Journal of Convex Analysis Volume 6 (1999), No. 1, 41–57

Asymptotic Analysis to a Phase-Field Model with a Nonsmooth Memory Kernel

Giovanna Bonfanti, Fabio Luterotti

Dipartimento di Elettronica per l’Automazione, Università di Brescia, Via Branze 38, 25123 Brescia, Italy. e-mail: luterott@bsing.ing.unibs.it

Received December 29, 1997

A phase-field model based on the Gurtin-Pipkin heat flux law is considered. The resulting system has been investigated by Colli and Laurençot who proved existence and uniqueness results, when the time relaxation coefficient is strictly positive. The aim of this paper is the study of the asymptotic behaviour of such a solution, as the time relaxation goes to zero, and of the related limit problem.

1. Introduction

Consider a two-phase material located in a bounded domain Ω ⊂ R^3 until a given time T > 0. Denote by ϑ its relative temperature (fixed in order that ϑ = 0 is the equilibrium temperature between the two phases) and by χ an order parameter (usually named phasefield) which could represent the local proportion of one phase. To describe the evolution of the pair (ϑ, χ) we consider the following system

∂_t(ϑ + λ(χ)) − k ∗ Δϑ = f in Q := Ω×]0, T [, (1.1) μ∂_tχ − νΔχ + β(χ) ∋ −σ^′(χ) + λ^′(χ)ϑ in Q, (1.2) ϑ(·, 0) = ϑ_0, χ(·, 0) = χ_0 in Ω, (1.3) ∂_nχ = ∂_n(k ∗ ϑ) = 0 on ∂Ω×]0, T [, (1.4)

where ∂_t = ∂/∂t, ∗ denotes the usual convolution product with respect to the time over ]0, t[, Δ the Laplacian (in space variables), ∂_n the outer normal derivative on ∂Ω. The coefficients μ and ν are positive constants, k is the so-called heat kernel, f is a source term, ϑ_0 and χ_0 are given; moreover, the maximal monotone graph β and the given functions σ and λ entail a nonlinear constrained dynamics for the phase fraction χ.

It must be noted that, in the energy balance equation (1.1), the Gurtin-Pipkin [19] heat flux law is considered, accounting for memory effects. On the other hand, relation (1.2) can be derived following the Ginzburg-Landau theory (see [7], [16], [17], [20]). The system (1.1)–(1.2) is also considered in other different applications in Material Sciences.

Now we are going to recall some existence and uniqueness results of solutions to problem (1.1)–(1.4), outlining the assumptions taken on the heat kernel k and the function λ. Since the main issue of this paper is the asymptotic analysis, when the time relaxation constant μ tends to 0^+, we will also have to mention the results where, instead of (1.2), a relation close to the following is handled in some sense

−νΔχ + β(χ) ∋ −σ^′(χ) + λ^′(χ)ϑ in Q. (1.5)

ISSN 0944-6532 / $ 2.50 cfl Heldermann Verlag

42 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model

We start our brief survey by describing the papers [10, 11, 12, 13] by Colli, Gilardi, and Grasselli. In [10], by assuming k ∈ W^{2,1}(0, T ) and λ Lipschitz continuous, they obtained existence, uniqueness, and regularity results of strong solutions to problem (1.1)– (1.4). Assuming λ(χ) = λχ, with λ constant (and hence λ(χ) is linear), in [11] they proved existence results for weak solutions; in [12] they extend the previous existence and uniqueness results for strong solution to the case where ∂_t(ϑ + λχ + φ ∗ ϑ + ψ ∗ χ) occurs in (1.1) instead of ∂_t(ϑ + λχ) (φ and ψ being further memory kernels); still in [12] they studied the asymptotic behaviour of the above obtained solutions, when the coefficient ν of the interfacial energy term vanishes. Finally, by assuming also a positivity condition (see (2.14) below), in [13] they carried out the asymptotic analysis of the solution obtained in [12], when μ → 0^+. They actually got existence, uniqueness and regularity results for problem (1.1)–(1.5)–(1.3)–(1.4) together with some error estimates.

On the other hand, Aizicovici and Barbu [1] studied (1.1)–(1.3) together with Dirichlet boundary conditions, in the particular case where: λ(χ) = λχ, β(χ) = χ^3, σ^′(χ) = −χ. It must be noted that they dealt with k just integrable and of positive type (see (2.3) below), obtaining the existence of a solution which is unique provided that k is a nonnegative decreasing and convex function, by using semigroup techniques. By assuming a stronger positivity condition on k, they also investigate the asymptotic behaviour as t → +∞. The asymptotic analysis, when μ → 0^+, to the problem investigated in [1] is performed in [8] by Chiusano and Colli; by requiring λ > 1/4, they actually proved the existence and the uniqueness of the solution to the limit problem.

In [14, 15] Colli and Laurençot considered problem (1.1)–(1.4) in the case where: the heat kernel k is just integrable and of positive type, β and σ are general, and λ is a nonlinear function. In particular, they assumed only λ^{′′} ∈ L^∞(R), allowing λ to have a quadratic growth; such a behaviour entails that the system (1.1)–(1.2) is a model not only for solidliquid phase transitions, but also for ferromagnetic transformations (see [14, Sec. 1]). In [14] they obtained the existence of weak solutions and studied the asymptotic behaviour of such solutions as t → +∞. Under a further assumption on the datum χ_0, in [15] they improved the regularity of the solutions obtained in [14], and then they got a uniqueness result.

The aim of the present paper is to address the study of the asympotic analysis, as μ → 0^+, of the solutions to problem (1.1)–(1.4) in the general setting considered by Colli and Laurençot, complementing the results of [8] and [13]. By taking a positivity assumption (see (2.14) below), we deal with k just integrable and of positive type (while k ∈ W^{2,1}(0, T ) is assumed in [13]), β maximal monotone graph and σ general (while β = χ^3 and σ^′ = −χ are taken in [8]). We are able to handle just the case where λ(χ) = λχ; on the other hand, we can observe that this is the case considered in [8] and [13] too.

The outline of the paper is as follows. The next section is devoted to the assumptions, the notation, and the statements of the results. Section 3 is concerned with the proof of Theorem 2.2. In Section 4 we deal with the proof of Theorem 2.1: we obtain some a priori estimates independently of μ and then we pass to the limit as μ → 0^+. Theorems 2.1 and 2.2 actually imply an existence and uniqueness result to the “limit” problem (1.1)–(1.5)– (1.3)–(1.4). In Section 5 we prove a regularity result (Theorem 2.3) for the solution just mentioned, by deriving the corresponding estimates; then we deduce some error estimates (Theorems 2.5 and 2.6). Throughout the paper some comments and remarks are given.

