Journal of Convex Analysis Volume 6 (1999), No. 1, 195–206

Existence and Uniqueness of Solution of Unilateral Problems with L^1 Data

L. Boccardo

Dipartimento di Matematica, Universitá di Roma 1, Piazza A.Moro 2, 00185 Roma, Italy.

e-mail: boccardo@mat.uniroma1.it

G. R. Cirmi

Dipartimento di Matematica, Universitá di Catania, Viale A.Doria 6, 95125 Catania, Italy.

e-mail: cirmi@dipmat.unict.it

Received October 10, 1997 Revised manuscript received June 9, 1998

We prove an existence and uniqueness theorem for the solution of unilateral problems with L^1 data.

1. Introduction

In this paper we consider the obstacle problem with L^1 data associated to differential operators A of monotone type and we prove an existence and uniqueness theorem.

We recall that, when the data belong to L^1(Ω), the classical formulation of unilateral problems is inadequate. As a matter of fact, even in the case of the equations, the term ∫ Ω fu as no meaning, if u is a weak solution. If A is the p-Laplacian operator this difficulty is overcome by using a new definition of solution, whose existence is proved in [5] by approximation. Other proofs of the existence result can be found in [3].

Recently,( in [2]) it was proved that the solutions of nonlinear equations with L^1 data, satisfying an additional entropy condition, are unique.

Here, following this idea, we introduce a formulation of unilateral problems with L^1 data, quite similar to the definition of entropy solution of the Dirichlet problem with L^1 data. In this way, we can prove the uniqueness of solution of the obstacle problem as the uniqueness of entropy solutions of the Dirichlet problem is proved in [2].

We shall prove the existence of solutions using a classical approximation and a penalization method. Moreover, we shall present another approach, introduced in [8] in the variational framework, which allows us to prove the Lewy-Stampacchia inequality.

2. Statement of the results

Let Ω be an open bounded subset of ℜ^N , N ≥ 2.

Let us consider the nonlinear operator

Av = − div a(x, Dv) (2.1)

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

196 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems where a : Ω × ℜ^N → ℜ^N is a Caratheodory function satisfying the following assumptions, for a.e. x ∈ Ω and ∀ξ, η ∈ ℜ^N , (ξ ≠ η), 1 < p < ∞:

a(x, ξ)ξ ≥ α|ξ|^p (2.2)

|a(x, ξ)| ≤ β[h(x) + |ξ|^{p−1}] (2.3)

[a(x, ξ) − a(x, η)][ξ − η] > 0 (2.4) with α, β > 0 and h(x) ∈ L^{p′} (Ω) (here p^′ denotes the conjugate exponent of p). Assume that f ∈ L^1(Ω) (2.5) and ψ ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω) (2.6)

Let us define K = { v ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω) : v(x) ≥ ψ(x) in Ω } . In the following, we shall denote by T_k(s) the truncation defined by

T_k(s) = k if s > k s if |s| ≤ k −k if s < −k The aim of this paper is to prove the following Theorem 2.1. Let 2 −^1_N < p < N. Under assumptions (2.2), ... , (2.6) there exists a unique solution u of the problem u ∈ W^{1,q}_0 (Ω) 1 < q <^{N(p−1)}_{N−1} u(x) ≥ ψ(x) in Ω T_k(u) ∈ W^{1,p}_0 (Ω) ∀k > 0 ⟨Au, T_k(u − v)⟩ ≤ ∫ Ω fT_k(u − v) ∀v ∈ K (2.7)

As we have stated in the Introduction, in Section 4, under an additional assumption, we shall prove the following stronger result:

L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems 197 Theorem 2.2. Assume that the hypotheses of Theorem 2.1 hold and that Aψ ∈ L^1(Ω). (2.8) Let u be the solution of problem (2.7). Then the following inequality holds f ≤ Au ≤ f + (f − Aψ)^−. (2.9) Remark 2.3. We point out that the previous definition of solution of the obstacle problem is similar to the definition of “entropy solution” of the Dirichlet problem, introduced in [2].

