L^′. Holá

Academy of Sciences, Institut of Mathematics, S̆tefánikova 49, 81 473 Bratislava, Slovakia.

e-mail: hola@mau.savba.sk

Received December 20, 1996 Revised manuscript received April 6, 1998

In [10, 11, 12] a new graph topology ø was introduced which is useful in applications to differential equations. In this paper we study topological properties of ø and relations between ø and other known topologies. For example, we find conditions under which ø coincides with Back’s generalized compactopen topology successfully used for convergence of utility functions [2] and for convergence of dynamic programming models [19].

Keywords: Kuratowski convergence, ø -convergence, Back’s convergence

1991 Mathematics Subject Classification: 54C35, 54B20, 34K05

1. Introduction

Topologies and convergences of graph spaces (spaces of functions identified with their graphs or epigraphs) has been applied to different fields of mathematics, including differential equations, convex analysis, optimization, mathematical economics, programming models, calculus of variations etc. [2, 3, 4, 5, 6, 8, 9, 10, 11, 13, 17, 19, 20, 21, 24].

The definition of a new graph topology τ was motivated by concrete problems in the theory of hereditary differential equations.

Let (X, d) be a metric space, CL(X) be the family of all non-empty closed subsets and G = {Γ(f, Ω) : Ω ∈ CL(X), f ∈ C(Ω, R^m )} be the set of all graphs.

In [8, 9, 13], the authors studied a Cauchy problem (P ) for ordinary differential equations with delay. By virtue of the generality of the hereditary structure, the solutions of problem (P ) are elements of the graph set G (where X = E is a closed interval of R). To study problem (P ) the authors introduced the topology τ in G [10]; it arose as a localization on compact sets of the Hausdorff metric topology; the connection between τ and Hausdorff metric topology is the same as that between the compact-open topology τ_{CO} and the uniform convergence topology in C(E, R^m ).

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

30 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology

In [11, 12] the authors extended the τ-topology over the graphs of functions defined on subsets of a metric space X, preserving its main properties. The aim is to introduce a same general hereditary structure in the theory of partial differential equations.

The peculiar property of τ, which makes it useful in applications to hereditary differential equations, is the homeomorphism between the topological space (G, τ) and the quotient space [(CL(X), τ_F ) × (C(X, R^m ), τ_{CO})]/R with respect to a suitable equivalence relation, where τ_F is the Fell topology. In force of this homeomorphism, the theory of hereditary differential equations in G has been reduced to the classical theory in C(X, R^m ).

In [10] (X = E ⊂ R) the proof of the homeomorphic property was constructive, while in metric spaces (see [11, 12]), the existence of the homeomorphism was proved by using the Dugundji’s continuous extension and Michael’s continuous selection theorem.

We wish to point out that none of the already known hypertopologies has this homeomorphic property without involving heavy restrictions on the family CL(X).

In the present paper we analyse topological properties of τ, and we compare it with other known topologies. By using of a similar idea as Back [2], we find a subbase for the topology generated by τ-convergence. As a consequence the topology τ is well defined for every topological space X and the τ-convergence doesn’t depend on the choice of a metric in X. We here summarise the main results obtained telling the properties valid only for convergence of sequences from the ones formulated for nets.

(1) τ-convergence of sequences and convergence in Back’s generalized compact-open topology [2, 19] coincide; in the case of nets the same convergences coincide if and only if X is locally compact.

(2) τ-convergence of sequences implies Kuratowski [3] convergence of graphs and domains; we find additional conditions under which also opposite is true. For nets τ implies Fell convergence, while the Kuratowski is implied if and only if X is locally compact.

(3) If X is locally compact, then τ is uniformizable; if X is locally compact and separable, then τ is metrizable and (G, τ) is a Polish space.

(4) τ is finer than the Attouch-Wets topology [1] if and only if X is boundedly compact.

2. Notations and definitions

In what follows let (X, d) be a metric space. For basic notions and definitions the reader is referred to recent Beer’s monograph [3]. Given two subsets A, B of a metric space (X, d), the excess or Hausdorff semi-distance of A over B is denoted by e_d(A, B) = sup_{a∈A} inf_{b∈B} d(a, b) with the convention e_d(A, ∅) = +∞ if A ≠ ∅ and e_d(∅, B) = 0.

It is well known that H_d(A, B) = max{e_d(A, B), e_d(B, A)} defines the Hausdorff distance between A and B.

Denote by CL(X) the family of all non-empty closed subsets of X and by K(X) the family of all compact sets in CL(X).

The open (resp. closed) ball with center x and radius r > 0 will be denoted by S(x, r) (resp. B(x, r)). The open (resp. closed) r-enlargement of A is the set S(A, r) = {x ∈

P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology 31 X : d(x, A) < r} (B(A, r) = {x ∈ X : d(x, A) ≤ r}), where by d(x, A) we mean inf{d(x, a) : a ∈ A}. For every Ω ∈ CL(X), C(Ω, R^m ) denotes, as usual, the space of all continuous functions f : Ω → R^m . If f ∈ C(Ω, R^m ) we denote by Γ(f, Ω) = {(ω, f(ω)) : ω ∈ Ω} the graph of f. Let G = {Γ(f, Ω) : Ω ∈ CL(X), f ∈ C(Ω, R^m )} denote the set of all graphs.