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 43

2. Statements of the results Let Ω ⊂ R^3 , be a bounded domain with boundary ∂Ω of class C^{2,1}. We set Q_t := Ω×]0, t[ for t ∈ ]0, T [, H := L^2(Ω) and V := H^1(Ω). W := {v ∈ H^2(Ω) : ∂_nv = 0 on ∂Ω}. Identifying, as usual, H with its dual space H^′, we recall that W ⊂ V ⊂ H ⊂ V^′ ⊂ W^′ with dense and continuous injections. Henceforth, we denote by ⟨⟨·, ·⟩⟩ the duality pairing between W^′ and W, by ⟨·, ·⟩ the duality pairing between V^′ and V, and by (·, ·) the scalar product in H. The norm both in H or in H^3 is simply indicated by ‖·‖ . Besides, we denote by ((·, ·)) the scalar product in V. Then, the associated Riesz isomorphism J : V → V^′ and scalar product in V^′ can be specified by

⟨Jv_1, v_2⟩ := ((v_1, v_2)), ((u_1, u_2))_∗ := ⟨u_1, J^{−1}u_2⟩ for v_i ∈ V, u_i ∈ V^′, i = 1, 2 .

We decide to take ‖·‖_V := ((·, ·))^{1/2} and ‖·‖_V0 := ((·, ·))^{1/2}_∗ .

Hereafter we take λ(χ) = λχ, with λ constant. Concerning the data, we assume the following hypotheses

λ, ν ∈]0, +∞[; (2.1) k ∈ L^1(0, T ); (2.2) ∫_t 0 (v(s), (k ∗ v)(s))ds ≥ 0 , ∀ t ∈ [0, T ], ∀ v ∈ L^2(0, T ; H); (2.3)

β = ∂β̂ : R → 2R with domain D(β) such that int(D(β)) is nonempty and β(0) ∋ 0; (2.4) β̂ : R → [0, +∞] is a proper, convex, lower semicontinuous function; (2.5) σ ∈ C^2(R) with σ^′(0) = 0 and σ^{′′} ∈ L^∞(R); (2.6) β̂ + σ is nonnegative. (2.7)

Now, by introducing the auxiliary unknown e = ϑ + λχ (which corresponds to the enthalpy), problem (1.1)–(1.4) becomes

∂_te − k ∗ Δe + λk ∗ Δχ = f in Q; (2.8) μ∂_tχ − νΔχ + α(χ) ∋ λe in Q; (2.9) e(·, 0) = e_0 and χ(·, 0) = χ_0 in Ω; (2.10) ∂_n(k ∗ e) = ∂_nχ = 0 on ∂Ω×]0, T [; (2.11)

where e_0 = ϑ_0 + λχ_0 and α is related to β, σ, and λ by

α(z) = β(z) + σ^′(z) + λ^2z , ∀ z ∈ R .

Now, we assume on α the following conditions

α = ∂j : R → 2R with α(0) ∋ 0 ; (2.12)

44 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model

j : R → [0, +∞] is a proper, convex, lower semicontinuous function with j(0) = 0;_{(2.13)}

∃l > 0 such that (η_1 − η_2)(z_1 − z_2) ≥ l(z_1 − z_2)^2 ∀ z_i ∈ D(α), ∀ η_i ∈ α(z_i), i = 1, 2

(2.14)

(recall that D(α) denotes the domain of α). Through (2.14) we assume on α a monotonicity condition which is surely satisfied if the Lipschitz constant of σ^′ is smaller than λ^2. From the physical point of view, this corresponds to require the latent heat to be large enough.

Now, thanks to (2.1)–(2.7) and to (2.15)–(2.16) below, the results of Colli and Laurençot [14, Thm 2.3], [15, Thm 2.2-Rem 4.3] ensure that the following problem has a unique solution.

Problem (P_μ). Let μ > 0 be given and (2.1)–(2.7) hold. Moreover, let f_μ, e_{0μ}, and χ_{0μ} satisfy f_μ ∈ L^1(0, T ; H) (2.15) e_{0μ} ∈ H , χ_{0μ} ∈ V and β̂(χ_{0μ}) ∈ L^1(Ω). (2.16) Find (e_μ, χ_μ, ξ_μ) such that e_μ ∈ C^0([0, T ]; V^′) ∩ L^∞(0, T ; H); (2.17) χ_μ ∈ H^1(0, T ; H) ∩ C^0([0, T ]; V) ∩ L^2(0, T ; W); (2.18) ξ_μ ∈ L^2(0, T ; H); (2.19) ∂_te_μ − f_μ ∈ L^2(0, T ; W^′); (2.20) and ⟨⟨∂_te_μ, v⟩⟩ − (k ∗ e_μ, Δv) + λ(k ∗ Δχ_μ, v) = (f_μ, v) , ∀ v ∈ W , a.e. in ]0, T [; (2.21) μ∂_tχ_μ − νΔχ_μ + ξ_μ = λe_μ a.e. in Q; (2.22) ξ_μ ∈ α(χ_μ) a.e. in Q; (2.23) e_μ(·, 0) = e_{0μ} in V^′; (2.24) χ_μ(·, 0) = χ_{0μ} in V. (2.25)

Now, we study the asymptotic behaviour of the solutions of the previous problem, as μ → 0^+. Hereafter, we let μ vary in ]0, 1[ and denote by (e_μ, χ_μ, ξ_μ) the unique solution to problem (P_μ), corresponding to the data f_μ, e_{0μ}, χ_{0μ} satisfying (2.15)–(2.16). In order to pass to the limit in (2.21)–(2.25), as μ → 0^+, we assume that the following convergences hold f_μ → f in L^1(0, T ; H) (2.26) e_{0μ} → e_0 in H (2.27) μ^{1/2}χ_{0μ} → 0 in H. (2.28) Moreover, we suppose that ∃C > 0 such that μ^{1/2}‖χ_{0μ}‖_V + μ‖j(χ_{0μ})‖_L1_{(Ω)} ≤ C for any μ ∈]0, 1[.