Remark 2.4. The first inequality of the assumption on p (p > 2 −^1_N ) guarantees that the gradient of the solution belongs to L^1(Ω) (_{N(p−1)} N−1 > 1 ) . If p ≤ 2 −^1_N , we can adapt the method used in [2] for the study of the Dirichlet problem. Moreover, if p > N, we are in the “variational framework”, since L^1(Ω) ⊂ (W^{1,p}_0 (Ω))^′ and the existence of solutions is a consequence of classical results (see for example [11]) Remark 2.5. The existence result still holds if the data have the form f(x) − div(F ), with f ∈ L^1(Ω) and F ∈ [L^{p′} (Ω)]^N , that is , in particular, if they are measures absolutely continuous with respect to the p−capacity (see [7]).

Remark 2.6. If the differential operator A is the p-laplacian, an existence result for (2.7) can be found in [5], [3], where a slight different definition of solution is given.

3. Existence by approximation Let {f_n} be a sequence of smooth functions such that: { f_n → f in L^1(Ω) ‖f_n‖_1 ≤ ‖f‖_1 ∀n ∈ N (3.1)

Let u_n be the solution of the problem:

u_n ∈ W^{1,p}_0 (Ω) u_n(x) ≥ ψ(x) in Ω ⟨Au_n, u_n − v⟩ ≤ ∫ Ω f_n(u_n − v) ∀v ∈ W^{1,p}_0 (Ω), v(x) ≥ ψ(x) in Ω

(3.2)

Thanks to the hypotheses (2.2), (2.3), (2.4) A is a nonlinear operator of Leray-Lions type, so the existence of u_n follows from the classical results of [11]. In order to prove the existence and uniqueness theorem we need the following: Lemma 3.1. There exists a constant c_0(q), independent on n, such that: ‖u_n‖W 1,q_0 (Ω) ≤ c_0(q) ∀n ∈ N , 1 < q < N(p − 1) N − 1 . (3.3)

198 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems Proof. Let k > 0 be an integer and φ_k : ℜ → ℜ be the function defined by:

φ_k(s) =

1 if s ≥ k + 1 s − k if k ≤ s < k + 1 0 if 0 ≤ s < k −φ_k(−s) if s < 0 Let k ≥ ‖ψ‖_∞; taking as test function in (3.2) v = u_n − φ_k(u_n), we obtain ⟨Au_n, φ_k(u_n)⟩ ≤ ∫ Ω f_nφ_k(u_n) ∀k ≥ ‖ψ‖_∞. Thanks to assumption (2.2) we have ∫ B^n_k |Du_n|^p ≤ ‖f‖_1 α ∀k ≥ ‖ψ‖_∞, (3.4) where B^n_k = {x ∈ Ω : k ≤ |u_n(x)| < k + 1} . Let v = u_n − T_k(u_n − ψ), k > 0 Since v ∈ W^{1,p}_0 (Ω) and v(x) ≥ ψ(x) in Ω, v is an admissible test function in (3.2), so we have ∫ {un−ψ<k} a(x, Du_n)D(u_n − ψ) ≤ k‖f‖_1. By virtue of hypotheses (2.2), (2.3) and using Young’s inequality (with exponents p, p^′) we get α ∫ {un−ψ<k} |Du_n|^p ≤

k‖f‖_1 + α 2 ∫ {un−ψ<k} (|h(x)|^{p′} + |Du_n|^p) + c_1‖ψ‖^p W^{1,p}_0 (Ω) and finally ∫ {|un|<k} |Du_n|^p ≤ ∫ {un−ψ<k+‖ψ‖∞} |Du_n|^p ≤ c_2(k + ‖ψ‖_∞ + ‖ψ‖^p_{W 1,p0} + ‖h‖^p′ )), ∀k > 0 (3.5)

L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems 199 Let 1 < q <^{N(p−1)}_{N−1} and k ≥ ‖ψ‖_∞. It results: ∫ Ω |Du_n|^q ≤