Let u be the metric in R^m induced by the natural norm. In what follows the excess e on closed subsets of X × R^m is induced by the box metric D of d and u.

Given two elements Γ(f, Ω), Γ(g, Δ) in G and a set K ∈ K(X), we define

ρ_K (Γ(f, Ω), Γ(g, Δ)) = max{e(Γ(f, Ω ∩ K), Γ(g, Δ)), e(Γ(g, Δ ∩ K), Γ(f, Ω))}.

Remark 2.1. Note that ρ_K is non decreasing with respect to K, i.e. if K_1 ⊂ K_2 then ρ_{K1} (·, ·) ≤ ρ_{K2} (·, ·). We also have that ρ_K (·, ·) ≤ H(·, ·).

Moreover, we have e(Γ(f, Ω ∩ K), Γ(g, Δ)) = e(Γ(f, Ω ∩ K), Γ(g, Δ ∩ B(K, r))) (⋆) for every number r > e(Γ(f, Ω ∩ K), Γ(g, Δ)).

Definition 2.2. Let (X, d) be a metric space. A net {Γ(f_σ, Ω_σ) : σ ∈ Σ} in G is said to be τ-convergent to Γ(f_0, Ω_0) if for every K ∈ K(X) the numerical net {ρ_k(Γ(f_0, Ω_0), Γ(f_σ, Ω_σ)) : σ ∈ Σ} converges to zero.

Of course Hausdorff metric convergence in G implies τ-convergence and if X is compact these two convergences coincide.

3. ø -convergence of sequences in G

In this part we introduce some facts valid for τ-convergence of sequences in G for general metric spaces. (Most of these results cannot be formulated for nets.) We will be interested particularly to its relation to Kuratowski convergence of sequences in G.

Kuratowski convergence of sequences of restricted graphs in CL(X × R^m ) as well as sequences of domains is convergence with respect to the Fell topology [3, Theorem 5.2.10]. As such, they can be also expressed in terms of excess as given by the following

Corollary 3.1 ([3, Corollary 5.1.7]). Let (X, d) be a metric space, let A ∈ CL(X), and let {A_σ : σ ∈ Σ} a net in CL(X). Then {A_σ : σ ∈ Σ} converges in the Fell topology to A if and only if for each K ∈ K(X), we have both {e_d(A ∩ K, A_σ) : σ ∈ Σ}, {e_d(A_σ ∩ K, A) : σ ∈ Σ} converge to zero.

From this perspective, it is natural to try to link τ-convergence with Kuratowski convergence of restricted graphs and domains.

By Lim Ω_n, Li Ω_n and Ls Ω_n of the sequence {Ω_n}_n in CL(X) we mean [3] the Kuratowski limit, a lower closed limit and an upper closed limit of {Ω_n}_n, respectively.

Lemma 3.2. Let (X, d) be a metric space. If {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω), then Lim Γ(f_n, Ω_n) = Γ(f, Ω) and Lim Ω_n = Ω.

32 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology Proof. Let x ∈ Ω. We show that x ∈ Li Ω_n and (x, f(x)) ∈ Li Γ(f_n, Ω_n). There is x_n ∈ Ω_n such that max{d(x, x_n), | f_n(x_n) − f(x) |} < ρ_{{x}}(Γ(f_n, Ω_n), Γ(f, Ω)) + 1 n for every n ∈ Z^+.

From ρ_{{x}}(Γ(f_n, Ω_n), Γ(f, Ω)) → 0, we have x_n → x and f_n(x_n) → f(x); done. Now we prove that Ls Γ(f_n, Ω_n) ⊂ Γ(f, Ω); the proof of Ls Ω_n ⊂ Ω is similar. Suppose that (x, y) ∈ Ls Γ(f_n, Ω_n). By Lemma 5.2.8 in [3] there is a sequence {(x_{nk}, f_{nk}(x_{nk} ))}_k such that x_{nk} ∈ Ω_{nk} for every k ∈ Z^+ and (x_{nk}, f_{nk}(x_{nk} )) → (x, y). Put K = {x_{nk} : k ∈ Z^+} ∪ {x}. For every k ∈ Z^+ there is ω_{nk} ∈ Ω such that

max{d(x_{nk}, ω_{nk}), | f_{nk}(x_{nk} ) − f(ω_{nk}) |} < ρ_K (Γ(f_{nk}, Ω_{nk}), Γ(f, Ω)) + 1 n_k . Since ω_{nk} → x, we have x ∈ Ω. The continuity of f at x and f_{nk} (x_{nk}) → y implies that y = f(x), done.

The following proposition gives an equivalent description of τ-convergence in the language of Langen’s generalized continuous convergence [19].

Proposition 3.3. Let (X, d) be a metric space. Then {Γ(f_n, Ω_n)}_n^τ→ Γ(f, Ω) if and only if (i) Lim Ω_n = Ω;

(ii) for any x ∈ Ω and any sequence x_n → x, x_n ∈ Ω_n, n ∈ Z^+, f_n(x_n) → f(x). Proof. Let Γ(f, Ω)∈ G and {Γ(f_n, Ω_n)}_n be a sequence in G satisfying (i) and (ii). Suppose that {Γ(f_n, Ω_n)}_n fails to τ-converge to Γ(f, Ω). There is K ∈ K(X), ϵ > 0 and an infinite subset I of Z^+ with ρ_K(Γ(f_n, Ω_n), Γ(f, Ω)) > ϵ for every n ∈ I.