(2.29)

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 45 Theorem 2.1. Let (2.1)–(2.7) and (2.12)–(2.14) hold. Moreover, let f_μ, e_{0μ}, χ_{0μ}, f, and e_0 satisfy (2.26)–(2.29). Then there exists a triplet (e, χ, ξ) such that

e_μ → e in C^0([0, T ]; V^′) (2.30) e_μ^∗⇀ e in L^∞(0, T ; H) (2.31) χ_μ → χ in L^2(0, T ; V) (2.32) χ_μ ⇀ χ in L^2(0, T ; W) (2.33) μχ_μ ⇀ 0 in H^1(0, T ; H) (2.34) μ^{1/2}χ_μ^∗⇀ 0 in L^∞(0, T ; V) (2.35) ξ_μ ⇀ ξ in L^2(0, T ; H) . (2.36)

Moreover, the triplet (e, χ, ξ) solves the problem ⟨⟨∂_te, v⟩⟩ − (k ∗ e, Δv) + λ(k ∗ Δχ, v) = (f, v) , ∀ v ∈ W , a.e. in ]0, T [; (2.37) −νΔχ + ξ = λe a.e. in Q; (2.38) ξ ∈ α(χ) a.e. in Q; (2.39) e(·, 0) = e_0 in V^′. (2.40)

Note that Theorem 2.1 ensures, in particular, the existence of a solution to problem (2.37)– (2.40), whenever f and e_0 satisfy (2.41) and (2.42) below. Actually, the uniqueness result holds.

Theorem 2.2. Let (2.1)–(2.7) and (2.12)–(2.14) hold. Moreover, let f and e_0 satisfy

f ∈ L^1(0, T ; H) (2.41) e_0 ∈ H. (2.42)

Then the problem (2.37)–(2.40) has a unique solution.

Hereafter, (e, χ, ξ) denotes the solution to problem (2.37)–(2.40). By assuming some stronger hypotheses on the sequence of the data, we can obtain uniform bounds which yield further regularity for e and χ.

Theorem 2.3. Let (2.1)–(2.7) and (2.12)–(2.14) hold. Let f_μ, e_{0μ}, χ_{0μ}, f, and e_0 satisfy (2.26)–(2.29). Assume moreover ‖f_μ‖_L1_{(0,T ;V)∩L}2_{(0,T ;V}0_) + ‖e_{0μ} − λχ_{0μ}‖_V ≤ c^′ (2.43) χ_{0μ} ∈ W (2.44) χ_{0μ} ∈ D(α) a.e. in Ω and α^0(χ_{0μ}) ∈ H (2.45)

(where, for y ∈ D(α), α^0(y) denotes the element of α(y) having minimum modulus),

there exists ξ_{0μ} ∈ H such that ξ_{0μ} ∈ α(χ_{0μ}) a.e. in Ω and μ^{−1/2}‖νΔχ_{0μ} − ξ_{0μ} + λe_{0μ}‖ ≤ c^{′′} , for some c^′, c^{′′} > 0 and any μ ∈]0, 1[ .

(2.46)

46 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model Then ‖e_μ‖_L1_{(0,T ;V)∩H}1_{(0,T ;V}0_) ≤ c_1 (2.47) μ^{1/2}‖∂_tχ_μ‖_L1_{(0,T ;H)} + ‖χ_μ‖_L1_{(0,T ;W)∩H}1_{(0,T ;V)} ≤ c_2 (2.48) for some c_1, c_2 > 0 and any μ ∈]0, 1[.

Remark 2.4. In view of Theorems 2.2 and 2.3, by (2.47) and (2.48), we deduce the following convergences, besides (2.30)–(2.36).

e_μ^∗⇀ e in L^∞(0, T ; V) (2.49) e_μ ⇀ e in H^1(0, T ; V^′) (2.50) χ_μ ⇀ χ in H^1(0, T ; V) (2.51) χ_μ^∗⇀ χ in L^∞(0, T ; W) (2.52) μ^{1/2}χ_μ^∗⇀ 0 in W^{1,∞}(0, T ; H). (2.53) Using the generalized Ascoli theorem (see Simon [21, Cor. 4, Sec. 8]), from (2.49)–(2.52), we deduce moreover the strong convergences e_μ → e in C^0([0, T ]; H) (2.54) χ_μ → χ in C^0([0, T ]; V) . (2.55) Finally, we note that equation (2.37) and the initial condition (2.40) may be meant in V^′ and H, respectively, thanks to (2.50) and (2.54).

Now, we establish some error estimates.

Theorem 2.5. Let all the assumptions of Theorem 2.3 hold. Then ‖e_μ − e‖_C0_{([0,T ];V}0_) + ‖χ_μ − χ‖_L2_{(0,T ;V)} ≤ c_3 {μ + ε_μ} (2.56)

‖χ_μ − χ‖_C0_{([0,T ];V)} ≤ c_4 { μ^{1/2} + ε_μ } (2.57) where ε_μ := ‖e_{0μ} − e_0‖ + ‖f_μ − f‖_L1_{(0,T ;H)} , (2.58) for some c_3, c_4 > 0 and any μ ∈]0, 1[.

Theorem 2.6. Let all the assumptions of Theorem 2.3 hold and moreover α ∈ C^1(R) non decreasing. (2.59) Then ‖e_μ − e‖_C0_{([0,T ];H)} + ‖χ_μ − χ‖_L2_{(0,T ;W)} ≤ c_5 { μ^{1/2} + (ε_μ)^{1/2} } (2.60)

‖χ_μ − χ‖_L1_{(0,T ;W)} ≤ c_6 { μ^{1/4} + (ε_μ)^{1/2} } , (2.61) for some c_5, c_6 > 0 and any μ ∈]0, 1[.

Remark 2.7. We warn that, in the proofs in the following sections, we will employ the same symbol c for different constants, even in the same formula, in regard of simplicity.

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 47 3. Proof of Theorem 2.2 We proceed by contradiction. Let (e_1, χ_1, ξ_1) and (e_2, χ_2, ξ_2) be two solutions to problem (2.37)–(2.40), provided by Theorem 2.1. Set nowẽ := e_1 −e_2,χ̃ := χ_1 −χ_2, andξ̃ := ξ_1 −ξ_2. Writing (2.37)–(2.38) for both the triplets and taking the differences, we have ⟨⟨∂_tẽ, v⟩⟩ − (k ∗ ẽ, Δv) + λ(k ∗ Δχ̃, v) = 0, ∀v ∈ W, a.e. in ]0, T [ (3.1)

−νΔχ̃ + ξ̃ = λẽ a.e. in Q. (3.2) Next, we rewrite (3.1) by the means of the isomorphism J and by inserting the additional term k ∗ (ẽ − λχ̃) in order to guarantee coerciveness. Thus, we obtain ⟨⟨∂_tẽ, v⟩⟩ + (k ∗ ẽ, Jv) − (k ∗ ẽ, v) − λ(J(k ∗ χ̃), v) + λ(k ∗ χ̃, v) = 0, ∀v ∈ W, a.e. in ]0, T [. (3.3)

Take now v = J^{−1}ẽ in (3.3) and integrate from 0 to t ∈ ]0, T [. We get 1 2 ‖ẽ(t)‖^2_V0 + ∫_t 0 ((k ∗ ẽ)(s), ẽ(s)) ds = 3∑ j=1 I_j(t), (3.4)

where I_1(t) := ∫_t 0 (k ∗ ẽ, J^{−1}ẽ) (3.5)

I_2(t) := λ ∫_t 0 (J(k ∗ χ̃), J^{−1}ẽ) (3.6)

I_3(t) := −λ ∫_t 0 (k ∗ χ̃, J^{−1}ẽ). (3.7) In order to estimate these integrals, we recall here some properties, which will be useful in the sequel: the elementary inequality ab ≤ (δ/2)a^2 + (2δ)^{−1}b^2 ∀ a, b ∈ R, ∀ δ > 0 (3.8) and the Young theorem implying

‖a ∗ b‖_L2_{(0,T ;X)} ≤ ‖a‖_L1_{(0,T )}‖b‖_L2_{(0,T ;X)} ∀ a ∈ L^1(0, T ), b ∈ L^2(0, T ; X), (3.9) for any real Banach space X.