( ∫ {|un|<k} |Du_n|^p)^{qp} |Ω|^{1− qp} + ∞∑ j=k ( 1 (1 + j)^λ ∫ B^n_j |Du_n|^p)^{qp} ( ∫ B^n_j (1 + |u_n|)^{λqp−q} )^{1− qp}

where λ =^{N(p−q)}_{N−q} ; observe that λ > 1, since 1 < q <^{N(p−1)}_{N−1} . From this inequality, using (3.4) and (3.5) we obtain ∫ Ω |Du_n|^q ≤ c_3 + c_4( ∫ Ω |u_n|^{q⋆} )^{1− qp} . (3.6) From this estimate, by Sobolev’s inequality, we get ∫ Ω |u_n|^{q⋆} ≤ c_5. Finally, from (3.6) we obtain (3.3).

First Proof of Theorem 2.1. The estimate (3.3) guarantees that there exists a subsequence, still denoted by {u_n}, such that ∀q < N(p − 1)/(N − 1): u_n → u weakly- W^{1,q}_0 (Ω) u_n → u strongly-L^q(Ω) u_n → u almost everywhere in Ω

(3.7)

Since u_n(x) ≥ ψ(x) in Ω, ∀n ∈ N , u(x) ≥ ψ(x) in Ω. Moreover, we shall prove that Du_n → Du almost everywhere in Ω (3.8) As a matter of fact, if we take as test function in (3.2) u_n − T_k(u_n − u_m) and then u_m + T_k(u_n − u_m), we obtain ⟨Au_n, T_k(u_n − u_m)⟩ ≤ ∫ Ω f_nT_k(u_n − u_m) and −⟨Au_m, T_k(u_n − u_m)⟩ ≤ − ∫ Ω f_mT_k(u_n − u_m).

200 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems Adding up these inequalities, we get ⟨Au_n − Au_m, T_k(u_n − u_m)⟩ ≤ ∫ Ω (f_n − f_m)T_k(u_n − u_m) (3.9) The right hand side of (3.9) tends to zero, if n, m → ∞ and so, thanks to the monotonicity of the operator A, also ⟨Au_n − Au_m, T_k(u_n − u_m)⟩ → 0. Thus Lemma 1 of [6] implies that Du_n → Du almost everywhere in Ω. (3.10) Let w ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω).

We observe that, ∀k > 0 the sequence {T_k(u_n − w)} is bounded in W^{1,p}_0 (Ω). Indeed: ∫ Ω |DT_k(u_n − w)|^p ≤ c_6 ∫ {|un|<k+‖w‖∞} |Du_n|^p + c_7 ∫ Ω |Dw|^p and the right hand side of the previous inequality is bounded thanks to (3.5). Let w ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω), w(x) ≥ ψ(x) in Ω; the function u_n − T_k(u_n − w) is an admissible test function in (3.2). This choice yields ⟨Au_n − Aw, T_k(u_n − w)⟩ + ⟨Aw, T_k(u_n − w⟩ ≤ ∫ Ω f_nT_k(u_n − w) (3.11)

Since {T_k(u_n − w)} is bounded in W^{1,p}_0 (Ω)and in L^∞(Ω), we deduce: lim inf⟨Au_n − Aw, T_k(u_n − w)⟩ ≥ ⟨Au − Aw, T_k(u − w)⟩

lim⟨Aw, T_k(u_n − w)⟩ = ⟨Aw, T_k(u − w)⟩

lim ∫ Ω f_nT_k(u_n − w) = ∫ Ω fT_k(u − w) Thus, taking the limit as n → ∞ in (3.11), we have proved that u is a solution of (2.7). Moreover, its uniqueness can be proved exactly as the uniqueness of the entropy solutions of the Dirichlet problem for equations is proved in [2]. 4. The penalization method For sake of simplicity, in this section, we assume that ψ = 0. (4.1)