We have two possibilities:

(a) there is an infinite subset I_1 of I with e(Γ(f_n, Ω_n ∩K), (Γ(f, Ω)) > ϵ for every n ∈ I_1; (b) there is an infinite subset I_2 of I with e(Γ(f, Ω∩K), (Γ(f_n, Ω_n)) > ϵ for every n ∈ I_2. In the case (a) choose for every n ∈ I_1, x_n ∈ Ω_n ∩ K with D((x_n, f_n(x_n)), Γ(f, Ω)) > ϵ. Let x ∈ K be a cluster point of {x_n}; without loss of generality we can suppose that x is a limit point of {x_n}. By (i), x ∈ Ω. There is a sequence {z_n} with {z_n} → x, z_n ∈ Ω_n for every n ∈ Z^+ and {x_n} is a subsequence of {z_n}. By (ii) we must have f_n(x_n) → f(x), a contradiction.

In the case (b) choose for every n ∈ I_2, x_n ∈ Ω ∩ K with D((x_n, f(x_n)), Γ(f_n, Ω)) > ϵ. Let x ∈ K be a cluster point of {x_n}. By using of (i) and (ii) there is a sequence {z_n} → x such that z_n ∈ Ω_n for every n ∈ Z^+ and f_n(z_n) → f(x). The continuity of f at x gives a contradiction with D((x_n, f(x_n)), Γ(f_n, Ω)) > ϵ, for every n ∈ I_2. To prove the opposite implication we use the similar argument as above.

P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology 33

From the previous proposition we can guarantee the coincidence of τ-convergence of sequences in G and convergence in Back’s generalized compact-open topology.

In [2] Back introduced a generalized compact-open topology on the space of utility functions. A utility function is a pair (Ω, f) where Ω ∈ CL(X) and f ∈ C(Ω, R). In [18] this topology was extended on the class P of all partial maps, i.e. pairs (Ω, f) where Ω ∈ CL(X) and f ∈ C(X, Y ). Of course, we can identify every partial map (Ω, f) with its graph Γ(f, Ω).

For any open set U ⊂ X, K ∈ K(X) and open (possibly empty) I ⊂ R^m , let [U] = {(Ω, f) ∈ P : Ω ∩ U ≠ ∅} and [K : I] = {(Ω, f) ∈ P : f(K ∩ Ω) ⊂ I}.

Denote by τ_c the topology on P which has as a subbase the family of sets [U], [K : I]. If m = 1 τ_c is just the Back’s topology.

Corollary 3.4. If (X, d) is a metric space, then τ-convergence and τ_c-convergence for sequences coincide.

Proof. Follows immediately from Proposition 3.3 and Lemma 1 in [2] which works also for P.

Lemma 3.5. Let (X, d) be a metric space. If {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω), then for every K ∈ K(X) the sequence {f_n(Ω_n ∩ K)}_n is equibounded (i.e. there is a bounded set B ⊂ R^m such that f_n(Ω_n ∩ K) ⊂ B for every n).

Proof. Let K ∈ K(X). Let f̃ be any continuous extension of f : Ω → R^m to all X. There is δ > 0 such that | f̃(x) − f̃(y) |< 1 for every x, y ∈ X with d(x, y) < δ and x ∈ K (a consequence of the uniform continuity of f̃_{|K}). So the set L = f̃(S(K, δ)) is bounded

in R^m . We show that f_n(Ω_n ∩ K) ⊂ S(L, δ) eventually. There is N_0 ∈ Z^+ such that for

every n ≥ N_0, ρ_K (Γ(f_n, Ω_n), Γ(f, Ω)) <^δ_2 . Let n ≥ N_0 and x ∈ Ω_n ∩ K. By the definition of ρ_K (Γ(f_n, Ω_n), Γ(f, Ω)) there is z ∈ Ω such that max{d(x, z), | f_n(x) − f(z) |< ρ_K (Γ(f_n, Ω_n), Γ(f, Ω)) + δ 2 < δ. Thus z ∈ S(x, δ) ⊂ S(K, δ) and f_n(x) ∈ S(f(z), δ) ⊂ S(L, δ), done. Put B = S(L, δ) ∪ SN_{0n=1 fn(Ωn ∩ K). Then fn(Ωn ∩ K) ⊂ B for every n, and of course B is bounded in}

R^m .

The following proposition gives another characterization of τ-convergence.

Proposition 3.6. Let (X, d) be a metric space. Then {Γ(f_n, Ω_n)}_n^τ→ Γ(f, Ω) if and only if

(1) Lim Γ(f_n, Ω_n) = Γ(f, Ω);

(2) for every compact K the sequence {f_n(Ω_n ∩ K)}_n is equibounded.

Proof. Let {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω). Then by Lemmas 3.2 and 3.5 (1) and (2) are satisfied.