Now, owing to Hölder inequality, (3.9) and the definition of J, we get |I_1(t)| ≤ ‖k ∗ ẽ‖_L2_{(0,t;V}0_)‖J^{−1}ẽ‖_L2_{(0,t;V)} ≤ ‖k‖_L1_{(0,T )}‖ẽ‖^2_L2_{(0,t;V}0_) (3.10)

|I_2(t)| ≤ λ‖J(k ∗ χ̃)‖_L2_{(0,t;V}0_)‖J^{−1}ẽ‖_L2_{(0,t;V)} ≤

≤ λ‖k‖_L1_{(0,T )}‖χ̃‖_L2_{(0,t;V)}‖ẽ‖_L2_{(0,t;V}0_)

(3.11)

48 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model

|I_3(t)| ≤ λ‖k ∗ χ̃‖_L2_{(0,t;V}0_)‖J^{−1}ẽ‖_L2_{(0,t;V)} ≤

≤ cλ‖k‖_L1_{(0,T )}‖χ̃‖_L2_{(0,t;V)}‖ẽ‖_L2_{(0,t;V}0_) .

(3.12)

Then, multiplying (3.2) by χ̃ and integrating over Q_t, we obtain ν ∫_t 0 ‖∇χ̃(s)‖^2 ds + ∫_t 0 (ξ̃(s), χ̃(s)) ds = λ ∫_t 0 (ẽ(s), χ̃(s)) ds. (3.13) Using (2.14) and Hölder inequality, by (3.13) we deduce that

min{ν, l}‖χ̃‖^2_L2_{(0,t;V)} ≤ λ‖χ̃‖_L2_{(0,t;V)}‖ẽ‖_L2_{(0,t;V}0_) . (3.14)

Finally, we add (3.4) and (3.14), by taking (2.3) and (3.10)–(3.12) into account. Using (3.8), we deduce the existence of a positive constant c (depending also on ν and l) such that 1 2 ‖ẽ(t)‖^2_V0 + min{ν, l}‖χ̃‖^2_L2_{(0,t;V)} ≤ 1 2 min{ν, l}‖χ̃‖^2_L2_{(0,t;V)} + c‖ẽ‖^2_L2_{(0,t;V}0_) ,

for a.a. t ∈]0, T [.

(3.15)

Thus, Gronwall lemma implies ẽ = χ̃ = 0 a.e. in Q and a comparison in (3.2) enables us to conclude the proof.

4. Proof of Theorem 2.1 The present proof consists of the derivation of a priori estimates (independently of μ) and the passage to the limit when μ tends to zero. For the sake of brevity, in some of the estimates, we proceed only in a formal way, but we are able to make this procedure rigorous (also see Remark 4.2 below). From the a priori bounds we deduce some weak or weak* convergences and (2.39). At the end of the proof we also deduce (2.32). Some comments and remarks complete this section.

First a priori estimate We take v = J^{−1}e_μ in (2.21) and integrate from 0 to t ∈ ]0, T [. Proceeding as in the first part of the previous section, we obtain 1 2 ‖e_μ(t)‖^2_V0 + ∫_t 0 ((k ∗ e_μ)(s), e_μ(s)) ds ≤ ≤ 1 2 ‖e_{0μ}‖^2_V0 + ‖k‖_L1_{(0,T )} { ‖e_μ‖^2_L2_{(0,t;V}0_) + cλ‖χ_μ‖_L2_{(0,t;V)}‖e_μ‖_L2_{(0,t;V}0_) } + + c ∫_t 0 ‖f_μ(s)‖‖e_μ(s)‖_V0 ds. (4.1)

Next, we multiply (2.22) by χ_μ and we integrate over Q_t. Using, as usual, Hölder inequality, we get μ 2 ‖χ_μ(t)‖^2 + ν ∫_t 0 ‖∇χ_μ(s)‖^2 ds + ∫_t 0 (ξ_μ(s), χ_μ(s)) ds ≤ ≤ μ 2 ‖χ_{0μ}‖^2 + λ‖χ_μ‖_L2_{(0,t;V)}‖e_μ‖_L2_{(0,t;V}0_).

(4.2)

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 49

Now we add (4.1) and (4.2), by taking (2.3), (2.12) and (2.14) into account. By (3.8), there exists a positive constant c̃ (depending also on ν and l) such that

‖e_μ(t)‖^2_V0 + μ‖χ_μ(t)‖^2 + min{ν, l} ‖χ_μ‖^2_L2_{(0,t;V)} ≤

≤ ‖e_{0μ}‖^2_V0 + μ‖χ_{0μ}‖^2 + c̃‖e_μ‖^2_L2_{(0,t;V}0_) + c ∫_t 0 ‖f_μ(s)‖‖e_μ(s)‖_V0 ds. (4.3)

Thanks to (2.26)–(2.28), an extended version of Gronwall lemma (see, e.g., Baiocchi [2]) enables us to deduce that ‖e_μ‖_L1_{(0,T ;V}0_) ≤ c (4.4) ‖χ_μ‖_L2_{(0,T ;V)} ≤ c (4.5) μ^{1/2}‖χ_μ‖_L1_{(0,T ;H)} ≤ c. (4.6)

Second a priori estimate We choose v = e_μ in (2.21) and integrate from 0 to t ∈ ]0, T [. Using Hölder inequality and (3.9), we have

1 2 ‖e_μ(t)‖^2 + ∫_t 0 ((k ∗ ∇e_μ)(s), ∇e_μ(s)) ds ≤ 1 2 ‖e_{0μ}‖^2 +

+ λ‖k‖_L1_{(0,T )}‖Δχ_μ‖_L2_{(0,t;H)}‖e_μ‖_L2_{(0,t;H)} + ∫_t 0 ‖f_μ(s)‖‖e_μ(s)‖ ds. (4.7)

Next, we multiply (2.22) by −Δχ_μ and we integrate over Q_t. Suppose, for the moment, that the graph α is a Lipschitz continuous function. Then ξ_μ = α(χ_μ). Using again Hölder inequality, we get μ 2 ‖∇χ_μ(t)‖^2 + ν‖Δχ_μ‖^2_L2_{(0,t;H)} + ∫∫ Qt α^′(χ_μ)|∇χ_μ|^2 ≤ ≤ μ 2 ‖∇χ_{0μ}‖^2 + λ‖Δχ_μ‖_L2_{(0,t;H)}‖e_μ‖_L2_{(0,t;H)}.