L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems 201 Let {f_ϵ} be a sequence of smooth functions such that: { f_ϵ → f in L^1(Ω) ‖f_ϵ‖_1 ≤ ‖f‖_1 ∀ϵ > 0 (4.2) and j(s) = |s|^{p−2}s. (4.3) Let us consider the following problem: { u_ϵ ∈ W^{1,p}_0 (Ω) Au_ϵ − j(^{(uϵ)−}_ϵ ) = f_ϵ

(4.4)

As usual, the existence of u_ϵ follows from well-known results (see [11]). We shall prove the following:

Lemma 4.1. There exists a constant c(q) > 0, independent on ϵ, such that: ‖u_ϵ‖W 1,q_0 (Ω) ≤ c(q), ∀ϵ > 0 (4.5)

with 1 < q <^{N(p−1)}_{N−1} .

Proof. Let k > 0. Let us take as test function in the weak formulation of (4.4) v = φ_k(u_ϵ), where φ_k(s) is the function defined in the proof of Lemma 3.1. This choice yields ⟨Au_ϵ, φ_k(u_ϵ)⟩ − ∫ Ω ( (u_ϵ)^− ϵ )_{p−1} φ_k(u_ϵ) ≤ ‖f‖_1. (4.6)

Since k > 0, we have: ∫ Ω ( (u_ϵ)^− ϵ )_{p−1} φ_k(u_ϵ) ≤ 0

and from (4.6) we deduce ∫ B^ϵ_k |Du_ϵ|^p ≤ c_1 ∀k > 0, ∀ϵ > 0 , (4.7) where B^ϵ_k is the set defined in the previous section and c_1 is a positive constant independent on ϵ.

Taking as test function in (4.4) v = T_k(u_ϵ), we obtain ∫ {|uϵ|<k} a(x, Du_ϵ)Du_ϵ ≤ k‖f‖_1.

202 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems

From this estimate, by the ellipticity condition (2.2), we obtain: ∫ Ω |DT_k(u_ϵ)|^p ≤ c_4k ∀k > 0. (4.8)

Working as in the previous section, from (4.7) and (4.8) we obtain the estimate (4.5).

Second Proof of Theorem 2.1. Since {u_ϵ} is bounded in W^{1,q}_0 (Ω), there exists a subsequence, still denoted by {u_ϵ}, such that ∀q < N(p − 1)/(N − 1):

u_ϵ → u weakly- W^{1,q}_0 (Ω) u_ϵ → u strongly-L^q(Ω) u_ϵ → u almost everywhere in Ω

(4.9)

Now, we shall prove that

u ≥ ψ a.e. in Ω (4.10)

Let {θ_n(s)} be a sequence of increasing functions converging to

θ(s) = 1 if s > 0 0 if s = 0 −1 if s < 0

Let us choose v = θ_n(u_ϵ − ψ) as test function in the weak formulation of problem (4.4); then, there exists ν ∈ N such that: − ( 1 ϵ )_{p−1} ∫ Ω ( (u_ϵ − ψ)^− )_{p−1} θ_n(u_ϵ − ψ) ≤ ‖f‖_1 ∀n > ν Passing to the limit as n → ∞ we get: ∫ Ω ( (u_ϵ − ψ)^− )_{p−1} ≤ ϵ^{p−1}‖f‖_1 (4.11)

From this inequality we deduce ( (u_ϵ − ψ)^− )_{p−1} → 0 strongly in L^1(Ω).

Thanks to (4.9) we obtain:

(u − ψ)^− = 0 a.e. in Ω

which proves (4.10).

Moreover, by (4.11), j(^{(uϵ−ψ)−}_ϵ ) + f_ϵ is bounded in L^1(Ω), and from the results of [6] it thus follows

Du_ϵ → Du almost everywhere in Ω (4.12)

L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems 203 Let v ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω), v ≥ ψ a.e. in Ω, and k > 0.