Suppose now that (1) and (2) are satisfied. We show that also (i) and (ii) from Proposition 3.3 hold. Ω ⊂ Li Ω_n is obvious from (1). Suppose now that x ∈ Ls Ω_n, i.e. there is a sequence {x_{nk}}_k, x_{nk} ∈ Ω_{nk} for every k ({n_k} is an increasing sequence in Z^+) such that

34 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology

x_{nk} → x. Put K = {x_{nk} : k ∈ Z^+} ∪ {x}. K is compact, so by (2) {f_n(Ω_n ∩ K)}_n is equibounded, so there is a cluster point y ∈ R^m of the sequence {f_{nk}(x_{nk})}_k. Then (x, y) ∈ Ls Γ(f_n, Ω_n) i.e. (x, y) ∈ Γ(f, Ω). Thus x ∈ Ω.

To verify (ii) let x ∈ Ω and {x_n}_n be a sequence such that x_n ∈ Ω_n for every n and x_n → x. To prove {f_n(x_n)}_n converges to f(x) it is enough to show that every subsequence of {f_n(x_n)}_n has a subsequence convergent to f(x). So let I be an infinite subset of Z^+ and consider {f_n(x_n) : n ∈ I}. Since x_n → x by (2) {f_n(x_n) : n ∈ I} has a cluster point y ∈ R^m . By (1) (x, y) ∈ Γ(f, Ω) since (x, y) ∈ Ls Γ(f_n, Ω_n) i.e. y = f(x). So {f_n(x_n) : n ∈ I} has a subsequence convergent to f(x).

The following two propositions give some sufficient conditions under which τ and Kuratowski convergence of sequences in G coincide.

Proposition 3.7. Let (X, d) be a closed convex set in a linear metrizable space and Ω, Ω_n(n ∈ Z^+) be closed convex sets in X. TFAE:

(1) Lim Γ(f_n, Ω_n) = Γ(f, Ω) and Lim Ω_n = Ω; (2) {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω).

Proof. (2) ⇒ (1) by Lemma 3.2.

To prove (1) ⇒ (2), by Proposition 3.6 it is sufficient to verify that for every compact set K the sequence {f_n(Ω_n ∩ K)}_n is equibounded. Suppose no. So there is a compact set K for which {f_n(Ω_n ∩K)}_n is not equibounded. There is a sequence {x_n}_n, x_n ∈ Ω_n ∩K such that {f_n(x_n)}_n is unbounded. Let x ∈ K be a cluster point of {x_n}_n. So x ∈ Ls Ω_n ⊂ Ω. There is a sequence {y_n}_n, y_n ∈ Ω_n such that y_n → x and f_n(y_n) → f(x) for every n. There is an increasing sequence {n_k} of positive integers such that | f_{nk} (x_{nk}) − f(x) |> ϵ, | f_{nk} (y_{nk})−f(x) |< ϵ/2 for every k and x_{nk} → x, y_{nk} → x. The convexity of Ω_{nk} guarantees the existence of a point z_{nk} ∈ [x_{nk} , y_{nk}] ⊂ Ω_{nk} such that f_{nk}(z_{nk}) ∈ F r(B(f(x), ϵ)) for every k. The compactness of F r(B(f(x), ϵ)) implies the existence of a point y which is a cluster point of {f_{nk}(z_{nk})}_k. So (x, y) ∈ Ls Γ(f_n, Ω_n) ⊂ Γ(f, Ω), a contradiction.

Proposition 3.8. Let (X, d) be a closed convex set in a normed reflexive space (where d is a metric induced from the norm) and Ω, Ω_n(n ∈ Z^+) be closed convex sets in X. TFAE:

(1) Lim Γ(f_n, Ω_n) = Γ(f, Ω);

(2) {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω).

Proof. By Proposition 3.7 it is sufficient to verify that Lim Ω_n = Ω.

Lim Γ(f_n, Ω_n) = Γ(f, Ω) implies Ω ⊂ Li Ω_n so only Ls Ω_n ⊂ Ω remains to prove.

So let x ∈ Ls Ω_n and suppose x ∉ Ω. There is a sequence {x_n : n ∈ J} where J is an infinite subset of Z^+ such that x_n ∈ Ω_n for every n ∈ J and x_n → x. Of course {f_n(x_n) : n ∈ J} converges to no point from R^m .

Let η = d(x, Ω). Since Ω is a closed convex set in a reflexive space, there is l ∈ Ω such that d(x, l) = d(x, Ω). There is a sequence {y_n}_n, y_n ∈ Ω_n for every n ∈ Z^+ such that y_n → l and f_n(y_n) → f(l). There is δ > 0 and an infinite subset J_1 of J such that f_n(y_n) ∈ S(f(l),^δ_2 ) and f_n(x_n) ∉ S(f(l), δ), for every n ∈ J_1. For every n ∈ J_1 there is a point z_n ∈ [x_n, y_n] ⊂ Ω_n such that f_n(z_n) ∈ F r(B(f(l),^δ_2 )). Let y be a cluster point of {f_n(z_n) : n ∈ J_1}. For every n ∈ J_1 let q_n ∈ (0, 1) be such that z_n =