(4.8)

Now we add (4.7) and (4.8), by taking (2.3) and (2.12) into account. Using (3.8), we deduce that there exists a positive constant c(ν) (depending also on ν) such that 1 2 ‖e_μ(t)‖^2 + μ 2 ‖∇χ_μ(t)‖^2 + ν 2 ‖Δχ_μ‖^2_L2_{(0,t;H)} ≤ ≤ 1 2 ‖e_{0μ}‖^2 + μ 2 ‖∇χ_{0μ}‖^2 + c(ν)‖e_μ‖^2_L2_{(0,t;H)} + ∫_t 0 ‖f_μ(s)‖‖e_μ(s)‖ ds. (4.9)

Inequality (4.9) still holds when α is a graph satisfying (2.12)–(2.14). One can prove that by approximating α by its Yosida regularization (see, e.g., [6], [13]). Finally, thanks to (2.26)–(2.27) and (2.29), we apply again an extended version of Gronwall lemma to deduce that ‖e_μ‖_L1_{(0,T ;H)} ≤ c (4.10) ‖χ_μ‖_L2_{(0,T ;W)} ≤ c (4.11) μ^{1/2}‖χ_μ‖_L1_{(0,T ;V)} ≤ c . (4.12)

50 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model Third a priori estimate Arguing as before, we can assume that α is a Lipschitz continuous function (otherwise, we introduce its Yosida approximation). Then we multiply (2.22) by ξ_μ = α(χ_μ) and we integrate over Q_t. Taking (2.12) into account, using Hölder inequality and (3.8), we get

μ‖j(χ_μ(t))‖_L1_{(Ω)} + ∫∫ Qt α^′(χ_μ)|∇χ_μ|^2 + ‖ξ_μ‖^2_L2_{(0,t;H)} ≤

≤ μ‖j(χ_{0μ})‖_L1_{(Ω)} + 1 2 ‖ξ_μ‖^2_L2_{(0,t;H)} + λ^2 2 ‖e_μ‖^2_L2_{(0,t;H)} .

(4.13)

Owing to (2.12), (2.29) and (4.10), we apply Gronwall lemma and we deduce the following upper bounds.

‖ξ_μ‖_L2_{(0,T ;H)} ≤ c (4.14) μ‖j(χ_μ)‖_L1_{(0,T ;L}1_{(Ω))} ≤ c . (4.15)

Fourth a priori estimate Taking (4.10)–(4.11) and (4.14) into account, a comparison in (2.22) leads to μ‖∂_tχ_μ‖_L2_{(0,T ;H)} ≤ c . (4.16) Now, by (2.21), we have ⟨⟨∂_te_μ − f_μ, v⟩⟩ ≤ (‖k ∗ e_μ‖ + λ‖k ∗ χ_μ‖)‖v‖_W, ∀v ∈ W, a.e. in ]0, T [ (4.17) hence ‖∂_te_μ − f_μ‖_W0 ≤ ‖k ∗ e_μ‖ + λ‖k ∗ χ_μ‖ a.e. in ]0, T [. (4.18) Finally, thanks to (3.9), (4.5) and (4.10), from (4.18), we deduce that ‖∂_te_μ − f_μ‖_L2_{(0,T ;W}0_) ≤ c . (4.19)

Passage to the limit Thanks to (4.10), (4.11), (4.14), (4.19), (4.12), and (4.16), well known weak and weak* compactness results allow us to deduce the existence of (e, χ, ξ) such that, at least for a subsequence of μ → 0^+,

e_μ^∗⇀ e in L^∞(0, T ; H) (4.20) χ_μ ⇀ χ in L^2(0, T ; W) (4.21) ξ_μ ⇀ ξ in L^2(0, T ; H) (4.22) ∂_te_μ − f_μ ⇀ ∂_te − f in L^2(0, T ; W^′) (4.23) μ^{1/2}χ_μ^∗⇀ 0 in L^∞(0, T ; V) (4.24) μχ_μ ⇀ 0 in H^1(0, T ; H) . (4.25)

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 51 The above convergences are enough in order to pass to the limit in (2.21)–(2.22), when μ → 0^+, obtaining (2.37)–(2.38). Next, we observe that (2.26) and (4.20) imply

e_μ − 1 ∗ f_μ^∗⇀ e − 1 ∗ f in L^∞(0, T ; H) (4.26) (where 1 ∗ u denotes the time integral primitive of u).

Thanks to [21, Cor.4, Sec.8], from (4.23) and (4.26), we deduce the strong convergence e_μ − 1 ∗ f_μ → e − 1 ∗ f in C^0([0, T ]; V^′) (4.27) and hence (still thanks to (2.26)) e_μ → e in C^0([0, T ]; V^′). (4.28) We want to show that (2.39) holds. Toward this aim, we multiply (2.22) by χ_μ and we integrate over Q_t; we obtain ∫ ∫ Qt ξ_μχ_μ = −ν ∫∫ Qt |∇χ_μ|^2 − μ 2 ‖χ_μ(t)‖^2 + μ 2 ‖χ_{0μ}‖^2 + λ ∫∫ Qt e_μχ_μ. (4.29)

We take the lim sup, as μ → 0^+, of both sides of (4.29); using (4.21), (2.28), and (4.28), we get

lim sup μ→0 ∫ ∫ Qt ξ_μχ_μ ≤ −ν ∫∫ Qt |∇χ|^2 + λ ∫∫ Qt eχ = ∫∫ Qt (νΔχ + λe)χ. (4.30)

A comparison in (2.38) gives

lim sup μ→0 ∫∫ Qt ξ_μχ_μ ≤ ∫ ∫ Qt ξχ; (4.31)

in view of [3, prop.1.1, p.42] (4.31) implies (2.39). Now, we only have to prove (2.32). We take the difference between (2.22) and (2.38); we multiply the resulting equation by χ_μ − χ and we integrate over Q_t; by using (2.14), Hölder inequality and (3.8), we get μ 2 ‖χ_μ(t)‖^2 + 1 2 min{ν, l} ‖χ_μ − χ‖^2_L2_{(0,t;V)} ≤ ≤ μ 2 ‖χ_{0μ}‖^2 + μ ∫∫ Qt ∂_tχ_μχ + λ^2 2(min{ν, l}) ‖e_μ − e‖^2_L2_{(0,t;V}0_) ;