Using the estimate (4.8) we can prove that {T_k(u_ϵ − v)} is bounded in W^{1,p}_0 (Ω); moreover, taking T_k(u_ϵ − v) as test function in the weak formulation of problem (4.4) we obtain: ⟨Au_ϵ − Av, T_k(u_ϵ − v)⟩ + ⟨Av, T_k(u_ϵ − v)⟩ ≤ ∫ Ω f_ϵT_k(u_ϵ − v). Taking the limit as ϵ → 0 in the last inequality we conclude the proof of Theorem 2.1.

5. The omographic approximation In this section we shall prove Theorem 2.1 using another approximation, introduced by [8] in the variational framework and already used in [3] for unilateral problem with L^1 data.

We recall that, differently from the previous methods, here we need hypothesis (2.8) even in the proof of Theorem 2.1. However this approach allows us to prove the Lewy- Stampacchia inequality.

Let λ > 0 and {f_λ} be a sequence of smooth function such that ∀q < N(p − 1)/(N − 1): { f_λ → f in L^1(Ω) ‖f_λ‖_1 ≤ ‖f‖_1 ∀λ > 0 Let us consider the following problem: { u_λ ∈ W^{1,p}_0 (Ω) Au_λ + g^{uλ−ψ} λ+|u_λ−ψ| = fλ + g in Ω (5.1)

where: g = (f_λ − Aψ)^−. We observe that g is non negative and ‖g‖_1 ≤ ‖f‖_1 + ‖(Aψ)^+‖_1. The existence of u_λ follows from the results of [12]. In order to prove Theorem 2.1 we need the following:

Lemma 5.1. Assume that hypotheses (2.2), (2.3), (2.4) and (2.8) are satisfied. Then:

u_λ ≥ ψ ∀λ > 0 almost everywhere in Ω (5.2)

Moreover, there exists a constant c(q) > 0, independent on λ, such that: ‖u_λ‖W 1,q_0 (Ω) ≤ c(q) ∀1 < q < N(p − 1) N − 1 . (5.3)

204 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems Proof. Let us take (u_λ − ψ)^− as test function in the weak formulation of (5.1) ; we have ⟨Au_λ, (u_λ − ψ)^−⟩ + ∫ Ω g(u_λ − ψ) (u_λ − ψ)^− λ + |u_λ − ψ| = ⟨f_λ + g, (u_λ − ψ)^−⟩ Since ∫ Ω g(u_λ − ψ) (u_λ − ψ)^− λ + |u_λ − ψ| ≤ 0, and ⟨f_λ + g − Aψ, (u_λ − ψ)^−⟩ ≥ 0, we obtain ∫ {u_λ−ψ<0} (a(x, Du_λ) − a(x, Dψ))D(u_λ − ψ) ≤ 0. From this estimate, using also assumption (2.4) we obtain

D(u_λ(x) − ψ(x)) = 0 almost everywhere in {x ∈ Ω : u_λ(x) < ψ(x)}. Then we get:

‖(u_λ − ψ)^−‖W 1,p_0 (Ω) = 0 from which easily follows (5.2).

Thanks to (5.2), u_λ is solution of the following equation Au_λ − g λ λ + (u_λ − ψ)

= f_λ in Ω. (5.4)

Let k > 0; choosing φ_k(u_λ) (φ_k(s) is the function defined in Section 3) as test function in the weak formulation of the last equation, we get (f_λ + λ^g_{λ+(uλ−ψ)} is bounded in L^1(Ω)) ∫ B^λ_k |Du_λ|^p ≤ c_1, where B^λ_k is the set defined in Section 3.

From this estimate, working as in Section 3 we get the proof of (5.3). Proof of Theorem 2.1. We point out that we shall use Aψ ∈ L^1. Using Lemma 5.1 there exists a subsequence, still denoted by {u_λ}, such that: u_λ → u weakly- W^{1,q}_0 (Ω) u_λ → u strongly-L^q(Ω) u_λ → u almost everywhere in Ω

(5.5)

L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems 205 Moreover, since u_λ is solution of (5.4) and f_λ + λ^g_{λ+(uλ−ψ)} is bounded in L^1(Ω), reasoning as before we have Du_λ → Du almost everywhere in Ω (5.6) Let k > 0. Choosing T_k(u_λ) as test function in the weak formulation of (5.4), we have ‖T_k(u_λ)‖W 1,p_0 (Ω) ≤ ck ∀k > 0 (5.7) From this estimate we can prove that {T_k(u_λ − v)} is bounded in W^{1,p}_0 (Ω), (5.8) for any v ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω).