P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology 35

q_nx_n + (1 − q_n)y_n. Without loss of generality we can suppose that {f_n(z_n) : n ∈ J_1} → y and {q_n : n ∈ J_1} → q ∈ [0, 1] (otherwise we pass to subsequences). If q = 1 then {z_n : n ∈ J_1} → x, {f_n(z_n) : n ∈ J_1} → y, so (x, y) ∈ Ls Γ(f_n, Ω_n) ⊂ Γ(f, Ω) i.e. x ∈ Ω, a contradiction. Suppose now that q = 0. Then {z_n : n ∈ J_1} → l, {f_n(z_n) : n ∈ J_1} → y, i.e. (l, y) ∈ Ls Γ(f_n, Ω_n) ⊂ Γ(f, Ω). Thus y = f(l), a contradiction. Now let q ∈ (0, 1). Then {z_n : n ∈ J_1} → (qx + (1 − q)l) and {f_n(z_n) : n ∈ J_1} → y, i.e. (qx+(1−q)l, y) ∈ Ls Γ(f_n, Ω_n) = Γ(f, Ω). So (qx+(1−q)l) ∈ Ω, but ‖x−(qx+(1−q)l)‖ = = (1 − q)‖x − l‖ < ‖x − l‖ = d(x, Ω), a contradiction.

Corollary 3.9. Let (X, d) be a closed convex set in R^k (k ∈ Z^+) and Ω, Ω_n(n ∈ Z^+) be closed convex sets in X. TFAE:

(1) Lim Γ(f_n, Ω_n) = Γ(f, Ω);

(2) {Γ(f_n, Ω_n)}_n τ-converges to Γ(f, Ω).

4. Topological properties of ø -convergence

In this part we will study topological properties of τ-convergence in G. At first we prove that this convergence is always topological by finding a topology which topologizes τconvergence.

First some notations. In Section 3 we mentioned Back’s topology defined by a subbase from sets of the form [U] and [K : I]. Here we use the same notations also for sets in G (of course we can identify partial maps with their graphs). So for every open sets U, V in X, K ∈ K(X), open J ⊂ R^m and open (possibly empty) I ⊂ R^m , let [U] = {Γ(f, Ω) ∈ G : Ω ∩ U ≠ ∅}, [K : I] = {Γ(f, Ω) ∈ G : f(K ∩ Ω) ⊂ I}, [V × J] = {Γ(f, Ω) ∈ G : Γ(f, Ω) ∩ V × J ≠ ∅}. Theorem 4.1. Let (X, d) be a metric space. Then the topology which has as a subbase all sets of the form [U], [K : I], [V × J] where U, V are open sets in X, K ∈ K(X) and I, J are open sets in R^m (I possibly empty) topologizes τ-convergence.

Proof. Let {Γ(f_σ, Ω_σ) : σ ∈ Σ} be a net in G which τ-converges to Γ(f, Ω). It is an easy exercise to verify that this net converges also in the above defined topology.

Now suppose {Γ(f_σ, Ω_σ) : σ ∈ Σ} converges to Γ(f, Ω) in the above mentioned topology, but fails τ-converge. So there is K ∈ K(X), ϵ > 0 and a cofinal subset Δ in Σ such that ρ_K (Γ(f_σ, Ω_σ), Γ(f, Ω))> ϵ for every σ ∈ Δ. There are two possibilities:

(a) there is a cofinal subset Δ_1 of Δ such that e(Γ(f_σ, Ω_σ ∩ K), Γ(f, Ω)) > ϵ for every σ ∈ Δ_1;

(b) there is a cofinal subset Δ_2 of Δ such that e(Γ(f, Ω ∩ K), Γ(f_σ, Ω_σ)) > ϵ for every σ ∈ Δ_2.

In (a) let x_σ ∈ Ω_σ ∩ K for every σ ∈ Δ_1 such that (x_σ, f_σ(x_σ)) ∉ S(Γ(f, Ω), ϵ). Let x be a cluster point of {x_σ : σ ∈ Δ_1}. It is easy to verify that x ∈ Ω. Let 0 < δ < ϵ be such that f(S(x, δ) ∩ Ω) ⊂ S(f(x), ϵ). Put C = K ∩ B(x,^δ_2 ), then Γ(f, Ω) ∈ [C : S(f(x), ϵ)], so Γ(f_σ, Ω_σ) ∈ [C : S(f(x), ϵ)] eventually, a contradiction.

36 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology

In (b) let x_σ ∈ Ω ∩ K for every σ ∈ Δ_2 such that (x_σ, f_σ(x_σ)) ∉ S(Γ(f, Ω), ϵ). Let x be a cluster point of {x_σ : σ ∈ Δ_2}. Then x ∈ Ω ∩ K. Let 0 < δ < ϵ be such that f(S(x, δ) ∩ Ω) ⊂ S(f(x),^ϵ_2 ). S(x,^δ_2 ) × S(f(x),^ϵ_2 ) ∩ Γ(f_σ, Ω_σ) ≠ ∅ eventually, a contradiction.

In what follows denote by τ also the topology described in the previous theorem. From the presentation of τ-convergence by using of the above mentioned topology τ we see that this convergence doesn’t depend on the choice of a metric in domain X. The topology τ is even well defined for every topological space X.