(4.32)

since (2.28), (4.25), (4.28) hold, we deduce (2.32). Remark 4.1. Let us consider the following equation: ∂_t(ϑ + λ(χ)) − k_0Δϑ − k ∗ Δϑ = f in Q, (4.33) where the Coleman-Gurtin [9] heat flux law is taken into account and k_0 is a positive constant. In [4, 5], existence, uniqueness and regularity results were proved for the system (4.33)–(1.2) supplemented by Cauchy and homogeneous Neumann boundary conditions. Remark that the assumptions on the heat kernel are only (2.2) and a positivity condition

52 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model

—which comes from Thermodynamics, see, e.g., [18], [4, Sec. 1]— for k_0δ + k (where δ denotes the Dirac mass). Moreover, λ is a nonlinear function which can have a quadratic growth in [4], while it is Lipschitz continuous in [5]. It must be noted that the presence of the term −k_0Δϑ in (4.33) entails that the solutions of the mixed problem related to (4.33)–(1.2) are more regular than the ones of the problem (1.1)–(1.4), obtained in [14, 15]. Hence, the asymptotic analysis, as μ → 0^+, of the solutions found in [4, 5] is simpler (using the same tools) than the one performed in the present paper. For the sake of brevity, we don’t give here neither a precise statement, nor a proof, concerning such an asymptotic result.

Remark 4.2. Since e_μ is only H-valued (see (2.17) above), the second a priori estimate has been actually derived in a formal way. The rigorous procedure should had been the following: multiply (2.21) by a regularization of e_μ, said e_{εμ} ∈ W, satifying e_{εμ} + εAe_{εμ} = e_μ, with A suitable operator from H to W (also see [13] for a similar procedure); then pass to the limit when ε → 0, obtaining the bounds (4.10)–(4.12). Another method to make our argument rigorous is the following: consider a regularized problem (P_{εμ}), instead of (P_μ), by adding the term (−εΔe_μ, v) in (2.21); consider, moreover, (e_{εμ}, χ_{εμ}, ξ_{εμ}) the corresponding (more regular) solution to (P_{εμ}), satisfying, in particular, e_{εμ} ∈ H^1(0, T ; V^′) ∩ L^∞(0, T ; V) (thanks to [4, Thm. 2.1]); derive the same bounds (now in a rigorous way); pass to the limit with ε and then with μ.

5. Regularity and error estimates

In the first part of the present section, we deal with the proof of Theorem 2.3; in the second one, we prove the error estimates established by Theorems 2.5 and 2.6.

Proof of Theorem 2.3. As in the previous section, for the sake of brevity, we derive some uniform bounds only in a formal way. A rigorous procedure can be performed arguing as in Remark 4.2.

We differentiate (2.22) in time, we multiply by ∂_tχ_μ and we integrate over Q_t. Recalling that the formal derivative α^′ is bounded from below by l thanks to (2.14), we have μ 2 ‖∂_tχ_μ(t)‖^2 + ν‖∇∂_tχ_μ‖^2_L2_{(0,t;H)} + l‖∂_tχ_μ‖^2_L2_{(0,t;H)} ≤ ≤ μ 2 ‖∂_tχ_μ(0)‖^2 + λ ∫∫ Qt ∂_te_μ∂_tχ_μ . (5.1)

We recover the initial value of ∂_tχ_μ from (2.22), taking (2.24)-(2.25) and (2.46) into account. Applying Hölder inequality, from (5.1) we get μ 2 ‖∂_tχ_μ(t)‖^2 + min{ν, l}‖∂_tχ_μ‖^2_L2_{(0,t;V)} ≤ c + λ‖∂_te_μ‖_L2_{(0,t;V}0_)‖∂_tχ_μ‖_L2_{(0,t;V)}. (5.2)

By (3.8), there exists a positive constant c̃ (depending also on ν and l) such that

μ‖∂_tχ_μ(t)‖^2 + min{ν, l}‖∂_tχ_μ‖^2_L2_{(0,t;V)} ≤ c + c̃‖∂_te_μ‖^2_L2_{(0,t;V}0_). (5.3)

Next, we take v = J^{−1}∂_te_μ in (2.21) and we integrate from 0 to t. We obtain

‖∂_te_μ‖^2_L2_{(0,t;V}0_) = 8∑ j=4 I_j(t), (5.4)

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 53 where

I_4(t) := − ∫_t 0 (k ∗ e_μ, ∂_te_μ) (5.5)

I_5(t) := ∫_t 0 (k ∗ e_μ, J^{−1}∂_te_μ) (5.6)

I_6(t) := λ ∫_t 0 (J(k ∗ χ_μ), J^{−1}∂_te_μ) (5.7)

I_7(t) := −λ ∫_t 0 (k ∗ χ_μ, J^{−1}∂_te_μ) (5.8)

I_8(t) := ∫_t 0 (f_μ, J^{−1}∂_te_μ). (5.9)

Owing to Hölder inequality, (3.9) and the definition of J, we estimate the above integrals as follows.

|I_4(t) + I_6(t)| ≤ c‖k‖_L1_{(0,T )} { ‖e_μ‖_L2_{(0,t;V)} + ‖χ_μ‖_L2_{(0,t;V)} } ‖∂_te_μ‖_L2_{(0,t;V}0_) (5.10)

|I_5(t) + I_7(t)| ≤ c‖k‖_L1_{(0,T )} { ‖e_μ‖_L2_{(0,t;V}0_) + ‖χ_μ‖_L2_{(0,t;V}0_) } ‖∂_te_μ‖_L2_{(0,t;V}0_) (5.11)

|I_8(t)| ≤ ‖f_μ‖_L2_{(0,t;V}0_)‖∂_te_μ‖_L2_{(0,t;V}0_) . (5.12) Now, we use (3.8) taking (4.4)–(4.5) and (2.43) into account. We deduce that

‖∂_te_μ‖^2_L2_{(0,t;V}0_) ≤ c { 1 + ‖e_μ‖^2_L2_{(0,t;V)} } , (5.13)

for some positive constant c.