Let v ∈ W^{1,p}_0 (Ω) ∩ L^∞(Ω), v ≥ ψ a.e. in Ω; then ⟨Au_λ − Av, T_k(u_λ − v)⟩ + ⟨Av, T_k(u_λ − v)⟩ = ∫ Ω f_λT_k(u_λ − v) + ∫ Ω λ g λ + (u_λ − ψ) T_k(u_λ − v). Letting λ → 0, and taking into account (5.5), (5.6) and (5.8) we can conclude the proof of Theorem 2.1.

Proof of Theorem 2.2. Since u_λ satisfies (5.1) we have Au_λ ≤ f_λ + (f_λ − Aψ)^−. (5.9) Moreover, thanks to (5.4) we obtain Au_λ ≥ f_λ. (5.10) Taking the limit as λ → 0 in (5.9) and (5.10) we get (2.9).

Acknowledgements. This work has been partially supported by MURST [40%, 60%] research funds.

References [1] A. Bensoussan, J. L. Lions: Controle Impulsionel et Inequations Quasi Variationnelles, Gauthier-Villars, Paris, 1984.

[2] P. Benilan, L. Boccardo, T. Gallouët, R. Gariepy, M. Pierre, J. L. Vazquez: An L^1-Theory of existence and uniqueness of solutions of nonlinear elliptic equations, Ann. Scuola Norm. Sup. Pisa IV-XXII(2) (1995) 241–273.

[3] L. Boccardo, G. R. Cirmi: Nonsmooth unilateral problems, In: Nonsmooth optimization:

Methods and Applications (Proceedings Erice 1991), ed. by F. Giannessi, Gordon, Breach (1992) 1–10.

[4] L. Boccardo, T. Gallouët: Nonlinear elliptic and parabolic equations involving measure data, J. Funct. Anal. 87 (1989) 149–169.

206 L. Boccardo, G. R. Cirmi / Existence and uniqueness of solution of unilateral problems

[5] L. Boccardo, T. Gallouët: Problèmes unilateraux avec donnée dans L^1, C. R. Acad. SC.

Paris 311 (1990) 617–619.

[6] L. Boccardo, T. Gallouët: Nonlinear elliptic equations with right-hand side measures, Comm. Partial Differential Equations 17 (1992) 641–655.

[7] L. Boccardo, T. Gallouët, L. Orsina: Existence and uniqueness of entropy solutions for nonlinear elliptic equations with measure data, Ann. Inst. H. Poincaré Anal. Non Linéaire 13 (1996) 539–551.

[8] C. Brauner, B. Nikolaenko: Homographic approximations of free boundary problems characterized by elliptic variational inequalities, In: Nonlinear Partial Differential Equations and their Applications, Collège de France Seminar III, ed. by H. Brezis, J. L. Lions, Research Notes in Math. 70, Pitman, London (1982) 86–128.

[9] D. Kinderlehrer, G. Stampacchia: An Introduction to Variational Inequalities and their Applications, Academic Press (1980).

[10] H. Lewy, G. Stampacchia: On the regularity of the solution of a variational inequality, Comm. Pure Appl. Math. 22 (1969) 153–188.

[11] J. L. Lions: Quelques Méthodes de Résolution des Problèmes aux Limites Non Linéaires, Dunod, Paris, 1969.

[12] J. Leray, J. L. Lions: Quelques résultats de Vishik sur les problèmes elliptiques semi-linéaires par les méthodes de Minty et Browder, Bull. Soc. Math. France 93 (1965) 97–107.