From the presentation of Back’s topology τ_c given in Section 3 we see that τ_c ⊂ τ. We can characterize the local compactness of X by a coincidence of τ and τ_c.

Theorem 4.2. Let (X, d) be a metric space. TFAE:

(1) X is locally compact;

(2) τ-convergence of nets in G and τ_c-convergence coincide.

Proof. (2) ⇒ (1). Suppose X is not locally compact. There is a point x ∈ X which has no compact neighbourhood of x. Denote by U(x) the family of all open neighbourhoods of x. For every K ∈ K(X) and U ∈ U(x) there is a point x_{K,U} ∈ U \ K. Consider the following directions on K(X) and U(x): if B, C ∈ K(X) then B ≥ C ⇔ B ⊃ C and if U, V ∈ U(x) then U ≥ V ⇔ U ⊂ V . Let K(X) × U(x) be equipped with the natural direction induced by the above ones. For every (K, U) ∈ K(X)×U(x) put Ω_{K,U} = {x_{K,U} } and define u_{K,U} on Ω_{K,U} by u_{K,U} (x_{K,U} ) = 1. Let further Ω = {x} and u be the function defined on Ω by u(x) = 0. The net {Γ(u_{K,U} , Ω_{K,U} ) : (K, U) ∈ K(X) × U(x)} τ_c-converges to Γ(U, Ω). Let V be an open set in X such that Γ(u, Ω)∈ [V ]. Then Ω ∩ V ≠ ∅, i.e. x ∈ V , so V ∈ U(x). Choose a set K ∈ K(X). For every (B, U) ∈ K(X) × U(x) such that (B, U) ≥ (K, V ) we have Γ(u_{B,U} , Ω_{B,U} ) ∈ [V ]. Now take C ∈ K(X) and open I ⊂ R^m such that Γ(u, Ω)∈ [C : I]. Let U ∈ U(x) be arbitrary. Then for every (B, V ) ≥ (C, U) we have Ω_{B,V} ∩ C = ∅, so Γ(u_{B,V} , Ω_{B,V} ) ∈ [C : I] for every (B, V ) ≥ (C, U).

It is easy to verify that the net {Γ(u_{B,U} , Ω_{B,U} ) : (B, U) ∈ K(X) × U(x)} does not τconverge to Γ(u, Ω), since ρ_{{x}}(Γ(u_{B,U} , Ω_{B,U} ), Γ(u, Ω)) = 1 eventually.

(1) ⇒ (2). Let {Γ(f_σ, Ω_σ) : σ ∈ Σ} be a net in G τ_c-convergent to Γ(f, Ω). By Theorem 4.1 and the description of Back’s topology it is sufficient to verify that if Γ(f, Ω) ∈ [V ×I], where V, I are open sets in X, R^m respectively, then also Γ(f_σ, Ω_σ) ∈ [V ×I] eventually.

In the following part of our paper we are interested in uniformizability and metrizability of the topology τ.

Proposition 4.3. If (X, d) is a locally compact metric space, then τ is uniformizable.

Proof. For every K ∈ K(X) and ϵ > 0 put U_{K,ϵ} = {(Γ(f, Ω), Γ(g, Δ)) ∈ G × G : ρ_K(Γ(f, Ω), Γ(g, Δ)) < ϵ}. We show that the family {U_{K,ϵ} : K ∈ K(X) and ϵ > 0} is a base for a uniformity U on G. Let K ∈ K(X) and ϵ > 0. Then U_{K,ϵ} = U^{−1}_{K,ϵ} and U_{K,ϵ} contains the diagonal in G × G. Now, we show that there is C ∈ K(X) and δ > 0 such that U_{C,δ} ∘ U_{C,δ} ⊂ U_{K,ϵ}. The

P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology 37

local compactness of X implies that there is δ > 0, δ <^ϵ_2 such that B(K, δ) is compact. Put C = B(K, δ). Let (Γ(f, Ω), Γ(g, Δ)) ∈ U_{C,δ} ∘ U_{C,δ}. There is Γ(h, Σ)∈ G such that (Γ(f, Ω), Γ(h, Σ)) ∈ U_{C,δ} and (Γ(h, Σ), Γ(g, Δ)) ∈ U_{C,δ}. We have e(Γ(f, Ω ∩ K), Γ(g, Δ)) ≤ e(Γ(f, Ω ∩ K), Γ(h, Σ ∩ B(K, δ)))+ +e(Γ(h, Σ ∩ B(K, δ)), Γ(g, Δ)) < δ + δ < ϵ where the first estimation is implied by the inclusion U_{C,δ} ⊂ U_{K,δ} and the property (⋆).

Finally, let K_1, K_2 ∈ K(X) and ϵ_1, ϵ_2 > 0. Put K = K_1 ∪ K_2 and ϵ = min{ϵ_1, ϵ_2}. Then U_{K,ϵ} ⊂ U_{K1,ϵ1} ∩ U_{K2,ϵ2} . So the family {U_{K,ϵ} : K ∈ K(X) and ϵ > 0} forms a base for a uniformity U on G. It is easy to verify that the convergence in the topology of the uniformity U is just τ-convergence in G.

Proposition 4.4. If (X, d) is a locally compact and separable metric space, then τ is metrizable.