Next, we consider equation (2.21) rewritten in terms of ϑ_μ and χ_μ, recalling that e_μ = ϑ_μ + λχ_μ. Proceeding formally, we test it by v = −Δϑ_μ and we integrate from 0 to t. We obtain 1 2 ‖∇ϑ_μ(t)‖^2 + ∫_t 0 ((k ∗ Δϑ_μ)(s), Δϑ_μ(s)) ds = 1 2 ‖∇ϑ_{0μ}‖^2 + − λ ∫_t 0 (∇∂_tχ_μ(s), ∇ϑ_μ(s)) ds + ∫_t 0 (∇f_μ(s), ∇ϑ_μ(s)) ds, (5.14)

where ϑ_{0μ} = e_{0μ} − λχ_{0μ}.

Now, we apply Hölder inequality and (3.8), recalling (5.3) and (5.13). We have − λ ∫_t 0 (∇∂_tχ_μ(s), ∇ϑ_μ(s)) ds ≤ c { ‖∂_tχ_μ‖^2_L2_{(0,t;V)} + ‖∇ϑ_μ‖^2_L2_{(0,t;H)} } ≤ ≤ c { 1 + ‖e_μ‖^2_L2_{(0,t;V)} + ‖∇ϑ_μ‖^2_L2_{(0,t;H)} } ≤ c { 1 + ‖∇ϑ_μ‖^2_L2_{(0,t;H)} } , (5.15)

thanks also to (4.5) and (4.10).

54 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model Using again Hölder inequality, we obtain ∫_t 0 (∇f_μ(s), ∇ϑ_μ(s)) ds ≤ ∫_t 0 ‖∇f_μ(s)‖‖∇ϑ_μ(s)‖ ds. (5.16) Finally, recalling (5.15)–(5.16) and owing to (2.3) and (2.43), we can apply to (5.14) an extended version of Gronwall lemma and deduce the following bound ‖∇ϑ_μ‖_L1_{(0,T ;H)} ≤ c . (5.17) Now, by (5.17), (4.5) and (4.10), we have ‖e_μ‖_L2_{(0,T ;V)} ≤ c . (5.18) Next, by (5.18) and (5.13), we recover ‖∂_te_μ‖_L2_{(0,T ;V}0_) ≤ c . (5.19) Finally, by (5.19) and (5.3), we get μ^{1/2}‖∂_tχ_μ‖_L1_{(0,T ;H)} ≤ c (5.20) ‖∂_tχ_μ‖_L2_{(0,T ;V)} ≤ c . (5.21) Next, we multiply (2.22) by −Δχ_μ and we integrate by parts only in space. Thanks to (2.14), (5.20) and (4.10) we can deduce ‖χ_μ‖_L1_{(0,T ;W)} ≤ c . (5.22) Finally, thanks to (5.22), (5.17) and (4.10), it holds ‖e_μ‖_L1_{(0,T ;V)} ≤ c (5.23) and (2.47)–(2.48) are completely proved.

Proof of Theorem 2.5. We argue like in the derivation of the first a priori estimate, in the previous section. We consider the difference between equations (2.21) and (2.37), we take v = J^{−1}(e_μ − e) and we integrate from 0 to t ∈ ]0, T [. Next, we multiply the difference between (2.22) and (2.38) by χ_μ − χ and we integrate over Q_t. We detail only the term coming from μ∂_tχ_μ because we have to handle it in a different way with respect to the procedure adopted in the previous section. Considering it on the right hand side, we get −μ ∫∫ Qt ∂_tχ_μ(χ_μ − χ) ≤ l 2 ‖χ_μ − χ‖^2_L2_{(0,t;H)} + μ^2 2l ‖∂_tχ_μ‖^2_L2_{(0,t;H)}. (5.24)

Now, we insert (5.24) in the formula corresponding to (4.2), owing to (2.48); we add the inequalities corresponding to (4.1) and (4.2); we apply an extended version of Gronwall lemma and we obtain ‖e_μ − e‖^2_C0_{([0,T ];V}0_) + ‖χ_μ − χ‖^2_L2_{(0,T ;V)} ≤ ≤ c { ‖e_{0μ} − e_0‖^2 + ‖f_μ − f‖^2_L1_{(0,T ;H)} } + cμ^2.

(5.25)

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 55

Thus, on account of (5.25) and (2.58), we deduce (2.56).

Next, we multiply the difference between (2.22) and (2.38) by χ_μ − χ and we integrate only in space. Arguing, in particular, as for (5.24), we get ν‖∇(χ_μ − χ)(s)‖^2 + l 2 ‖(χ_μ − χ)(s)‖^2 ≤ ≤ μ^2 2l ‖∂_tχ_μ(s)‖^2 + λ‖(χ_μ − χ)(s)‖_V‖(e_μ − e)(s)‖_V0, for a.a. s ∈]0, T [.

(5.26)

By using suitably (3.8), we deduce that

‖(χ_μ − χ)(s)‖^2_V ≤ cμ^2‖∂_tχ_μ(s)‖^2 + c‖(e_μ − e)(s)‖^2_V0, for a.a. s ∈]0, T [. (5.27) Finally, since μ‖∂_tχ_μ‖^2_L1_{(0,T ;H)} is uniformly bounded thanks to (2.48), by (5.27) and (2.56) follows (2.57) (recall that χ_μ − χ is continuous from [0, T ] into V).

Proof of Theorem 2.6. We consider the difference between equations (2.21) and (2.37), we take v = e_μ − e and we integrate from 0 to t ∈ ]0, T [. Note that this choice of test function is admissible because Theorem 2.3 ensures that both equations (2.21) and (2.37) may be meant in V^′ (see also Remark 2.4); moreover, e_μ−e ∈ L^∞(0, T ; V) thanks to (2.49). Next, we consider the difference between (2.22) and (2.38), we multiply by −Δ(χ_μ − χ) and we integrate over Q_t. We proceed as in the derivation of the second a priori estimate, in the previous section. Clearly, some modifications are needed due to the terms coming from μ∂_tχ_μ and ξ_μ − ξ. We recall that, by assuming (2.59), we have here ξ_μ = α(χ_μ) and ξ = α(χ). Similarly to the formula (4.8), we obtain

ν‖Δ(χ_μ − χ)‖^2_L2_{(0,t;H)} + ∫∫ Qt α^′(χ_μ)|∇(χ_μ − χ)|^2 ≤ ≤ μ ∫∫ Qt ∂_tχ_μΔ(χ_μ − χ) + ∫∫ Qt (α^′(χ) − α^′(χ_μ))∇χ · ∇(χ_μ − χ) + + ν 4 ‖Δ(χ_μ − χ)‖^2_L2_{(0,t;H)} + λ^2 ν ‖e_μ − e‖^2_L2_{(0,t;H)}.