Proof. For a metric space (X, d) the locally compactness and separability is equivalent to hemicompactness, that is the existence of an increasing sequence {K_n}_n of compact sets such that for every compact K ∈ K(X) there is n ∈ Z^+ with K ⊂ K_n. X is locally compact [15], so by Proposition 4.3 the family {U_{K,ϵ} : K ∈ K(X), ϵ > 0} is a base for a uniformity U on G. It is easy to verify that the family {U_{Kn,} 1_n : n ∈ Z^+} is a countable base of U.

Proposition 4.5. If (X, d) is a locally compact and separable metric space, then (G, τ) is a Polish space.

Proof. By Theorem 4.2 τ and τ_c coincide on G. By Theorem 3.4 in [18], as X is hemicompact, then (G, τ) is a Polish space.

Of course to find a complete metric which describes τ-convergence in G for a locally compact and separable metric space (X, d) would be useful. We solve this problem at least for a closed interval X in R.

Let X be a closed interval in R equipped with the natural metric. In [10] for every f ∈ C(Ω, R^m ) the extension f̃ ∈ C(X, R^m ) of f was defined such that the mapping Ψ : (G, τ) → (C(X, R^m ), τ_{CO}), Ψ(Γ(f, Ω)) = f̃ is continuous (τ_{CO} is the compact-open topology).

Denote by τ_F the Fell topology on CL(X) [3, 16] and define the mapping Φ : (G, τ) → (CL(X), τ_F ) × (C(X, R^m ), τ_{CO}) by Φ(Γ(f, Ω)) = (Ω, f̃). By Theorem 4.2 in [18] Φ is a homeomorphism and Φ(G) is a closed subspace of (CL(X), τ_F ) × (C(X, R^m ), τ_{CO}). On CL(X) the Fell topology coincides with the Attouch-Wets topology [1, 3], for which the well-known expression of a complete metric is

d_1(A, B) = ∞X_{i=1 2−i min{1, supd(x,x0)<i | d(x, A) − d(x, B) |}.}

38 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology

Also the compact-open topology τ_{CO} on C(X, R^m ) can be described by the following complete metric

d_2(f, g) = ∞X_{i=1 2−i min{1, supd(x,x0)<i | f(x) − g(x) |}.} Thus if we define

L(Γ(f, Ω), Γ(g, Δ)) = d_1(Ω, Δ) + d_2(f̃, g̃)

we obtain a compatible complete metric for (G, τ).

5. Comparison with hyperspace topologies

In the last part of our paper we would like to present some results concerning relations between τ-topology and some hyperspace topologies induced on G from CL(X×R^m ). Hyperspace topologies on graphs of continuous functions with common domain were studied in many papers. We quote at least some [4, 5, 6, 7, 17, 20, 21].

Denote further by τ_F , τ_{AW} , τ_H the Fell [16], Attouch-Wets [1] and Hausdorff metric topology [3, 23, 24], respectively. We are going to show that τ_F ⊂ τ and if X is boundedly compact, then also τ_{AW} ⊂ τ. Of course τ ⊂ τ_H in G.

From Lemma 3.2 we know that τ-convergence of sequences implies τ_F -convergence (since it coincides with Kuratowski convergence). Now we show that also τ-convergence of nets implies τ_F -convergence.

Proposition 5.1. Let (X, d) be a metric space. Then τ_F ⊂ τ in G.

Proof. Let {Γ(f_σ, Ω_σ) : σ ∈ Σ} τ-converges to Γ(f, Ω). It is sufficient to show that if K is a compact set in X × R^m such that Γ(f, Ω)∩K = ∅, then also Γ(f_σ, Ω_σ) ∩ K = ∅ eventually.

Suppose there is a cofinal subset Δ of Σ such that Γ(f_σ, Ω_σ) ∩ K ≠ ∅ for every σ ∈ Δ. Since Π_1(K) is compact in X (where Π_1(K) is the projection of K to X) we have ρ_{Π1(K)}({Γ(f_σ, Ω_σ), Γ(f, Ω)) → 0. Therefore for every ϵ > 0 S(K, ϵ) ∩ Γ(f, Ω) ≠ ∅ (where by S(K, ϵ) we mean an enlargement induced by the box metric of d and u). So also K ∩ Γ(f, Ω) ≠ ∅, a contradiction.

The following proposition shows that Lemma 3.2 does not work in general for nets. Of course, if X is locally compact, then from previous propositon we see that τ-convergence of nets implies Kuratowski convergence (τ_F topologizes Kuratowski convergence in locally compact spaces).

Proposition 5.2. Let (X, d) be a metric space. TFAE:

(1) X is locally compact;

(2) τ-convergence of nets implies Kuratowski convergence in G.

Proof. Only (2) ⇒ (1) needs a proof. Suppose X is not locally compact. There is a point x ∈ X which has no compact neighbourhood. We use the same notation as in

P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology 39 the proof of Theorem 4.2. For every (K, U) ∈ K(X) × U(x) put Ω_{K,U} = {x_{K,U} , y}, where x_{K,U} ∈ U \ K and y is a point in X different from x, and define u_{K,U} on Ω_{K,U} as u_{K,U} (y) = u_{K,U} (x_{K,U} ) = 0. Let further Ω = {y} and u is defined on Ω as u(y) = 0. Then {Γ(u_{K,U} , Ω_{K,U} ) : (K, U) ∈ K(X)×U(x)} τ-converges to Γ(u, Ω), but not Kuratowski since (x, 0) ∈ Li Γ(u_{K,U} , Ω_{K,U} ) \ Γ(u, Ω).

Proposition 5.3. Let (X, d) be a metric space. TFAE: (1) X is boundedly compact (i.e. every closed bounded set is compact); (2) τ_{AW} ⊂ τ on G.

Proof. (1) ⇒ (2) The proof in this direction uses the same idea as in [10]. (2) ⇒ (1) Suppose X is not boundedly compact. So there is a closed bounded set B which is not compact. Let {x_1, x_2, . . . , x_n, . . . } be a sequence in B which has no cluster point. Put Ω = {x_1} and Ω_n = {x_1, x_n} for every n ∈ Z^+. Let u, u_n(n ∈ Z^+) be restrictions of the zero function on Ω, Ω_n, respectively. Then it is easy to verify that {Γ(u_n, Ω_n)}_n τ-converges to Γ(u, Ω), but fails τ_{AW} -converge to Γ(u, Ω).

We finish with the following proposition.

Proposition 5.4. Let (X, d) be a metric space. TFAE: (1) X is compact; (2) τ_H = τ on G.

Proof. For (2) ⇒ (1) we can use a similar proof as in the previous proposition.

Acknowledgements. We would like to thank to Professor Roberto Lucchetti for discussions on the paper. Third author would like to express his gratitude to University of Perugia for an invitation.

References [1] H. Attouch, R. Lucchetti, R. J. B. Wets: The topology of the æ-Hausdorff distance, Ann.

Mat. Pura Appl. 160 (1991) 303–320.

[2] K. Back: Concepts of similarity for utility functions, J. Math. Econ. 15 (1986) 129–142. [3] G. Beer: Topologies on Closed and Closed Convex Sets, Kluwer Publishers, Dordrecht, 1993.

[4] G. Beer: On uniform convergence of continuous functions and topological convergence of sets, Can. Math. Bull. 26 (1983) 418–424.

[5] G. Beer: More on convergence of continuous functions and topological convergence of sets, Can. Math. Bull. 28 (1985) 52–59.

[6] G. Beer: Metric spaces on which continuous functions are uniformly continuous and Hausdorff distance, Proc. Amer. Math. Soc. 95 (1985) 653–658.

[7] G. Beer, A. Di Concilio: Uniform continuity on bounded sets and the Attouch-Wets topology, Proc. Amer. Math. Soc. 112 (1991) 235–243.

[8] P. Brandi, R. Ceppitelli: Esistenza, unicitá e dipendenza continua per equazioni differenziali in una struttura ereditaria, Atti Sem. Mat. Fis. Univ. Modena 35 (1987) 357–363.

40 P. Brandi, R. Ceppitelli, L^′. Holá / Topological properties of a new graph topology

[9] P. Brandi, R. Ceppitelli: Existence, uniqueness and continuous dependence for hereditary differential equations, J. Diff. Equations 81 (1989) 317–339.

[10] P. Brandi, R. Ceppitelli: A new graph topology. Connections with compact open topology, Appl. Analysis 53 (1994) 185–196.

[11] P. Brandi, R. Ceppitelli: A new graph topology intended for functional differential equations, Atti Sem. Mat. Univ. Modena 54 (1996) 43–52.

[12] P. Brandi, R. Ceppitelli: A hypertopology intended for functional differential equations, Appl. Analysis 67 (1997) 73–88.

[13] R. Ceppitelli, L. Faina: Differential equations with hereditary structure induced by a Volterra type property, preprint.

[14] J. Dugundji: Topology, Allyn and Bacon Inc., 1966.

[15] R. Engelking: General Topology, Revised Edition, Heldermann Verlag, Berlin, 1989. [16] J. Fell: A Hausdorff topology for the closed subsets of a locally compact non Hausdorff space, Proc. Amer. Math. Soc. 13 (1962) 472–476.

[17] L. Holá: The Attouch-Wets topology and a characterisation of normable linear spaces, Bull.

Austral. Math. Soc. 44 (1991) 11–18.

[18] L. Holá: Complete metrizability of generalized compact-open topology, Topology and its Applications, to appear.

[19] K. J. Langen: Convergence of dynamic programming models, Mathematics of Operations Research 6 (1981) 493–512.

[20] S. A. Naimpally: Graph topology for function spaces, Trans. Amer. Math. Soc. 123 (1966) 267–272.

[21] S. A. Naimpally: Hyperspaces and function spaces, Questions and Answers Gen. Topology 9 (1991) 33–60.

[22] R. Sampalmieri: Kuratowski convergence on compact sets, Atti Sem. Mat. Fis. Univ. Modena 40 (1992) 381–390.

[23] B. Sendov: Some questions of the theory of approximations of functions and sets in the Hausdorff metric, Russ. Math. Surveys 24(II) (1969) 143–183.

[24] B. Sendov: Hausdorff Approximation, Kluwer Publishers, Dordrecht, 1990.