(5.28)

Using again Hölder inequality and (3.8), we get μ ∫∫ Qt ∂_tχ_μΔ(χ_μ − χ) ≤ ν 4 ‖Δ(χ_μ − χ)‖^2_L2_{(0,t;H)} + μ^2 ν ‖∂_tχ_μ‖^2_L2_{(0,t;H)}. (5.29)

Now, we note that (2.52) implies χ_μ, χ ∈ L^∞(Q) thanks to the three-dimensional injection H^2(Ω) ⊂ C^0(Ω̄). Thus, owing to (2.59) and (2.32), we have ∫ ∫ Qt (α^′(χ) − α^′(χ_μ))∇χ · ∇(χ_μ − χ) ≤ c ∫∫ Qt |∇χ · ∇(χ_μ − χ)| ≤ ≤ c‖∇χ‖_L2_{(0,t;H)}‖∇(χ_μ − χ)‖_L2_{(0,t;H)} ≤ c‖χ_μ − χ‖_L2_{(0,t;V)}. (5.30)

Taking (5.29)–(5.30) and (2.59) into account, from (5.28), we deduce that ν 2 ‖Δ(χ_μ − χ)‖^2_L2_{(0,t;H)} ≤ μ^2 ν ‖∂_tχ_μ‖^2_L2_{(0,t;H)} + λ^2 ν ‖e_μ − e‖^2_L2_{(0,t;H)} + c‖χ_μ − χ‖_L2_{(0,t;V)}. (5.31)

56 Bonfanti, Luterotti / Asymptotic analysis to a phase-field model

Next, we add (5.31) with the inequality corresponding to (4.7) (after a suitable use of (3.8)), owing to (2.48) and (2.56). Applying an extended version of Gronwall lemma, we infer that

‖e_μ − e‖_C0_{([0,T ];H)} ≤ c { μ^{1/2} + (ε_μ)^{1/2} } (5.32)

and then

‖Δ(χ_μ − χ)‖_L2_{(0,T ;H)} ≤ c { μ^{1/2} + (ε_μ)^{1/2} } . (5.33)

Thus, (2.60) is proved. Next, we multiply the difference between (2.22) and (2.38) by −Δ(χ_μ − χ) and we integrate only in space. Arguing similarly to (5.29)–(5.30), we get ν 2 ‖Δ(χ_μ − χ)(s)‖^2 ≤ μ^2 ν ‖∂_tχ_μ(s)‖^2 + + λ^2 ν ‖(e_μ − e)(s)‖^2 + c‖χ‖_L1_{(0,T ;V)}‖(χ_μ − χ)(s)‖_V, for a.a. s ∈]0, T [.

(5.34)

Finally, recalling (2.48), (2.60), (2.52) and (2.57), by (5.34), we deduce

‖Δ(χ_μ − χ)‖_L1_{(0,T ;H)} ≤ c { μ^{1/4} + (ε_μ)^{1/2} } (5.35)

and (2.61) is proved.

References [1] S. Aizicovici, V. Barbu: Existence and asymptotic results for a system of integro-partial differential equations, NoDEA Nonlinear Differential Equations Appl. 3 (1996) 1–18.

[2] C. Baiocchi: Sulle equazioni differenziali astratte lineari del primo e del secondo ordine in spazi di Hilbert, Ann. Mat. Pura Appl. 76(4) (1967) 233–304.

[3] V. Barbu: Nonlinear Semigroups and Differential Equations in Banach Spaces, Noordhoff, Leyden, 1976.

[4] G. Bonfanti, F. Luterotti: Global solution to a phase-field model with memory and quadratic nonlinearity, Adv. Math. Sci. Appl., to appear.

[5] G. Bonfanti, F. Luterotti: Regularity and convergence results for a phase-field model with memory, Math. Meth. Appl. Sci. 21 (1998) 1085–1105.

[6] H. Brézis: Opérateurs Maximaux Monotones et Semi-groupes de Contractions dans les Espaces de Hilbert, North-Holland Math. Studies 5, North-Holland, Amsterdam, 1973.

[7] G. Caginalp: An analysis of a phase field model of a free boundary, Arch. Rational Mech.

Anal. 92 (1986) 205–245.

[8] L. Chiusano, P. Colli: Positive kernels and zero time relaxation in a phase-field model with memory, Comm. Appl. Anal. 2 (1998) 531–550.

[9] B. D. Coleman, M. E. Gurtin: Equipresence and constitutive equations for rigid heat conductors, Z. Angew. Math. Phys. 18 (1967) 199–208.

[10] P. Colli, G. Gilardi, M. Grasselli: Global smooth solution to the standard phase-field model with memory, Advances Differential Equations 2 (1997) 453–486.

[11] P. Colli, G. Gilardi, M. Grasselli: Well-posedness of the weak formulation for the phase-field model with memory, Advances Differential Equations 2 (1997) 487–508.

Bonfanti, Luterotti / Asymptotic analysis to a phase-field model 57

[12] P. Colli, G. Gilardi, M. Grasselli: Convergence of phase field to phase relaxation models with memory, Ann. Univ. Ferrara Sez. VII (N.S.) Sc. Mat. 41 (1995) 1–14.

[13] P. Colli, G. Gilardi, M. Grasselli: Asymptotic analysis of a phase field model with memory for vanishing time relaxation, Hiroshima Math. J., to appear.

[14] P. Colli, Ph. Laurençot: Existence and stabilization of solutions to the phase-field model with memory, J. Int. Eq. Appl., to appear.

[15] P. Colli, Ph. Laurençot: Uniqueness of weak solutions to the phase-field model with memory, J. Math. Sci. Univ. Tokyo, to appear.

[16] G. J. Fix: Phase field models for free boundary problems, In: A. Fasano, M. Primicerio (eds.): Free Boundary Problems: Theory and Applications II, Pitman Res. Notes Math. Ser. 79, Longman, London (1983) 580–589.

[17] M. Frémond, A. Visintin: Dissipation dans le changement de phase. Surfusion. Changement de phase irréversible, C. R. Acad. Sci. Paris Sér. II Méc. Phys. Chim. Sci. Univers Sci. Terre 301 (1985) 1265–1268.

[18] G. Gentili, C. Giorgi: Thermodynamic properties and stability for the heat flux equation with linear memory, Quart. Appl. Math. 51 (1993) 343–362.

[19] M. E. Gurtin, A. C. Pipkin: A general theory of heat conduction with finite wave speeds, Arch. Rational Mech. Anal. 31 (1968) 113–126.

[20] O. Penrose, P. C. Fife: Thermodynamically consistent models of phase field type for the kinetics of phase transitions, Physica D 43 (1990) 44–62.

[21] J. Simon: Compact sets in L^p(0, T ; B), Ann. Mat. Pura Appl. 146(4) (1987) 65–96.